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Abstract. The full version of the causal thermodynamics of non-equilibrium phenomena is discussed

in the context of the flat Friedmann-Lemaitre-Robertson-Walker (FLRW) cosmological models both
in general relativity (GR) and in Brans-Dicke theory (BDT).

1 Introduction

In Einstein's field equations Rab — \Rgab Tab, the left side has been well worked out,
but there are many unanswered questions about the right side. Most studies in cosmology
consider a perfect fluid with energy-momentum tensor

Tab (p + p)uaub A pgab (1-1)

The question that arises is whether the cosmological fluid is indeed perfect. There are several

stages during the evolution of the universe when dissipative processes can be important:
during GUT phase transitions, string creation, decoupling of neutrinos during the radiation
era and the decoupling of matter and radiation during the recombination era. In addition,
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bulk viscosity can explain the entropy/baryon ratio, avoid the big-bang singularity, model
quantum particle creation in a strong gravitational field and give rise to an inflationary
scenario.

2 Eckart theory

The first candidate for a relativistic theory of thermodynamics was propounded by Eckart
in 1940. It entails replacing the pressure p in equation (1.1) by p p — 3nH, where p is the
perfect fluid contribution, H R/R is the Hubble parameter and n is the coefficient of bulk
viscosity. The problem with Eckart theory is that it is not relativistic as it is non-causal and
equilibrium states are unstable (see [1] and references therein).

3 Truncated Israel-Stewart Theory (TIS)

This theory takes into account second order terms which are necessary to solve the problems
in the first order Eckart theory. The pressure p in equation (1.1) is replaced by p p + a
where the scalar viscous pressure o satisfies the evolution equation

a + T& —3nH

where t is the relaxation time for the irreversible process. The usual forms adopted for n
and r are

77 rtoß" r 2 (3.1)
P

where r)o > 0, q const. The TIS solves the problems of Eckart theory as the second order
terms transform the algebraic first order equations into differential evolution equations. The
equilibrium and dissipative variables are placed on the same footing which is suitable for
describing non-stationary processes.

A problem with the TIS is that it is possible to derive the following equation for the
temperature: T ~ (r/n)R3. Hence, in an expanding model, the temperature rises if (r/n)
does not decrease at least at the same rate as that with which the volume increases.

4 Full Israel-Stewart Theory (FIS)

In this case the pressure p in equation (1.1) has to be replaced by p p + H where n is the
bulk viscous stress which satisfies the evolution equation [1]

H + Ttl -3VH-e-Tu(3H+T--^-^\ (4.1)
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where T is the temperature. For r 0, we recover Eckart theory, e 0 yields the TIS, and
e 1 gives the FIS. Equation (4.1) is the simplest way which is linear in n to satisfy the
H-theorem (rate of generation of entropy production must be nonnegative).

For the k 0 FLRW metric, Einstein's field equations yield

3H2 p (4.2)

2H + 3H2 -p-U (4.3)

Zakari and Jou [2] showed that these equations admit exponential expansion and Maartens
[1] showed that it is possible to generate the right amount of entropy.

Do equations (4.2)-(4.3) admit power-law inflation? Assuming the relations (3.1) and
the usual equation of state

p (7 - 1)/j 1 < 7 < 2 (4.4)

it is possible to find the following solution in the FIS (e 1)

R Rap T Totl~2C'D^cexp(Et2q-1)

where Ro,a const, T0 constant of integration, C F/2, D 2F - 9a3 - (3FG/2),
E G/[C(2q - 1)], F a(2- 3-ya) and G Friö1^1'". The energy density and bulk
viscous stress take the following forms

_
3a2 a(2 - 37a)

^'i^ t2

The relevant constants have to be chosen so that the temperature T decreases with time.
For further details, we refer to [3, 4, 5].

5 Brans-Dicke Theory

In BDT, the equations corresponding to (4.2) and (4.3) for the k 0 FLRW metric are

"¦^-!(?)' * <">

2ff + 3ff' + Ì + 2(*V + 2HÌ -£±S (5.2)
<P 2 \è) (p (p

where w is the BD coupling parameter. In addition there is the following wave equation for
the scalar field

'<P + 3H4>=^-^(p-3p-3\l) (5.3)
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If we assume the usual equation of state (4.4), then equations (5.1)-(5.3) represent three
equations in four unknowns. We assume that

4> ARa (5.4)

where A,a const and then obtain the following solution

R Rot1/b p u0tc n U0tc

where

p0,R0 const b=
2Mo_3) c=--2

H0 ^0 2^ + 46-6-^-(2 +^ _ _
2b'

Adopting the usual relations (3.1), we find that equation (4.1) can now be integrated to
yield

T TotBexp (Dtc'cq+1)

where

5 3c+^ + D=
2^~qi

ir0b b 77o(c - cq + 1)

Our solution derived here does not have a corresponding analogue in GR. Indeed if we try
to put (f> const to generate the GR solution, we find from equation (5.4) that R const.
For further details we refer to [6].

6 Conclusion

We have found some power law solutions for the scale factor in the k — 0 FLRW models
with a causal viscous fluid in the FIS in both GR and BDT.
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