
3. Ideal non-symmetric solutions of the Tarry-
Escott problem of degree five

Objekttyp: Chapter

Zeitschrift: L'Enseignement Mathématique

Band (Jahr): 49 (2003)

Heft 1-2: L'ENSEIGNEMENT MATHÉMATIQUE

PDF erstellt am: 22.09.2024

Nutzungsbedingungen
Die ETH-Bibliothek ist Anbieterin der digitalisierten Zeitschriften. Sie besitzt keine Urheberrechte an
den Inhalten der Zeitschriften. Die Rechte liegen in der Regel bei den Herausgebern.
Die auf der Plattform e-periodica veröffentlichten Dokumente stehen für nicht-kommerzielle Zwecke in
Lehre und Forschung sowie für die private Nutzung frei zur Verfügung. Einzelne Dateien oder
Ausdrucke aus diesem Angebot können zusammen mit diesen Nutzungsbedingungen und den
korrekten Herkunftsbezeichnungen weitergegeben werden.
Das Veröffentlichen von Bildern in Print- und Online-Publikationen ist nur mit vorheriger Genehmigung
der Rechteinhaber erlaubt. Die systematische Speicherung von Teilen des elektronischen Angebots
auf anderen Servern bedarf ebenfalls des schriftlichen Einverständnisses der Rechteinhaber.

Haftungsausschluss
Alle Angaben erfolgen ohne Gewähr für Vollständigkeit oder Richtigkeit. Es wird keine Haftung
übernommen für Schäden durch die Verwendung von Informationen aus diesem Online-Angebot oder
durch das Fehlen von Informationen. Dies gilt auch für Inhalte Dritter, die über dieses Angebot
zugänglich sind.

Ein Dienst der ETH-Bibliothek
ETH Zürich, Rämistrasse 101, 8092 Zürich, Schweiz, www.library.ethz.ch

http://www.e-periodica.ch



IDEAL SOLUTIONS OF THE TARRY-ESCOTT PROBLEM 105

We may apply the theorem of Gloden [2, p. 24] to the three-parameter ideal

non-symmetric solution obtained above to derive a solution of the system of

equations

5 5

(2.16) '*= 1,2,3,4,6,
i= 1 i= 1

in terms of polynomials of degree six in three parameters. We, however, restrict

ourselves to applying this theorem to the simpler solution (2.15), and obtain

the following solution of the system of equations (2.16):

ai-9p3 + 5p2- 3p+ 5 -6j93 - 10 - 8p,

a2 -6 p2-15 p2+2p-5, b2 -6 + 15 +

(2.17) a3-6 p3+ 10 p2-8 p,-5
04 9 p^— 5 p2+ Ip+ 5 — 9p3 + 5 + " 5

a5 -6/?3 + 5/?2 + - 5 -6/?3 - + 5

When p — — 2,thisleads to the following solution of the system of
equations (2.16):

(—101/ + (-41y + (—21)r + 59r + 104r (-91 )r + (-71)r + 24r + 29r + 109r

where r — 1,2,3,4,6.
We note that additional parametric non-symmetric solutions of the Tarry-

Escott problem of degree four may be obtained by taking as in (2.6),
and instead of imposing the condition — we reduce one term on either
side by solving (2.8) together with another condition such as a4 b<s or

a5 b(y. Solutions obtained in this manner are of degrees 6,7 or 8 in terms

of three parameters.

3. Ideal non-symmetric solutions
of the Tarry-Escott problem of degree five

To obtain ideal non-symmetric solutions of the Tarry-Escott problem of
degree five, we have to obtain a solution of the system of equations

(3.1)

6 6

XX =13^ r 1,2,3,4,5.
i=l i=l
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We will choose <4, a2, «3, <24, as, ae and b\, b2, £3, £4, £5, be as in (2.6) when

(3.1) holds identically for r 1,2,4. For r — 3, equation (3.1) reduces to

(2.8) while for r 5 it reduces to the equation :

(3.2) 4 ni)xiyi(xi + yi)(m2 4 mxni 4 n\){x\ 4 x\y\ 4 y2)

m2n2(m2 + n2)x2y2(x2 4 y2)(m2 4 m2n2 4 n\)(x\ 4 x2y2 + y2) •

It therefore suffices to solve equation (2.8) together with the following
equation :

(3.3) (m2 4 m\Yi\ 4 n\)(x\ 4 xxyi 4 y2) — (m2 + m2n2 4 n\){x\ 4 x2y2 + y2) •

We take xi, y1, mi, m2, n2 such that

x\ (t2 4 t - l)x2

yi (t+ l)2y2,

(3.4) mi tx2 4 ty2

m2 (t2 4 t — l)x2 4 (t 4 l)2y2

n2 (-12 - t)ni

Substituting these values of *1, yi, mi, m2, n2 in (2.8) and solving for 74,
we get

(t4 4 2t3 4 t2 — l)x2 4- (t4 4 2t3 4 t2 + t 4 l)y2
(3.5) n\ — -= 3t3 4 t2 - t - 1

and now (3.4) gives

(t3 4 2t4 4 t3 — t)x2 4 (t3 4 2t4 4 t3 4 t2 4 t)y2
(3.6) n2 t2-l
On substituting the values of 74, n2 given by (3.5) and (3.6), and the values

of xi, yi, mi, m2 given by (3.4) in equation (3.3), we get the eqqation:

(tx2 4 (t 4 l)y2)((^2 4 t — l)x2 4 (t 4 l)y2)((^2 4 t — l)x2 4 (t2 4 t)y2)

x(t 4 2)((213 4 514 4 3t3 - t2 - 14 l)x2 4 (t3 - 6t3 - St2 -At- l)y2) 0.

Equating any of the first four factors on the left-hand side of this equation

to zero leads either to trivial solutions or to known symmetric solutions of
the Tarry-Escott problem of degree five. However, on equating the last factor

to zero, we get

x2~t3 — 6t3 — 8^2 — 4f — 1,
(3-7)

S A 1 9
y2-(2 t5+ 5t ++ 1),
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and now, using the relations (3.4), (3.5) and (3.6), we get the values of

xuyumu m2, nun2. The values of xu yu *2, yi, mu m2, nun2, may now

be substituted in (2.6) to get a non-symmetric solution of the Tarry-Escott

problem of degree five. After removing the common factors, this solution may

be written as follows:

a{-3? 11 - 20?10- 58?9 - 94f8 - 106f7 - 100?6 - 40?5

+ 50?4 + 50 t3+ 2?2 - 5

a2 3?n + 16f10 + 38?9 + 7 l?8 + 128?7 + 149f6 + 56f5

- 37?4- 22?3 4- 5t2 +t3,a3 4?10 + 20 t9+ 23?8 - 22?7 - 49?6 - 16?5

- 13?4 - 28?3 - 7?2 + 4? + 3

a4 8?10 + 52?9 + 127f8 + 148f7 + 85?6 + 22?5

+ ?4 - 14?3 - 23 f2 - 4? + 3

a5 3/11 + 14?10 + 16?9 - 29?8 - 98?7 - 89?6 + 4?5 + 55?4

+ 40?3 + 13?2 -It-3,
a6 -3tn - 22?10 - 68?9 - 98?8 - 50?7 + 4?6 - 26?5

— 56?4 — 2Ô?3 + 10?2 + 11?,
13 Q8)

&i 2?10 + 13?9 + 58?8 + 151?7 + 190?6 + 19t5

- 4414-41 ?3 -2?2 -
b2 -3tn- 19r10 - 56?9 - 116?8 - 164?7 - 104?6 + 34?5

+ 76?4 + 28?3 + 4?2 - - 3

b3 3tn + 17?10 + 43?9 + 58?8 + 13?7 - 86?6 - 113?5

— 32?4 + 13?3 — 2?2 + 2? + 3

b4 10?10 + 59?9 + 140?8 + 167?7 + 98?6 - ?5

— 58?4 — 31?3 + 14?2 +
b5 -3tn-23?10 - 67?9 - 88?8 - 25?7 + 68?6 +

+ 14?4 - 13?3 - 16?2 - 2? + 3

b6 3?u + 13?10 + 8?9 - 52?8 - 142?7 - 166?6 - 70?5

I 44?4 + 44?3 + 2?2 - 5? - 3

Here t is an arbitrary rational parameter and integer solutions of (3.1) are

obtained by multiplying any rational numerical solution by a suitable constant.
The a^bi obtained above satisfy the relation Y^t=\ai — X!t=i ^ 0.
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It therefore follows from the theorem of Gloden [2, p. 24] that these ai: bt

must also satisfy the relation

6 6

i= 1 i= 1

This is also verified by direct computation. Hence the rz;, bi given by (3.8)
constitute a solution of the following system of equations :

6 6

r 1,2,3,4,5,7
1=1 Z= 1

As a numerical example, when t — —3, we get, after removal of common
factors and suitable re-arrangement, the following solution

(— 19323)r + (—18689)r + 3117r + 511T + 14212r + 15572r

(—20023)r + (— 17828)r + 1017r + 9787r + 10236r + 1681V

where r 1,2,3,4,5,7.
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