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5. Teichmüller space

DEFINITION. The space V(g) of canonical polygons contains all canonical

polygons P{g) with the topology Pfg) P(g) if and only if the lengths of
all sides converge and all angles converge, more precisely, if and only if

afPjig)) cii(P(g)), i 1,..., 4g

(where afPfg)) is the side at of Pj(g) and

oti(Pj(g)) -> QLi(P(g))> i 1, • • •, 4#,

(where afPfg)) is the angle at of Pfg)

Remarks, (i) Note that two canonical polygons P(g) and Pfg) may
be isometric, but represent different points in V(g). They represent the same

point if and only if there is an isometry mapping the side afP(g)) to the side

afPfg)), i 1,... ,4g (and not to the side afPfg)), j i). One expresses
this fact by saying that the sides of the canonical polygons are marked.

(ii) One may calculate the dimension of V(g) in the following heuristic

way (this argument is modeled after one given in [16]). A canonical polygon
has 4g vertices. Each vertex is determined in H by two (real) parameters, this

gives 8g parameters. The dimension of the space of isometries of H is 3 so

we remain with 8g — 3 parameters. By condition (I) of a canonical polygon
we have 2g equalities and each of the conditions (II), (IV), (V) gives one

equality. We remain with

Sg — 3 — 2g — 3 6g — 6

parameters.

THEOREM 11. V(g) is homeomorphic to RÔ5,~6.

Remark. The following proof is new. The theorem was first proved by

Coldewey and Zieschang in an annex to [17], see also [18]. An (indirect)

proof has also been given by Buser [2], compare the introduction.

Proof (i) Let P(g) be a canonical polygon with sides at and angles cq

between at and ai+1, / 1,... ,4# (the indices are taken modulo 4g). Let

{Qi} ai fl 1, i— 1,.... 4#. Denote by bt the geodesic segment between
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Figure 5

The "triangulation" of a canonical polygon P(g)

Q4g and Qt, i 2,..., 4g — 31 i ^ 2g 1. Denote by Z?2ö+i the geodesic

segment between (?2g and Qig+i, compare Figure 5.

P(g) is separated by the geodesic segments b2, •. •, ^-3 into one

quadrilateral S and 4^-4 triangles 7}, z l,...,4g —4, with sides

bhbj+uaj+1 for i 2,... ,4g - 4, z ^ 2g, i ^ 2g + 1 ; the triangle Ti
has sides ai,<z2,fr2, the triangle Tig has sides a2p+i, a2^+2, and the

triangle T2g+1 has sides ^,^+i,^+2 (note that F2^+i is only defined if
<7 > 2).

A point x (xi,..., *63-5) ö R6^-5 is called admissible if xj > 0,

j 1,..., 6g — 5, and if, putting

L(ßi) L(üj+2g) Xi, i I,... ,2g (L — length)

and

L{b2) L(b2g+Ù x2g+1

and

£(W t2^+;_i z 3,..., 2g ; L(Z?/) x25+/_2 i 2# + 2,..., 4g - 3

the triangle inequalities hold for the triangles Tkf k l,...,4g — 4, and
the "quadrilateral inequalities" hold for S (which means that the sum of the
lengths of any three sides of S is greater than the length of the fourth side).
Note that these are purely algebraic conditions on x G R6g~5.
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Let O be the subset of R6#-5 of admissible points. Being the intersection
of a finite number of open sets, O is open. Moreover, O is convex since O

is the intersection of a finite number of convex sets, namely, if for example

*1 + x2 > L3 and yi + y2 > ^3, then

X(xi + X2) + (1 — A)(yi + yj) > Xxs + (1 — A)(j3), V A G [0, 1].

(ii) Let a G O. Then we associate a formal polygon P(x) to x in
the following way. P(x) is the formal union of the triangles T^x), k

1,..., 4g — 4, and the quadrilateral S(x) in the same way as P(g). Hereby,
the triangles, as well as the lengths of the sides of S(x) are defined by the

identifications described in part (i). The angles of the triangles are determined

by their sides (by Theorem 6). The (formal) angles at of P(x), i 1,... ,4#,
are defined as the sum of the angles of the corresponding triangles and (if
i G {4g -3,4g - 2,4g - 1,4g}) of S(x). Thereby, the angles of S(x) are

defined by the conditions that S(x) is convex and that

9 2g g 2g

T: Olli-1 + ^2 OL2i — ^2 a2i ~ ^22 a2i~l
/= l i—g-^r 1 /= 1 i=g-\-1

is minimal, this minimum is denoted by m(x). By Corollary 10 the angles of
S(x) are then determined and hence also the angles of P(x). Note however

that an angle of P(x) may be greater than 2tt this is why P(x) is called

a formal polygon with formally defined angles.

(iii) Let x G O. Then tx (for t G R, t > 0) is also in O (since the triangle

inequalities remain true). I claim that there exists a unique to > 0 (depending

on x) such that P(tox) is a canonical polygon. I first show uniqueness. Assume

that m{tx) > 0 for P{tx). This means that A(tx) — B (tx) ^ 0 where

9 29 9 29

a (tx):yy U2i-1 + E a2i and B(tx) ;=E OL2i + ^2 a2i-l •

i= 1 i—g-M /= 1 i=9~r 1

If A(tx) — B (tx) > 0, then an angle in S(tx) must be tx and, by Corollary 8

and the minimality of m(x), this angle must appear in the sum B(tx). This

implies that

(5) X(/x) := A(tx) + B(tx) > 2ix.

Of course, (5) also holds if A(tx) - B{tx) < 0. It follows that if P(t$x) is

a canonical polygon, then m(tox) 0 (since X(?o^) 2ix by the definition

of canonical polygons). Now assume that P(t$x) and P{t\x) are canonical

polygons with t\ > to. By Lemma 9, all angles of the triangles Tk(t\x)
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are smaller than the corresponding angles in Tk(tox), k l,...,4g-4.
Moreover, by Corollary 10, at least two opposite angles in S(t\x) are smaller

than the corresponding angles in S(tox). This implies that A(ül) < A(/bx)

or B(t\x) < B0(pc). But since A(hx) B(ü*) and Afox) B(fi)x)

(m(t0x) m(qx) 0), it follows that Z(fix) < a contradiction.

This proves uniqueness.

As for existence note that if t 0, then the volume of all triangles

Tk, k 1,... ,4p - 4, and the volume of S tend to zero which implies by

Theorem 3 that
4 g

E := ^ ai (4 - 2)ir.
i= I

On the other hand, for t — oo, all angles in the triangles Tk, k 1,..., 4#—4,

converge to zero by Lemma 9 and, by Corollary 10 (ii), at least two opposite

angles of S converge to zero. It follows by the condition that

9 2g g 2g

yjo^2i-i + e aii~y,a2i~ e a2z~i
/=1 i=g-\-1 7— 1 /=(;+l

is minimal that all angles of S converge to zero and hence S converge to

zero. Therefore, there exists a to such that Z(tox) 2n. Now P(tox) is a

canonical polygon. Namely, conditions (I), (II) and (IV) hold by construction.

By the argument above, we further have m(tç,x) 0 and condition (V) holds.

Finally, condition (III) holds since all sides of the triangles of P(tox) have

finite length and since conditions (II) and (V) hold.

(iv) We therefore have defined a projection from the open convex set O to
the unit sphere in R6#-5. Since all operations are controlled by the formulas
of Theorem 6, it is clear that this map is continuous and that the image
is homeomorphic to R6^-6 as well as homeomorphic to V(g) since every
canonical polygon is thereby obtained.

Definition. By Theorem 5 each of the canonical polygons in V(g)
defines a closed hyperbolic surface of genus g. The Teichmüller space Tg is
the space of these hyperbolic surfaces with the topology induced from that
of V(g).

COROLLARY 12. Tg is homeomorphic to R65-6.
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