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Case 2 : p 5 (mod 8). In this case p 4/ + 1 where / is odd.

Now look at the congruence

(3.1)' 1 + „4t + h + g4s+k 0(mod p).

Denote the number of solutions of (3.1)' by {h, k). Then clearly {h, k}
{/c, h) and the following relations are known [3]

{ — h, k - h} {h, k} for any/ even or odd

{h,k} (A, £ + 2) for/ odd.

Thus {1, 0} {3, 3}; {3, 0} - {1, 1}; {2, 0} {2, 2} and {3, 1} {1, 2}
{3, 2}.
Therefore the matrix of the cyclotomic constants { } can be written

(3.2)'

as

(3.3)'

'{0,0} {1,0} {2,0} {3,0}

{0,1} {1,1} {2,1} {3,1}

{0,2} {1,2} {2,2} {3,2}

L M N R

M R S S

N S N S

R S S M{0,3} {1,3} {2,3} {3,3}

Since fis odd, p —1 belongs to A2 hence in this case as before

(0, 1) + (0, 1) + (0, 2) + (0, 3)

(1,0)+ (1, 1) + (1, 2) + (1, 3) /
(2, 0) + (2, 1) + (2, 2) + (2, 3) 1

Now using (3.2)' and (3.3)' we get

(3.4)' L + M+ N+ R=f
(3.5)' R + M + 2Sf
(3.6)' 21V + 2S -1

4. The Jacobi function

Let a be any root (^1) of 1 1. Write
p-2

(4.1) F (a) Yj akCwhereÇp 1 and Ç # 1

k o
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We shall employ a special case of the function (4.1) due to Jacobi.
Let p e f + 1 and ß be a primitive e-th root of unity. In (4.1) take
oc ßn («-integer). We know ([3] page 395) that if e does not divide n then

(4.2) F{ßn)F(ß-n)

and if we put
{ßn) F

(4.3) R(n, m)^v > v ' 'p'

then
e— 1 e— 1

(4.4) R(n,m) £ ßnh £ ß~(m+n)k (h, k).

From (4.2) and (4.3) it follows that if e does not divide m, n and m + n then

(4.5) R («, m) R( — n, — m) p

and from (4.4) it follows that R( — n, — m) is got from R (n, m) by replacing

ß by ß_1. Let now e 4 and ß yj — 1 ; using (4.4) we get

R( 1, 1) (A-B-C-D + 2E) + i(2D-2B) in casep 1 (mod 8)

R{1,1) (L-M-R-N+2S) + i(2M-2R) incase/? 5 (mod 8).

5. Proof completed

If/? 1 (mod 4) thenp splits in Z [/] as/? 7i n where n is prime in Z [/].

1 : p 1 (mod 8).

E zWx(» + i) E x(")x(ni) E + E + E + E
oH u t»eAo, ^-2» ^3- ^0 ^1 ^2 ^3

1 [T + Di - C - Bi] + i [£> + -Ei]
- 1 [C + Ei - C - Ei] -- Di]

[A—B — C—D + 2 E]+ [2D - 2B]
(5.1) £(1,1) (-2/+8(1,2) -1) -2 -B]
where R(1,1) - 1 (mod 2 (1 +i))f -IB - 2 by (3.5))

and E X2(v)x2(v + 1) (A-D + C-B) - (D-B+E -E)
Mv + (C -E +C

A + 3C—D —2E-1,
by (3.4)
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