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§ 6. The Fourier transform of functions on R"

We have shown that L2 ±) can be decomposed into a direct sum of

mutually orthogonal subspaces (the spaces JF(nk)) that are invariant and

irreducible under the action of rotations. There exists a corresponding
decomposition of L2 (R") and the spaces making up this decomposition are

intimately connected with the Fourier transform of functions of n real
variables. In this section we shall construct these spaces and study the

action of the Fourier transform restricted to them. We shall see that also

in this situation the rotation group SO (in) and its representations play a

central role.
A

If/belongs to L1 (R") its Fourier transform f is defined by letting

W)(k) / GO SnfWe-lnix'ydx
R

for y e R".1)

Perhaps the simplest class of functions that is invariant under the action
of the Fourier transform is the collection of radial functions. We recall
that these are the functions on R" that depend only on | x | ; equivalently,

/ is radial if pvf — f for all v e SO (n), where the operator pv is defined by

(pj)(x) =f(v^x)
for all a e R". Since Lebesgue measure is invariant under the action of
rotations and v v* when v e SO (n),

\nf(x)e~2*ix-v-%>dx lJ(x)e-2x«dx x) e~2^ dx
R RRThat is,

(6-1) (Fpv)f (peP)f

i) It is not hard to use these results in order to obtain analogous results for SO (3). We refer the
reader to Vilenkin [11] for complete details.

1) When /£ L2 (R") the integral defining / is not defined in the Lebesgue sense. In this case, / is usually

defined as the limit in the L2 mean of the sequence fk {y) J /(x) e~2nix'y dx In order to
\x \ ^ k

avoid technical difficulties that arise from this definition we shall restrict our attention to integrable functions



for all feL1 (Rn). This basic property, that Fourier transformation
commutes with the action of rotations clearly implies.

A
Theorem (6.2). If f e L1 (R") is radial then f is also a radial function.

In order to extend this invariance property we introduce, for
k 0,1, 2, the class of functions )fk) tfnk) mapping R" into Cdk having
the form

F(x) f(\x\)(Y1^),...,Ydk(0)
where

00

x \x\Ç, J f(r)r"'1 dr<oo and { Yu Y2,Ydk)
0

is an orthonormal basis of such that Y1 a^1 Zx (that is, ortho-
normality is to be taken with respect to the inner product (2.6)). Such a
basis was considered, for example, in theorem (2.16). When k 0 this
class is precisely the set of radial functions. It will be convenient if we
choose the Y1, Ydk to be real-valued.

Let T{k) — {t\f) be the matrix of the representation Sk,n with respect
to the basis { Yu Y2, Ydk }; that is, the functions t\k) tXj satisfy

(Sk?Yj)(0 Yjiv-H) £ hjMYiiO
i=i

for j — 1, 2, dk. If we let

pvF (pvFl9 ...,p0Fdf)

we then have

(PvF)(x) =/(W)(71(t;-10,.„,Ydlk(i;-10)

/tlx(v) tldk(v)\

f(\x\)(Y1(0,Ydk(ty I
I (T'V 000.

\tdki(») tdkdk(?)J

The last equality being the definition of the operator T^k) acting on F.

That is,

(6.3) PvF T^F

l) This condition merely assures us that the radial function g (x) /(| a: |) is integrable on Rw*
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for all v e SO (n). If we now apply the Fourier transform to each

component of pv F, it follows from (6.2) and (6.3) that

(6.4) pvF pv(F Fdk) T«?F.
A

The following, together with relation (6.4), shows that F must have the
same form as F; that is,

(6-5) F(y) =f(\y\)(Y1(r1),,..,
for all y | y|t]eR".

Theorem (6.6). Suppose G (Gx, is a continuous function
mapping R" into Cdk such that

(6-7) Pv GT« G

for all v e SO (n), then

G{y)a*"1 G, (|y|l)(F, (,;), T^))
for ally I y I in R".

Proof. Let v e SO («) be such that y \ y\ v' 1 \ y\ v~1 1. Then,
by (6.7)

G(y) G(iT1 Ml) (T<? G)(|y|l).
Consequently,

(6-8) Gj(y)£ hj(»)G,(|y|l)
i=i

for./ 1, 2,..., dk. Ifu 6 SO(n— 1) then y | y | v~xl y |y| v~x vT11
\y\ M"1 1; thus, if we replace v by uv in (6.8) we obtain

àh

Gj(y) £
7=1

Integrating over SO (rc-l), therefore,

àh

Gj(y) £ ^(bii)
7=1

SO(n-l)

ttj (uv) du

L'Enseignement mathém., t. XIV, fasc. 2. j2
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But, by (3.2) and theorem (3.5) (or (3.15))

f '-1.
J lj (0 when I > 1

SO(n-l)

This equality and (2.17) show that

0,-00 0,(1^11) YJ(v'll) a;1.

(Since

YY)

Writing y | y | rj, where t\ v~1 1, and using the fact that Yj is real-
valued, we obtain the desired result

Gj(y) af1 G1 (|y|l) Yj (rj)

j 1,2, dk.

Theorem (6.9). Let Y be a spherical harmonic of degree k and f a function

on — oo, oo satisfying

00

(i) J \f(r)\rn-1dr<oo
0

If h (x) f I x |) Y (£), when x | x | £, e Rn, then h e L1 (Rn) and

h(y) =f(\y\Y(rj)

for all y | y | rj e R". The transformation f -> f depends only on k and n
and, in particular, is independent of Y eJ^(nk\

Proof Let { F -, be the basis of that was used

in the previous theorem and F(x)(/(| x |) Y1 (£),...,/(| x |) Ydk (£))
(Fj (x),Fik (x)). Condition (i) guarantees that each of the functions

A A A

Fpj 1, dk, is integrable.1) Thus, F (F 1#..., Fd]) is well defined,
continuous (as can be very easily shown), and satisfies relation (6.4). By
theorem (6.6), therefore,

l) Using polar coordinates x | * j with E, e Hn_j, we have J [ Fj (x) I dx J co^i
R" S«-l

{J« |/(r) j rn_1 dr) I Yj (O \dl, < <x>y where <*n_\ is the " area " of
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F (y)a;1 F,(|y|l)(Y,(r,),...,for | |

~ A

Putting / (| y|) ak
1 Fx(| y11)we obtain equality (6.5). Since { Yu Ydk}

is a basis of we can find coefficients bu bdk such that

dk

YE 7,.
1=1

Thus,

h(x) E/(|x|)h,r,(£>-
1=1

We have just shown that the Fourier transform of Ft (x) — f(\ x\) Yl (£)

has the values / (| y |) Yx (rj). Thus,

h(y) E bt f (lyl) YM / (|j,|) E bt Yfrj) f (IjI) 7(1,)
1=1 1=1

This proves the theorem.

It is not hard to give an explicit form for the mapping / -» / in terms
of the Bessel functions

(tl2Y 1 2A-1
JAt) =—7 y i 7— f eits(l-s2) 2 ds.

We shall show, in fact, that

00

^ 2 — n f
(6.10) / (0 yKnt2/(r) Jft+„_2(2 .x)

0
2

Since fisindependent of Fe YCf* let us choose h (x) =f(\x |) Zx (£)

f(\ x |) P(k> (£.1). Then

/ 00 e-2«>-'f.(\x\)P<V(i-l)dx
R

1) We shall not calculate ykn. The fact that this constant equals 2iti~k can be shown by evaluating the
integral in (6.10) when/(r) e~r2 (see Stein and Weiss [10], Chapter IV, section 3) Or by using the constants
obtained below. < f
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J rV(r){j e-^M'WpMtf.rid^dr
o In-1

Writing y t rj, this means that we have to compute

sn- 1

But, by the Funk-Hecke theorem (4.16) this integrâl is equal to

l
/• » — 3

Pw(tj.l)a^2 c„ e~2"irtsP(k

-1

On the other hand, by (4.4), and, then integrating by parts k times we have

i i
n— 3 f* p jjk n—3~

e~2nir'sPik)(s)(l-s2)~ds a.
c r dk

e-2nirts\—k(\-s2)k+ 2 Ids

— ßk,n

n-3
(;rtf e2nirts(l -s2)k+~ ds.

The last integral, however, is the one involved in the definition of Jx when
X (2k+n—2)j2. Equality (6.10) now follows immediately.1)
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i) The Bessel functions we have encountered here arise in much the same way as did the ultraspherical
Polynomials. Instead of the group SO («), however, one must study the group of all rigid motions on
(see Vilenkin [11] for details).
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