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Theorems in the Additive Theory of Numbers1)

U.C. Bose and S.Chowla

Summary. This paper extends some earlier results on différence sets and B2

séquences by Singer, Bose, Erdos and Turaist, and Chowla.

1. Singer (6) proved that if m pn (where p is a prime), then we can find
m + 1 integers

do,d1,..., dm

such that the m2 -f- m différences dt — dj(i ^ j, i,j 0,l9...,m) when
reduced mod(m2 + m -f 1), are ail the différent non-zero integers less than
m2 + m + 1.

Bose (1) proved that if m pn (where p is a prime), then we can find m
integers

cZ^ds,... ,dm

such that the m(m — 1) différences dt — d^i ^ j, i,j= 1, 2,..., m) when
reduced mod(m2 — 1), are ail the différent non-zero integers less than m2 — 1,
which are not divisible by m -f 1.

From the theorems of Singer and Bose the foliowing corollaries are obvious.

Corollary 1. If m pn (where p is a prime), then we can find m + 1

integers
do,dl5... ,dw

such that the sums dt + d^ are ail différent mod(m2 + m + 1), where
0 < i < j < m.

Corollary 2. If m pw (where p is prime), then we can find m integers

d^da,... ,dm

such that the sums dt + d^ are ail différent mod(m2 — 1), where

We shall prove hère the following two theorems generalizing corollaries
1 and 2.

x) This research was supported in part by the United States Air Force through the Air Force
Office of Scientific Research of the Air Research and Development Command, under Contract
No. AF 49 (638)-213. Reproduction m whole or part is permitted for any purpose of the United
States Government.
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Theorem 1. If m pn (where p is prime) we can find m non-zero integers
(less than mr)

dt=l, d2y...,dm (1.0)
such that the sums

dit + di2+ +dif (1.1)

1 < h < h - • • < *r < m> are &U différent mod(rar — 1).
Proof. Let ocx 0, <x2,..., ocm be ail the différent éléments of the Galois

field GF(pn). Let a; be a primitive élément of the extended field OF(pnr).
Then a: cannot satisfy any équation of degree less than r with coefficients
from OF(pn). Let

«** <!; + *<, * 1,2,..., m; d,<^ (1.2)

then the required set of integers is

dx 1, d2i..., dm

If possible let

dn + rfi2 + • • • d%r dh + dh+ • • • + d/r mod (mf "~ X)

where 1 < ^ < i2 < ir < m, 1 < jx < j2 < < jr < m, and

(h,»2,..., »r) ^ (îl»Î2>--->?r) •

Then
«d*i ad*t... a?d<r xdh xdh xdh. (1.3)

Hence from (1.2)

(a; + och) (x + oci2)... (x + ocif) (x + <xh) (x + <xh)... (x + *;>).

After cancelling the highest power of a; from both sides we are left with an
équation of the (r — l)-th degree in x, with coefficients from GF(pn), which
is impossible. Hence the theorem.

Example 1. Let pn 5, r 3. The roots of the équation ot? 2x + 3

are primitive éléments of GF(5Z). [See Cabmichael (2), p. 262]. If x is any
root then we can express the powers of x in the form ax + b where a and
6 belong to the field GF {5). We get

a;i # + 0, a103 a? + 1, a;119 x + 2, #14 a: + 3, a^ x + 4.

Hence the set of integers

d1== 1, d2= 14, ds 34, <Z4= 103, d5= 119

is such that the sum of any three (répétitions allowed) is not equal to the sum
of any other three mod (124). This can be directly verified by calculating the 35

sums dix + di2 + diz, 1 < ix < i2 < iz < 5.
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Theorem 2. If m pn (where p is a prime) and

q (mr+i _ i)/(m _ i) (1.4)

we can find m -f- 1 integers (less than q)

do O, ^=1, d2i...,dm (1.5)
such that the sums

dil + d%% + +dif (1.6)

0 < h < i2 < • • • < *r < m > are aU différent mod (q).
Proof. Let ^ 0, <%2 1, <%3,... ocm be ail the éléments of GF(pn), and

let x be a primitive élément of the extended field GF(pnr+n). Then xq and
its various powers belong to GF(pn), and # cannot satisfy any équation of
degree less than r -\- 1, with coefficients from GF(pn). Let

be pairs of éléments from GF (pn), such that the ratios Aq//^ "k^lH • • • > ^mlf^m

are ail différent, where infinity is regarded as one of the ratios. Thus we may
take for example

(K,Vq) (1,O)3(A,,//J K,l), i= 1,2,..., m.

We can find dt< q (i 0, 1, 2,..., m), such that

e, »*< A, + /ita? (1.7)

^t being a suitably chosen non-zero élément of GF(pn). Then the required
set of integers is

do 0, dx 1, d2,..., dm.
If possible let

^ + K + • • • + *<r dh + dH + + d,f (mod g) (1.8)

where
0 < ix < i2 < - •. < *r < m» 0 < jx < ?a < < /r < m

(h, *2) • • •, ir) t^ 0\, ?2> • • • jr) • Then

Xdh Xdh z*ir <XXdn Xdh XdU

where oc is an élément of GF (pn). Substituting from (1.7) we hâve an équation
of degree r in x, with coefficients from GF(pn). This is impossible. Hence
the theorem.

Example 2. Let pn 3, r 3. The roots of the équation a^ 2 a? +
+ x + 1 are primitive éléments of GF (3*) [See Carmichael (2),
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p. 262]. If x is any root then we can express the powers of x in the form
ax + b where a and b belong to the field GF (3). Weget

x° l, x1 x, 2x™ =1 + 0;, 2a?2 2 + x

Hence the set of integers

d0 0, dx 1, d2 26, dz 32

is such that the sum of any three (répétitions allowed) is not equal to the sum
of any other three mod (40). This can be directly verified by calculating the
20 sums dix + dl2 + d%t, 0< d%1 < dl2<dH<3.

3. A J32-sequence is a séquence of integers

dx, d2, d3,..., dk

in ascending order of magnitude, such that the sums dx + d3 (i < j) are ail
différent. Let F2(x) dénote the maximum number of members which a J52-

sequence can hâve, when no member of the séquence exceeds x. Clearly F2(x)
is a non-decreasing function of x. Erdos and Turan (4) proved that

F%(m)\Vm< 1 + € (3.0)

for ail positive e and m> m(€), and conjectured that

Lt F2(m)lVrn= 1. (3.1)
n—>oo

Chowla (3) deduced from corollaries 1 and 2, of section 1, that if m is a prime
power

(i) F2{m2) > m + 1, (ii) F2(m2 + m + 2)>m + 2, (3.2)

and proved the conjecture of Erdos and Turan.
We shall hère generalize the notion of a j?2-sequence and prove some theo-

rems about thèse generalized séquences.
A i?r-sequence (^ > 2) may be defined as a séquence

of integers in ascending order of magnitude such that the sums

d%l + d%t+ ...+ dllr
are ail différent. Let Fr(x) dénote the maximum number of members a Br-
sequence can hâve when no member of the séquence exceeds x. Clearly Fr(x)
is a non-decreasing function of x. We can then state the following theorem.
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Theorem 3. If m pn, where p is prime, and r > 2

i

Proof of part (i). Let m pn, and let dx 1, d2,..., dm be integers satis-

fying the conditions of Theorein 1. Then the séquence

dx 1, d2,...,dm,dm+1 mr (3.4)

is a J5r-sequence. For if possible let

dix + di2 + + dir dh + dh + + djr (3.5)

1 < ix < i2 < < ir < m + 1, 1 <h<h< <jr, (h, i2,..., ir) ^
Let (Zf occur ^ times on the left hand side of (3.5) and n[ tunes on the

right hand side of (3.5), (i 1, 2,..., m + 1). Then

% + n2 + + tiw + nm+1 n[ + n2+ + nrm + n'm+1 r (3.6)

where

K, w2,..., nm, nm+1) =5* (<, 7i2, • • •, n'm, n'm+1). (3.7)

Ifwe replace each dm in (3.5) by dx, the relation will remain true mod (mr — 1

and will contradict Theorem 1, unless

K + ^m+i> n2i nm) (n[ + n'm+1, n2,..., nm). (3.8)

In this case it follows from (3.6) and (3.7) that

n1 n1— 0, n2 n2, nm n'm, nm+1 n'm+1 + 0

where 0 is a non-zero integer positive or négative.
Hence

dh + di2 + + dir dh + dh+ + dh + 0(tnr - 1)

which contradicts (3.5). Hence (3.4) is a j?r-sequence with m + 1 members,
where no member exceeds mr'. This shows that Fr(mr) > m + 1

Proof of part (ii). Let m pn, and let d0 0, rfx 1, d2,..., dm satisfy
conditions of Theorem 2. Then the séquence

dx 1, d2,..., dm, dm+1 q, dm+2 q+l (3.9)

where q (mr+1 — 1)1 (m — 1) is a 2?r-sequence. For if possible let

dil + dh+ + dif dh + dh+ + djf (3.10)

where 1 < ix < i2 < ir < m + 2, l<j1<j2<...<jr<™< + 2,

10 CMH vol. 37
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Let d€ occur %i times on the left hand side of (3.10) and n\ times on the
right hand side of (3.10). Then

nx + n2 + + nm+1 + nm+2 n[ + n2 + + n'm+1 + n'm+2 r (3.11)

where

K, n2,..., nm+1, nm+2) ^ (n[, n'2, n'm+li n'm+2) (3.12)

Ifwe replace each dm+1 in(3.11)with d0 andeach dm+2 by dl9 the relation
remains true mod(g) and will contradict Theorem 2, unless

(^«+1» *h + nm+2> %,..., nm) (n'm+1, n[ + n'm+2, n2, nm) (3.13)

In this case it follows from (3.11) and (3.12) that

n1 n[—6> n2 n2,..., nm+1 n'm+1, nm+2 n'm+2 + 6

where 6 is a non-zero integer positive or négative. Hence

dit + dit+ +dir dh + dh+ +dh + 6q

which contradicts (3.10). Hence (3.9) is a J5r-sequence with m + 2 members,
no member of which exceeds q + 1. This shows that

Example 3. It follows from Examples 1 and 2, that

(i) 1, 14,34, 103, 119, 125

(ii) 1,26,32,40,41
are -B8-sequences,

4L Taking n=l in Theorem 3 (i), we hâve

p + i (4.0)
where p is any prime. Let

p<yllr<p' (4.1)

where p and p' are consécutive primes. It follows from a theorem of Ingham
(5), that

W). (4.2)

It follows from the monotonicity of Fr> that

Fr(y)>Fr(jf)>p+l. (4.3)
From (4,1) and (4.2)

ll 2» (4.4)
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Since y11' >p> \yx", p 0(yllr), Hence from (4.4)

V y1* ~ Oiy2'3') (4.5)
From (4.3) and (4.5)

Fr{y) > yllr — 6%2/3r). (4.6)
Hence we hâve

Theorem 4.

Ebdos and Turan (4), proved that for r 2

yllr — y ' • /

We may conjecture that (4.7) remains true for r ^ 3, though we gather
from conversations with Professor Erdôs that this is still unproved. If the
conjecture is correct it will follow that

1 (4.8)
y-^oo yL'T

for r ^ 2. At présent we only know this to be true for r 2.

University of North Carolina and University of Geneva
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