5. Lower bounds

Objekttyp:  Chapter

Zeitschrift:  L'Enseignement Mathématique

Band (Jahr): 45 (1999)

Heft 3-4: L'ENSEIGNEMENT MATHEMATIQUE

PDF erstellt am: 11.05.2024

Nutzungsbedingungen

Die ETH-Bibliothek ist Anbieterin der digitalisierten Zeitschriften. Sie besitzt keine Urheberrechte an
den Inhalten der Zeitschriften. Die Rechte liegen in der Regel bei den Herausgebern.

Die auf der Plattform e-periodica vero6ffentlichten Dokumente stehen fir nicht-kommerzielle Zwecke in
Lehre und Forschung sowie fiir die private Nutzung frei zur Verfiigung. Einzelne Dateien oder
Ausdrucke aus diesem Angebot kbnnen zusammen mit diesen Nutzungsbedingungen und den
korrekten Herkunftsbezeichnungen weitergegeben werden.

Das Veroffentlichen von Bildern in Print- und Online-Publikationen ist nur mit vorheriger Genehmigung
der Rechteinhaber erlaubt. Die systematische Speicherung von Teilen des elektronischen Angebots
auf anderen Servern bedarf ebenfalls des schriftlichen Einverstandnisses der Rechteinhaber.

Haftungsausschluss

Alle Angaben erfolgen ohne Gewabhr fir Vollstandigkeit oder Richtigkeit. Es wird keine Haftung
Ubernommen fiir Schaden durch die Verwendung von Informationen aus diesem Online-Angebot oder
durch das Fehlen von Informationen. Dies gilt auch fur Inhalte Dritter, die tUber dieses Angebot
zuganglich sind.

Ein Dienst der ETH-Bibliothek
ETH Zirich, Ramistrasse 101, 8092 Zirich, Schweiz, www.library.ethz.ch

http://www.e-periodica.ch



A GENERALIZED FALNER CONDITION 345

5. LOWER BOUNDS

Now we will consider generalized Fglner sequences for functions f such
that

Pf > ||Plf.

This will enable us to obtain some lower bounds on the norm of random
walk operators on graphs.

As in Section 3, let X be a connected, locally finite graph and let P be
the simple random walk operator on X.

In this section we will prove the following lower bound on the norm ||P|| :

THEOREM 8. Let X be a graph such that at each vertex there are at most
k edges. Then
2vk —1

1Pl > 2

The norm of the random walk operator |P| is equal to 2————”;“1 for the
random walk on the tree which has k edges at each vertex. In [9] Kesten

proved this lower bound in the case of Cayley graphs.

Proof of Theorem 8. Let us consider a graph X such that at each vertex
there are at most k£ edges. We can suppose that &k > 3 because for k = 2
we obtain subgraphs of Z or finite graphs, and necessarily ||P|| = 1. As it is
enough to prove the desired bound for any connected component of X, we
can suppose that X is connected.

In order to show that ||P|| is large enough, we will construct a sequence
of functions f, € (X, N) such that

i sup H f Hl (X,N) —>_ .
n——+o00o “fn“lz(x,N) k

Let us endow the set of vertices of X with a metric. The distance between
two vertices 1s the smallest number of edges needed to connect them. Let us

choose a vertex e in X and for a vertex v let us denote by |v| its distance
from e.

Let f be the unique (up to translations and multiplications) radial
eigenfunction of P on the homogeneous tree of degree k, corresponding
to the eigenvalue 2——”12_1 which is the norm of P on this tree, i.e.
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Using (15) we can define f on X. We then prove

LEMMA 6. For any vertex v € X,

Pf(v) 2 > 2 f (V).

Proof. If v = e the result is clearly true. Let us consider then a vertex
v € X such that n = |v| > 1. Let the number of neighbors of v which are at
a distance n—1 or n from e be equal respectively to p and ¢. So the number
of neighbors of v which are at a distance n + 1 is equal to N(v) —p — gq.
Hence

1 .
Pf(v) = —— (pg(n — 1) + qg(n) + (N(v) —p — g@)g(n + 1)) .
N(v)

As p>1and g is a decreasing function,

Pf(v) 2 ——(—) (g(n — 1)+ N() — Dg(n + 1)) .

As Nw)<k and gn—1) > gn+ 1),

2vVk —1

1
Pf(w) > 2 (gn =D + (k= Dgln + 1) = ——

gmy. U

Let us denote by S, and B, the vertices which are respectively at a
distance n and less than or equal to n.

LEMMA 7.

D ves,, S WIN©) .
> ven, JHWIN(V) s

Proof. As 1 < N(v) <k it 1s enough to show that

Zvesn+1f2(7)) 0
Sep fAW) TR

Let us denote

=Y ) =S8’ m).

vES,
As |S,11| < (k—1)|S,| one has
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-2\’
(16) n+1 — |Sn—i-1|gz(n+1) _<_ (k_l)[Sn[gz(n_i_l) = <1 + ( ) a -

k—2n+k

We have to show that

(1'7)

ZUES,,.}.]JCZ(U) . an+1
Socnl W

7 n—00 0.

It is a standard exercise to show that (16) implies (17). [

Let f, be the sequence of functions which are restrictions of f to the
vertices that are at a distance not greater than n:

Jn =f

B, -

By Lemma 6 and Lemma 7 it follows that

Pfullp 2vVk —1
T 1Pl e vy S |
n—-400 anuﬁ(x,m k

which proves Theorem 8. [

Some examples of upper bounds on the norm of the simple random walk
operator on graphs and their comparison with the lower bound from Theorem 8
can be found in [22].
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