12. Sums over several intervals of equal length
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Proof. The desired congruences follow from Corollaries 7.5, 9.3, and
11.6.

Lerch [44, pp. 409, 410] has derived some class number formulas in
terms of the sums S,, ; 1 =i =12. Karpinski [42] and Réde@ [57] have
also established class number relations of this sort.

12. SUMS OVER SEVERAL INTERVALS OF EQUAL LENGTH

In this section, it will be convenient to use the following character
analogues of the Poisson summation formula [6, Theorem 2.3], [7,
equations (4.1), (4.2)]. Let f be continuous and of bounded variation on
[c, d]. Let y be a primitive character of modulus £. If y is even, then

2G (1) & @ g"

(12.1) Y xmfm) = 2 X f(x) cos (2mnx/k)dx ;

c=n=d k n

c

if ¥ 1s odd, then
, 2iG
122 Y g fm=— 20

c=n=d k

i X (n) Rdf (x) sin (2nnx/k)dx .
n=1 Je

The primes " on the summation signs on the left sides of (12.1) and (12.2)
indicate that if ¢ or d is an integer, then the associated summands must be
halved.

Throughout the section, it is assumed that y is a primitive character of
modulus k. For each of the theorems below, deductions concerning the
signs of the pertinent character sums are trivial. Likewise, the corresponding
formulas for class numbers are immediate from (2.4). Thus, none of these
obvious corollaries shall be explicitly stated.

THEOREM 12.1. Let y be even, and let m be any positive integer. Then

(12.3)  Sym1 + Sama + Sams + Sams + Sgmo + .o + Samam

2G (;
_ _;I@ 70m) L1, 742) -

Proof. Apply (12.1) several times with f(x) = 1 in each case and with
(c,d) = (0, k[4m), (3k/4m, Sk|4m), (Tk[4m,Ok[4m), .., (4m—1) k[4m, k).
We then get




Sam1 = G:O i Zz(zn) sin (2zn/4m) ,
n=1
) < x(m
Sima + Sams = . y =—= . {sin (10nn/4m) — sin (6nn/4m)}
Samam = G:O 3 X(n){ — sin (2nn (4m —1)/4m)} .

n=1

Adding the above equations, we find that

(12.4) Sam1 T Sama + Sams + oo + Samam

= ¢ 5 2m mZ (—1) sin (2(2j +1) nn/4m).

7t n=1 n J

Now an elementary calculation shows that
2m-1

(12.5) Y, (1) sin (2(2j +1)nn/4m)

j=0
B 2m(—D*, if n=_Qu+1) m,
B 0 , otherwise.

Putting (12.5) into (12.4), we conclude that

Sums + Sama + Sums + o+ Sumam
_26() & (=D z(@u+Dm)

)

u=0 21”’ + 1

2
=20 (1, 2
7 i’
which completes the proof.
Observe that if m = 1, Theorem 12.1 reduces to Theorem 3.7. If
m = 2,3, 4, and 6, then Theorem 12.1 reduces to results that can be derived
from Theorems 7.1, 9.1, 10.1, and 11.1, respectively.

THEOREM 12.2. Let y be odd, and let m be a positive integer. If m is
odd, then

/ 1

1=j=m/2

if m 1s even, then

a7y ("2 —j)Sm,,- OB 27 Q)2 ML D
1=j=m/2 \
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Proof. Apply (12.2) several times with f(x) = 1 in each case and with
(e, d) = (0, kjm), (k|m, 2k/m), ..., ([m/2] — 1) k/m, [m/2] k/m). We then get

Smi = 16 OZOL ;Z(n){ cos (2nnjm) — 1},

s n=1 n

— iG (1) i }?(n){ cos (4nn/m) — cos (2nn/m)},

Y n=1 n

iG () i Z(”){ cos (2[m/2] nn/m)

n
— cos (2{[m/2] — 1} mn/m)}.

Sm,[m/Z] =

n=1

Multiply the j-th equation above by [m/2] + 1 — j, 1 =/ = [m/2], and
add the resulting equations to obtain

(12.8) 2 {Im2]+1-j}S,,;

l=je=m/|2

. o = [m/2]
_ iG (%) » % (n) {_ [m/2] + > cos (2nnj/m)} .

T n=1 N J
First, suppose that m is odd. Then (12.8) becomes
‘m+1 > iG(p) & )Z(n){
—Jj | Sm;= —< —m+ cos (2nnj/m)
Z ( 2 J 2n n=1 N jiL_:O '

1=j=m/2 \

_ oW {=m+7(m} LA, %,

from which (12.6) follows.
Suppose next that m is even. Then (12.8) becomes

m+2 _
Z < ) - J>Sm,j
1=j=m]2

" 0 = m—1
_iG () M{_m—1+(—1)"+ Z cos (Znnj/m)}

G
i 2iX){_,n_1+z(2>—1+z(m>} L(1, 7,

from which (12.7) follows.
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We indicate some special cases of the previous theorem. If m = 2, (12.7)
reduces to Theorem 3.2. If m = 3, (12.6) yields Theorem 4.1. If m = 5, 6,
8, 10, 12, and 24 in Theorem 12.2, we obtain results deducible from
Theorems 5.1, 6.1, 7.1, 8.1, 9.1 and 11.1, respectively.

THEOREM 12.3. Let y be even and let m be an arbitrary positive integer.
Then

(12.9) Sgm1 — Ssma — Ssms + Sgms + Sgmo— —+ + "+ Sgmsm
222G (y) _
= ———— x(m) L(1, %g) -

Proof. Apply (12.1) several times with f(x) = 1 in each instance and
with (¢, d) = (0, k/8m), (Bk/8m, 5k/8m), (Tk/8m, 9k/8m), ...,
(8m—1) k/8m, k). Accordingly, we find that

Sgm1 — Sgma — Sgms + Ssms + Semo— — + + "+ Ssmsm

G 8m—1
7EX) 21)((”) Z X4 (J) xs (j) sin (2mnj/8m)

m—1

-2y ’z,ﬁ 5 1010, sin @on @t fsm

T =1 u=0

Z Xa (V) x5 (v) sin (27nv/8) .

The inner sum above is merely —iG (1, yaxs) = xa (1) xs (1) 2372, by (2.2).
Hence, (12.9) immediately follows.

The special cases with m = 1, 2 and 3 of Theorem 12.3 may be deduced
from Theorems 7.1, 10.1 and 11.1, respectively.

The proofs of the next four theorems are very similar to the preceding
proofs and so will not be given.

THEOREM 12.4. Let y be odd, and let m be an arbitrary positive integer.
Then

Sgmz + Sgm3 — Sgme — Ssm7+ + — —""— Sgmsm-2 — Sgmsm-1
2’2 G(y) _ _
= - ——7—7:—'“ ¥ (m) L(1, Xgp) -

The special cases of Theorem 12.4 with m = 1, 2 and 3 are consequences
of Theorems 7.1, 10.1 and 11.1, respectively.
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THEOREM 12.5. Let y be even, and let m be an arbitrary positive integer.
Then

m-—1 31/2

G _ 3
Z Symazjrz=— __n_—}’(m) L1, %3z) -

j=0
The instances of Theorem 12.5 with m = 1, 2, 4 and 8 are consequences
of Theorems 4.1, 6.1, 9.1 and 11.1, respectively.

THEOREM 12.6. Let x be odd, and let m be an arbitrary positive integer.
Then

Ssmaz — Ssma + Ssm7 — Ssmo+ — F Ssmsm—3 — Ssmsm—1

i5'2G(y) _ _
= — ————;— X(n’l)L(l, XSk) .

The special cases of Theorem 12.6 for m = 1 and m = 2 follow im-
mediately from Theorems 5.1 and 8.1, respectively.

THEOREM 12.7. Let x be odd, and let m be an arbitrary positive integer.
Then

Siomz+S12m3+Stoma+Si2ms —St2ms —S12mo — St2m10 — Siami11

++++-———"=Smiom-a—Stomizm-3— St1amizm-2" St2m12m—1

i (12)12 G
o —-l( )n (X)Z(m)L(lafuk)-

The special instances of m = 1 and m = 2 of Theorem 12.7 yield
results that are easily deduced from Theorems 9.1 and 11.1, respectively.

The class number formula arising from Theorem 12.1 was first proved
by Holden [39]. A less general form of Theorem 12.2 was also established
by Holden [36] who in another paper [37] used his result to derive formulas
for sums of the Legendre-Jacobi symbol over various residue classes. The
special case m = 1 of the class number formula deducible from Theorem 12.7
is due to Lerch [44, p. 407]. Otherwise, the results of this section appear to
be new.

13. SUMS OF QUADRATIC RESIDUES AND NONRESIDUES
We mentioned in the Introduction the two equivalent formulations of

Dirichlet’s theorem for primes that are congruent to 3 modulo 4. In this
section, we state and prove as many theorems as we can that are of the same
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