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Definition 3 : Let X', X be analytic spaces, 7 a closed analytic subspace
of X defined by /, and/ (/o,/1) : X'-+X a morphism.

The inverse image of Y by /, / ~1 7), is the analytic subspace Y' of X'
defined by the ideal J' =/1 (/) (9X>.

The inverse image of a simple point x in X is called the /:fiber over x,
and is denoted by/-1 (x) or X' (x).

Proposition 1 : If/ — (/o,/1) : X'-^X is a morphism of analytic spaces,
and 7 is a subspace of X, then /_1 (7) ~ YxX'.

x

Proof : Let T be any analytic space, and g : T-+X' a morphism. Then g
can be considered as a morphism from T to/-1 (7) if and only if / o g can
be considered as a morphism from 7 to 7. Thus/~1 (7) and I'xlare

x
solutions of the same universal problem.

§ 2. Analytic pull-back

In the following we want to generalize the notion of inverse image of
a subspace.

We shall first recall the basic properties of the tensor product E ® F,
A

where A is a commutative ring and E, F are two ^-modules.

(1°) E® An En (neN)
(2°) If the sequence of ^4-modules F'^F^F"-*0 is exact, then also the

sequence E ® F'-*E ® F^E ® F"-±0 is exact. (Right exactness of
the tensor product)

(3°) If (Ft) ieI; fij : Fj^Fi is an inductive system, then

E ® lim F i lim (E ® Ffi

On the other hand these properties characterize completely the functor ®.

Definition 1 : Let/ (/0 f1) : X'-^Xbe a morphism of analytic spaces,
and ê an tf^-module. Then/ is an/o (Pz-module and (9Xr is ^so an fo &x~

module (by/1 : Gx^&x).

The analytic pull-back f* S of ê by /is defined by scalar extension:

f*$>=fo$>® ®x>

fo&x
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Remark: The inverse image is a particular case of the analytic pull-

back.

In fact, if Y is a closed analytic subspace of X and/ : X'-»Xis a

morphism :

/* Oy — fo(®xlJy) ® ®X' — fo ®xlfo ^Y ® ®X'

fo@x fo®x

^ ('9X. * Of- 1(Y)

(The third isomorphism follows from the fact, that A/1 ® E ~ EjlE).
A

Elementary properties of the analytic pull-back :

(a) (/* S)x. 0 (/;®xV where

x — f0 (x') (since (x) commutes with inductive limits).

(b) f* ($® 3F) =/* /* ^ where and ^ are ^-modules.
ex

*

0*'

(c) If ^ is a coherent ^-module, then /* ê is a coherent -module.

In fact, S has a locally finite presentation:

and/* is compatible with cokernels,/* (0£)

Special case : The pull-back of vector bundle. Let (E, n) be an analytic

- vector bundle over the analytic space X, and /: J'->Ja
e x x '

^ e morphism of analytic spaces. The fiber product carries
I

TT r"

I TT1 I a unique structure of vector bundle over X\ such that /
xT —> x is a bundle morphism. We call this bundle E\

Proposition 1 : Let ê (Resp. $') be the sheaf of analytic sections of E
(Resp. E'). Then <T - /* ê.

Proof (Sketch): We have a f*0Ox linear morphism fo which
extends to a morphism/* ê-*ê'. We can prove that this is an isomorphism.
Since the question is local with respect to X', we can suppose that E is a

trivial bundle over X with fiber Cr, then S 0X. Also 0X. =f*0x. Theiefore

/* S S'.

§ 3. Introduction to flatness by examples

Let S be an analytic space. By analytic space over s we mean an analytic
space X provided with a morphism % : X-+S. Let S be a simple point in S,
and consider X (s) /-1 (s).
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