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Proper holomorphic mappings between circular domains

Steven R. Bell

1. Introduction

A now classical theorem of H. Cartan [3] states that if f:Qx^Q2 is a

biholomorphic mapping between bounded circular domains in Cn which contain
the origin, and if /(0) 0, then / is a linear mapping. Cartan&apos;s theorem was later
generalized by W. Kaup [4] to biholomorphic mappings between domains in a

much wider class. In this note, we prove a generalization of Cartan&apos;s theorem
which allows the mapping / to be proper and non-biholomorphic. To be précise,

we prove

THEOREM 1. Suppose that /:/21-*l22 is a proper holomorphic mapping
between bounded circular domains in Cn which contain the origin, and suppose that
/~1(0) ={0}. Then the mapping f is a polynomial mapping.

The proof of this theorem uses only elementary properties of the Bergman
projection associated to a bounded circular domain. Therefore, before we attempt
to prove Theorem 1, it seems worthwhile to recall some basic définitions and to
list the rudimental properties of the Bergman projection.

2. Basic définitions and facts

A circular domain contained in Cn is a connected open set such that if
z (zu..., zn) is in the set, then for any real number 0, the point elOz

(elBzu eiezn) is also in the set.

The Bergman projection F associated to a bounded domain D contained in Cn

is the orthogonal projection of L2(D) onto its closed subspace H(D) consisting of
L2 holomorphic functions. Connected to the projection P is the Bergman kernel
function K(w, z). This kernel is determined by the property that

P&lt;t&gt;(w)=[ K(w,z)&lt;f&gt;(z)dVz
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for ail &lt;f&gt; in L2(D). The kernel K(w, z) is defined on D x D, and is holomorphic in
w and antiholomorphic in z, and K(w, z) K(z, w). Proofs of thèse elementary
facts can be found in [2] and [5].

We shall require a lemma which is proved in [1].

LEMMA A. Suppose that / : /2x —» /22 is a proper holomorphic mapping between

bounded domains ilx and fl2 contained in Cn. Let Pt dénote the Bergman projection
associated to Qt, i 1,2, and let ii Det[/&apos;]. The Bergman projections transform
according to

for ail &lt;t&gt; in L2(/22).

The classical Remmert proper mapping theorem states that the mapping / in
Lemma A is a branched cover of some finite order m. Since \u\2 is equal to the
real Jacobian déterminant of / viewed as a mapping of R2n, it follows from a

simple change of variables that

for ail 4&gt; in L2(/22). This fact will be used at a crucial step in the proof of
Theorem 1.

It is well known ([2, 5]) that if the mapping / in Lemma A is biholomorphic,
then the Bergman kernel functions transform according to

u(w)K2(f(w), f(z))u(z) K,(w, z)

where Kt dénotes the kernel function associated to ûl9 i 1,2.
Finally, before we proceed to prove Theorem 1, it is instructive to take a

glance at the original proof of Cartan&apos;s theorem. Suppose /ri?!—&gt;/22 is a

biholomorphic mapping between bounded circular domains which contain the

origin, and suppose /(0) 0. For each real number 0, the mapping F0 defined by

Fe(z)=r\e~ief{e«z)) (2.1)

is an automorphism of flx such that Fe(0) 0 and such that the Jacobian matrix
F&apos;0(O) is equal to the identity matrix. Therefore, according to Cartan&apos;s lemma, the

mapping Fe is the identity. Now, writing équation (2.1) out in terms of power
séries reveals that / must be a linear mapping. It is interesting that a very similar

argument must be used at a key point in the proof of Theorem 1.
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3. Proof of Theorem 1

Theorem 1 is a relatively simple conséquence of two basic lemmas which we
now list.

LEMMA B. Suppose that K(w, z) is the Bergman kernel function associated to
a bounded circular domain Q. Suppose that w and z are points in fl and thaï U is

any connected neighborhood of the unit circle in C such that tw and Tz are in il for
each t in U. Then K(tw9 z) K(w9 Tz) for ail t in U.

Let BR dénote the bail in Cn of radius R centered at the origin.

LEMMA C. Suppose that Cl is a bounded circular domain in Cn which contains
the unit bail Bt. Let P dénote the Bergman projection associated to Cl. For each
multi&apos;index a, there is a function &lt;f&gt;a in C%(B^) such that P&lt;£a za. Furthermore, &lt;f&gt;a

can be chosen so that if&lt;t&gt;ate is defined via &lt;£a,e(z) e&quot;2n&quot;|a|&lt;^a(z/e), then P&lt;^a,e za

if 0&lt;e&lt;l.

We shall now prove Theorem 1, assuming the truth of the lemmas. We may
suppose, without loss of generality, that flx and û2 both contain Bl9 the closure of
the unit bail.

Let K(w9 z) dénote the Bergman kernel function associated to £lx. Lemma B
has as an important conséquence the fact that for z close to the origin, the
function K(w9 z) extends to be holomorphic in w on a large neighborhood of Ûx.

Indeed, if R is a large positive number, then K(w9 z) extends holomorphically as a

function of w to BR whenever z is in B1/R. This follows from the formula

which holds for (w9z) in BtxB1/R9 and which extends to hold for (w9z) in
BR x B1/R by analytic continuation.

Now notice that if &lt;^ae is the function of Lemma C associated to 172, and if
u Det [/&apos;], then Lemma A yields that

u - /« ii. (z« of) Pl(u (&lt;k
e of)) (3.1)

where P± dénotes the Bergman projection associated to £lv. We may rewrite (3.1)
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in intégral form:

Vz. (3.2)

Equation (3.2) contains the core of the proof of Theorem 1.

We shall now prove that u • fa is a polynomial for each a, including a
(0, 0,..., 0), by showing that the functions u • fa are entire functions which
satisfy an estimate of the form |M(w)/(w)a| &lt; C |w|q. Then, since u is a polynomial
and u - fa is a polynomial for each a, and since the ring of polynomials is a unique
factorization domain, we will conclude that / must be a polynomial mapping.

First, notice that if e&gt;0 is taken to be very small, the formula (3.2) implies
that m • fa extends to be holomorphic in a large neighborhood of Ùx. Indeed,
since /~1(0) {0}, the nullstellensatz implies that there are holomorphic functions
aX]{z) and positive integers kx such that zlki SJn=i ^lJ(z)//(z) near z=0. Hence,
there are positive constants m and c such that / satisfîes an estimate of the form
|z|m&lt;c |/(z)( for ail z in nt. Therefore,

Supp (&lt;f&gt;a,e °/)c:{z :|/(z)|^e}ci{z :|z|^(ce)1/m}.

Hence, if R is a large positive number and if e is chosen so that (ce)1/m&lt;l/.R,

formula (3.2) in conjunction with the fact that K(w, z) extends to BRxBl/R
reveals that u • /a extends to be holomorphic on BR. Therefore, we conclude that
u - fa is an entire function.

We must now show that |u(w)/(w)O£|&lt;C|w|q. Fix a point w in Cn. Pick e so

that (ce)1/m |w|-\ i.e., let e c&quot;11w|&quot;m. Note that supp (&lt;£a&gt;e of) a B,w,-i and that

II m * (&lt;fc*,e °/)lljL2(r21) (constant) ||^ai

(const.)|w|m(n+|a|).

We now use formula (3.2) and Lemma B to obtain that

• «. of) dVz

&lt;(const.) Sup \K(C, €)\ \\u • (&lt;^a,e

&lt;(const.)|w|m(n+|a|)

where the constant is independent of w. This complètes the proof of Theorem 1.
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4. Proofs of the lemmas

Lemma B is well known. We shall présent a proof for the sake of complete-
ness.

Proof of Lemma B. If 0 is a real number, the mapping &lt;P defined via
&lt;P(z) el0z is an automorphism of the domain îl. Therefore, the Bergman kernel
function K(w, z) satisfies the identity

Det [&amp;&apos;(w)]K(&lt;P(w), &lt;P(z)) Det [#&apos;(z)] K(w, z).

If we replace z by e~iez in this formula we obtain

Now K(tw, z) and K(w, ïz) are holomorphic functions of t on U whieh agrée on
the unit circle. Hence, K(tw, z) K(w, ïz) for ail t in U.

Proof ofLemma C. Let K(w, z) dénote the Bergman kernel function associated to
il. We shall use the shorthand notation,

K(w,z) ^
oZ

and

Ka()K(w,z)

for multi-indices a. We shall also abreviate the operators da/dza and d°7dza by d&quot;

and da, respectively.
Let 0 be a radially symmetric function in Co(Bx) such that J 0 1. For small

£&gt;0, let 0e(z) e~2n0(z/e). Since holomorphic functions assume their average
values, it follows that if h(w) is a function in H(/2), then

dah(0) =i dahëjz) dVz f h(-l)M¥ÔedV= f Ka(O,z)h(z)dVz.

Therefore, the Bergman projection of (—l)|o£|5tt0e is equal to Ka(w, 0) as a

function of w.
Now suppose that w and z are in fî^ If we differentiate the formula

K(rw, z) K(w, Fz) with respect to z, we obtain that

K*(tw9 z) tklKâ(w, ïz). (4.1)
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The formula (4.1) holds for ail t in the unit dise of C. If we set z =0 in (4.1), we
see that

This implies that Ka(w, 0) is a homogeneous polynomial of degree \a\ in w.
We now claim that the set of homogeneous polynomials HN

{Ka(w,0):\a\=N} forms a basis for the set of ail homogeneous polynomials of
degree N. Indeed, the functions in HN are linearly independent because if

then Y,\&lt;x\=NC&lt;xdah(0) 0 for every h in H(O), which is absurd. Furthermore, the
cardinality of HN is equal to the dimension of the vector space of ail homogeneous

polynomials of degree N. Hence, each monomial za can be written in the
form

I3H«|

Therefore,

If we set &lt;j&gt;a =£i3i=|a| c3(-l)l(3|330, then the conditions of Lemma C are met.

Remark. Formula (3.2) can be used to prove the following generalization of a

resuit of Kaup [4] on biholomorphic mappings between Reinhardt domains.

THEOREM 2. Suppose f:Q1-+Q2 w a proper holomorphic mapping between

bounded circular domains in Cn. Suppose further that fî2 contains the origin and
that the Bergman kernel function K(w, z) associated to ftx is such that for each

compact subset G of Ou there is an open set U= U(G) containing f^ such that

K(w, z) extends to be holomorphic on U as a function of w for each z in G. Then f
extends holomorphically to a neighborhood of Ùx.
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