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Reconstructing 1-coherent locally finite trees

Carsten Thomassen

Abstract We prove a theorem implying the conjecture of J A Bondy and R L Hemmmger that an

infinité, locally finite tree contaimng no two-way infinité path îs uniquely determined, up to îsomorph-
îsm, from îts collection of vertex-deleted subgraphs

Introduction and terminology

We say that two graphs G! and G2 are weakly hypomorphic if there exist maps
ç:V(G1)-*V(G2) and ifr: V(G2)-> V(G1) such that G1-x~G2-q>(x) and

G2-y — G1-ijj(y) for each vertex x and y in V(Gi) and V(G2), respectively. In
other words, Gx and G2 hâve the same isomorphism classes of vertex-deleted
subgraphs. If <p and i[/ can be chosen to be bijections, then Gx and G2 are

hypomorphic. The reconstruction conjecture asserts that any two hypomorphic
graphs are isomorphic. The conjecture is open for finite graphs and false for
infinité graphs in gênerai (see e.g. [5]). However, no counter-examples are known
to the Harary-Schwenk-Scott conjecture [6] that any two hypomorphic, locally
finite trees are isomorphic. As a first step towards a proof of this conjecture,
Bondy and Hemminger [1] demonstrate the validity of the conjecture for m-
coherent, locally finite trees for m ^2 (a tree is m-cohérent if it contains a set of

m, but not m + 1, pairwise disjoint one-way infinité paths) and conjecture in an

early version of [4] (the problem first appear in [3], but is mistakenly listed as

being for 2-coherent locally finite trees) that any two hypomorphic 1-coherent

locally finite trees are isomorphic. In this note we prove that the same conclusion
holds uiider the weaker assumption that the trees are weakly hypomorphic.

If F is a forest and x, y are distinct vertices of F, then F[x, y] dénotes the

component of F-x containing y rooted at y. A branch of F at x is a rooted tree
of the form F[jc, y] where y is adjacent to x. When we speak of isomorphisms of
branches we always mean root-preserving isomorphisms. The height h(x, T) of a

vertex x in a tree T is the total number of vertices belonging to finite branches at
x. If x has finite degree in T, then obviously h(x, T) is finite.

If T is a 1-coherent, locally finite tree, and P is a one-way infinité path of T,

then the forest obtained from T by deleting ail edges of P has only finite
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components, by Kônig's Lemma. Furthermore, if P' is any one-way infinité path
of T, then P and P' hâve an infinité path in common.

Isomorphism between weakly hypomorphic, 1-coherent, locally finite trees

THEOREM. Let Tx be a 1-coherent, locally finite tree and lei T2 be any graph
which is weakly hypomorphic to Tt. Then Tx— T2.

Proof. Let <p : V^)-» V(T2) and ip: V(T2)-> V(7\) be maps such that

and T2-y~T1-Xy)

for each x and y in V(T1) and V(T2), respectively. It is easily verified that T2 is a

1-coherent, locally finite tree. Let x be any endvertex of 7\ and Px : xtx2x3 • • • be

a one-way infinité path of Tt-x. Let P2:yiy2y3 • • • be the image of Pl under
some isomorphism of Tx-x onto T2-<p(x). With no loss of generality we can

assume that x (resp. <p(x)) is joined to a vertex in a branch of Tx-x (resp.

T2-(p(x)) at xa (resp. yx) for otherwise we consider paths of the form xkxk+1> • •

and ykyk+1 • • • instead of P! and P2, respectively.
If T is a tree and x a vertex of T, then the degree of x in T equals the number

of components of T-x. From this it follows that if one of Tl9 T2 has maximum

degree 2, then each of Tu T2 is a one-way path, and hence 7\ — T2 in this case. So

we can assume that each of Tu T2 contains a vertex of degree 3 or more.
If each of the vertices x2, x3,... has degree 2 in T1 (and hence each of

y2, y3,... has degree 2 in T2), then we dénote by k (resp. m) the maximum
distance in 7\ (resp. T2) between an endvertex and a vertex of degree 3 or more
and we put n max {k, m}. It is obvious that for each i > 1, no vertex of T2 other
than y, has height ft(yp T2). Since

We conclude that (p(xl)=yl for each î>l. Now let

cr:T1-xn+3-> T2-yn+3

be an isomorphism. By définition of n, xn+2 (resp. yn+2) is the only vertex of the
finite component of T!-xn+3 (resp. T2-yn+3) which has distance greater than n

to a vertex of degree 3 or more. Hence

<K*n+2)=Vn+2

and or can be extended to an isomorphism of T\ onto T2.
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So we assume that for some f>2, the degree of xt and yt is at least 3. The
union of finite branches of Tt at xt (except Tx[xt, xf_i]) is isomorphic to the union of
finite branches of T2 at yt (except T2[yt, yt-i]). We want to prove that

T^, x^]^ T2[yt, y^].

This will imply 7\ — T2. If ail finite branches at xt are pairwise isomorphic and ail
finite branches at yt are pairwise isomorphic, then obviously

Ti[xt, xt^]^ T2[yt, y,_x],

so we can assume, with no loss of generality, that there is a branch B Tx[xt, zx~\

which is not isomorphic to T^x,, x,_i].
Consider a vertex z2 of T2 such that T2- z2 — Tt- zx. Let s be the integer such

that z2 and ys belong to the same component of the forest obtained by deleting ail
edges of P2. Suppose z2 is chosen such that s is minimal. Let

ir:T1-z1^> T2-z2

be an isomorphism, and let

be the image of Px under tt. Since T2 is 1-cohérent, the intersection of P2 and P2

is an infinité path y^yj+i • • • yqyq+r * *
• For i sufficiently large, xr+l and y^+I

hâve the same height in 7\ and T2, respectively, so

+l, T2)= h(y;+I, T2)=h(xr+l, T1)=h(yr+l, T2).

However,

h(yl9T2)<h(y2,T2)<--;

so, for i sufficiently large, yq+t yr+I and hence r q. Suppose rr is chosen such

that r is minimal.
We now prove by contradiction that

r<max{f, s}.

For suppose r>t and r>s. The union of branches of 7\ at xr (except Tx\xn xr_x])
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is isomorphic to the union of branches of T2 at yr (except T2[yn yr-i]) and since

^OO- yn the union of branches of Tx-zx at xr is isomorphic to the union of
branches of T2 - z2 at yr. Combining thèse observations, we conclude that

(Tx - z1)[xr9 xr_J- (T2- z2)[yn yr_J

and hence we can modify tt so as to obtain an isomorphism T1-z1-> T2~z2
which takes xr_j to yr_!. This contradicts the minimality of r. Hence r<max {t, s}.

We next prove that s<f. For suppose s>t. (Hence tt(xs)= ys). Since

fc(yw T2)= fe(*,, T1)>h(z1, Tx)= hU2, T2),

we hâve z2 + ys, so z2 belongs to a finite branch B' of T2 at ys (distinct from
T2[ys, ys_i]). Since 7\-jc and T2-<p(x) hâve the same branches at jcs and ys,

respectively, and since deleting z2 from T2 results in a forest with fewer branches
at ys isomorphic to B', it follows that tt"1 maps T2[ys, ys-{\ onto a branch of 7\
isomorphic to B'. But then T2[ys, ys_i] contains a vertex z2 s.t. T2- z2 — T2- z2, a

contradiction to the minimality of s.

Summarizing, s ^ t and tt maps the path xtxt+1 • • • onto yfyf+i • • *. In particu-
lar, xt and y, hâve the same degree in T1-z1 and T2-z2, respectively. So z2 is

adjacent to yt. Since the number of branches at xt isomorphic to B is one less in

Tx-zx than in 7\ and since Tx[xt, xf_J is not isomorphic to B, it follows that
T2[yt, Vf-i] is not isomorphic to B (again using the isomorphism between Tx-x
and T2-ç(x)) and that z2 is the root of a branch at yt isomorphic to B. In
particular, z2#yf_1 and tt maps Tx[xt, xf_j] onto a branch isomorphic to
T2[y,, yf_i]. Since Tt[xt, x^J— T2[yf, yf_J implies Tx — T2, the proof is complète.

Further results and conjectures

We can prove that any two weakly hypomorphic, locally finite, m-cohérent
trees are isomorphic for m > 3 and believe that with a little more effort the same

can be proved for m 2. Furthermore, we can prove that any two hypomorphic
m-coherent trees are isomorphic for m >3 and Nesetril [7, 8] proves it for m 0.

We conjecture that it also holds for m 1,2.
Halin (see [2]) conjectures that if Gx and G2 are infinité hypomorphic graphs,

then G, contains a subgraph isomorphic to G3_, for i 1,2. We conjecture that
the same conclusion holds under the weaker assumption that Gt and G2 are

weakly hypomorphic.
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