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The class number
of an imaginary quadratic field

By L. Carlitz

1. Introduction. Let h(D) dénote the number of classes of prop-
erly primitive forms ax2 + 2bxy + cy2 with b2 — ac —D, D > 0.
In his paper [3] Hurwitz expressed the residue (mod p) of h (D) in terms
of the coefficients of certain power séries ; hère p is an odd prime divisor
of D such that D^àO (mod p*). In some cases the residue was
expressed explicitly in terms of Bernoulli numbers.

Let now h(d) dénote the class number of the imaginary quadratic
field R(yd) of discriminant d. (We prefer to use the terminology of
quadratic fields rather than quadratic forms in order to stress the analogy
with certain other results on the class number of cyclic fields [1]). Let p
be an odd prime divisor of d and n > 0 ; then we show that for d < — 4.

S (^WAWod^*), (1.1)

where d (— i)<#-i)/2 pqQi q | g01, (go/s) is the Kronecker symbol,
Bk(x) is the Bernoulli polynomial of degree k |(^ — 1) pn + 1

and c 1 + i ^n for % > 1, while c 2 for w 0. A partic-
ularly simple spécial case of (1.1) is

A( — 4p) !-©*._! (mod pw+1) (1.2)

where p 1 (mod 4) and ^fe^ is an Euler number.

2. Kronecker's symbol. We recall a few properties of Kronecker's
symbol (see for example [4, p. 51]). If d 0 or 1 (mod 4) and is not a

square and if m > 0, we define

1

d\ [ l(d 1 (mod 8))

"2/ ~~ [ — 1 (d 5 (mod 8))

/—\ theLegendresymbol when p > 2, d^O (modp),
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It follows from the définition that

A)=0 for (d9m) >1;(^J-) (JL)(A); (2.1)

also for odd d we hâve
i u, \ / rrn. \

(2.2)m/ \|d
where the quantity on the right is a Jacobi symbol. Another useful
property is d d

(m1 m2(mod d!)) (2.3)

We shall also require

— f— Jsgnd (m<\d\). (2.4)

It is sometimes convenient to define (—J 0

Thus it is clear that if d is the discriminant of a quadratic field then

— is a character (mod d).
m J

v '

The letter p will dénote a positive odd prime. We define

rv\ / l\(p—1)/2 m (9 K\
JrO — \— / /^ V /

so that ^0=l (mod 4). If p \ d we put
d poqo, q I #o I • (2-6)

It follows that the Kronecker symbols (:po/m) and (g0/^) are defined ;

moreover 7 v

m] \m
Hereafter d will dénote the discriminant of an imaginary quadratic

field. Hence d < 0 and is not divisible by the square of any odd prime.
3. Bernoulli polynomials. We use the notation of Nôrlund [5, Chapter 2]

for the Bernoulli polynomials. The foliowing formulas will be needed.

Y(x + »^= B»{X + ^ - ^(X) (3.D
a=0

*"n

«rf*W,(*/); (3-2)

ï,,(l-«) (-l)»B,(a!). (3.3)
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In addition we recall a spécial case ofKummer's congruence [2, Theorem 5]

where pe~x (p ¦— l) \t,n=£0 (modp— 1), n > e and the rational numbera
is intégral (mod^p). The foliowing divisibility property will also be used.

Bm(a) 0 (mod pr) (pr\mym^k0 (mod p - 1) (3.5)

where again a is intégral (mod p).
For some purposes it is convenient to define the Bernoulli function

Bm(x) Bm(x) (0<*<l)
Bm(x+1) Bm(x).

Then Bm(x) satisfies (3.3) as well as the multiplication formula

+-Ç)= rl~m Bm{rx) ; (3.6)

the polynomial Bm(x) also satisfies (3.6).

4. The main resuit. Let d < — 3. It is familiar that

(4.1)

where m runs through a complète residue system (mod d). We assume

p\ d and make use of (2.5), (2.6), (2.7). Let q > 1. Then (4.1) be-

comes
h(d) =Z

r=o*=i \ rq + s /\ rq + s
(4.2)

d 8

Now it follows from

— I a^"1''2 (mod p)

that
(mod pn+x) (4.3)

Then using (4.3) we hâve

£ (rq -f- s) |

V
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where for brevity we pub

* *(P- l)Pn+ 1. (4.5)

Then using (3.1) we get

r=0
(rq + .)* ?*'lr+± =j*-^L_!i_!^îI (4.6)

In the next place by (3.2)

But it is easily verified that

^ fc_r+1 (^) 0 (mod

Thus (4.6) becomes

where we hâve used (4.3) and (3.5).
Substituting in (4.4) and (4.2) we therefore get

Finally using (3.4) this becomes

where Z |(^ — 1) p^1 + 1. Replacing n by w + 1 we get

(|) (mod ^), (4.7)

where k is defined by (4.5) and c 1 + £pw for n > Q,c 2

for n 0.
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In the next place if p 1 (mod 4), then k is odd so that by (3.3)

Also since p0 > O,go< 0, so that by (2.4) q° - (^
\q — sj \s

It follows that

If p — 1 (mod 4), then k is even and q > 0, so that

and again (4.8) follows. Since for q0 even the value s qQ/2 in (4.7)
may be ignored we get

E (t)B*(4-) (modPn+1)> (4.9)
l<s<q/2 \8 / \ q J

where k and c are the same as in (4.7).

6. The case q 1. While (4.9) does not hold for q 1, it is easy
to obtain a similar resuit in that case. We now hâve d — p, where

p 3 (mod 4). Thus (4.1) becomes

P m \ m I P m \P

E mi—\ 2Jmk=—b_\—— (mod

where k is the same as in (4.5); note that k is even. A little manipulation
leads to h{__ p)^_Bk (mod pn) m (5.1}

In particular for n 1, (5.1) becomes

which by (3.4) reduces to

h(- p) - 2B{p+1)l2 (mod p) (5.2)
6, Some spécial cases. Returning to (4.9) we consider first the

spécial case d — Sp, p 1 (mod 4). Thus q0 — 3, q 3 and
(4.9) reduces to

f—\bJ-1-) (mod^1). (6.1)

Since k is odd it does not seem possible to further simplify the right
member of (6.1). For n 0, (6.1) becomes

»(_ 3î>) - 4^ B(p+1)l2 (jj (mod p) (6.1)'
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Next for d - 4p, p 1 (mod 4, g0 - 4, 4, so that
(4.9) becomes

h(- ép) - 2cBk{\) (mod p»+i) (6.2)
Now we may use the formula [4, p. 29]

where iF^ is an Euler number. Since

4* 22fc 2<^-D^n+2 4 (mo(i

it is easily verified that (6.2) gives

h - 4p) J #^ (mod p*+i) ; (6.3)
in particular for n 0, we get

A - 4p) i ^(3,_1)/2 (mod p). (6.3)'
For example for p 5, A(— 20) 2, j£a — 1.

For d — 5py p 3 (mod 4), g g0 5, we hâve

(|){^)^)) ^+i); (6.4)

in particular

h(- 5p) - 4^-j £(w.1)/t^-L)_ A^i)/.(-|") } (mod p) (6.4)'

For d — 8p, we hâve either (i) p 1 (mod 4), g0 —• 8, g 8,
or (ii) p 3 (mod 4), g0 g 8. The two possibilités may be com-
bined in the single formula

*(- 8p) - 2c{^) j Bk^j + (ç~-^j Bk(^j j (mod p^), (6.5)

which does not seem to reduce further. Using (3.3) we may however
write

*(-8p) -2«(-|"){^*(4")-5*(4)} (mod pn+i)' (6-6)

as is easily verified.
We may also mention the case d — 12p, where p 3 (mod 4),

g q0 12. Thus (4.9) becomes

^J ^i) (6.7)

7. Some additional formulas. Formula (4.7) becomes somewhat

more symmetrical if we introduce the Bernoulli function Bk(x)
defined in § 3. For we may now write
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h(d) - c(£jz(^)Bk(^j (mod p»+i) (7.1)

where s runs through a complète residue system (mod q). In the next
place, using (3.6), we hâve

so that (7.2) becomes

Combining with (7.1) we get

h(d) — 2cI — \Zr Bk[—j + c| 1 — { — I} -Bfc (mod pn+1) (7.3)

where the sum is now restricted to such s that (qo/s) 1. If p 1

(mod 4), so that Je is odd, (7.3) reduces to

n\a) =: zci—-iz. /3 fc i -— i \rnoa ^ y v ' • */

if (q/p) 1 then (7.4) holds for ail p. If q is a prime then (7.3) may
also be written in the form

h(d) - c(-j) zX(v) + cB* (mod P"+1) • (7-5)

The last formula suggests that it may be interesting to consider the sum

8k(h,q) =qEBJ^]~q^Bk (7.6)
«=o \ ï /

for arbitrary positivp i and q. In particular if q is an odd prime power
then it follows from (7.2) and (7.6) that

and therefore

8k(h9 q) =(—)^fc(1> 9) • (7-7)

344



In the next place if q pr,r > 3, then

P

S
6=0

pr~2-l_ / \ p

^p S Bk(^)+ E
P+b

v{r~2) {1~k
6=0
P+b

Pir~2) (1~k) Bk) + pi-** 2J
6=0

Pr~2-i— / b2 \

+ Pl-*{8k(l, V*-1) + P{r~1} {1~k) Bk}

~ P2~k{Sk(l,pr^) + p<"*> (1-fc> £,}
so that

S*(l, 2>r) P1-*^!, P1*-1) + P«fc(l, p-2) - p^*flf%(l, p^)
(7.8)

+ pHi-*) Bk
V ;

For r 2, we find that

p) + (P - P1"* + P2(1~A)) -B* • (7.9)
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