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On the Splitting Tests of the Hollow Cylinder Specimens

Essais de ruine sur des trongons de cylindres creux

Über Spaltversuche an Hohlzylinderproben

BULENT ÖVÜNg
M. ACI, Ph. D., Assoc. Professor, University of Southwestern Louisiana

This article describes the analytical study of stress distributions within a
hollow cylinder due to diametrically applied concentrated loads on its outer
or inner boundaries assuming linear elastic behavior.

Increase of the diametrical concentrated loads causes the failure of the
hollow cylinder by Splitting along the same diameter on which the concentrated
forces lie. The failure behavior is close to the failure of beams under constant
moment rather than the proper Splitting test of cylinders where a constant
tensile stress is predominant.

Application of concentrated loads on the inner boundary does not require a

costly testing machine and the tests may be performed at any small construction

site.
In recent years Splitting tests on cylinder specimens [1] have been adopted

as a convenient measure of the tensile strength of concrete, although, the split
section along the external load line is not subjected to uniaxial tensile stress
condition (pure tensile) but to a biaxial stress condition. The value of the
compressive stress on perpendicular direction is three times the value of tensile
stress [2]. No reliable theory of the strength of the concrete under combined
stress has emerged for successful practical use. The difficulty lies on the non-
homogeneous nature of the concrete, on its behavior at high stresses influenced
by microcraking and other discontinuity phenomena [3]. Its material characteristics

are affected also by the Variation of temperature, moisture content [4],
etc. In spite of all these discrepancies the split test on cylinder specimens is still
a convenient measure of the tensile strength of concrete compared to the
measures of two other types of tests, such as direct pull tests on briquettes and
modulus of rupture test. The former tests suffer from the difficulty to eliminate
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eccentricity of the line of action of the load and from the premature failure at
the ends due to the stress concentrations near the gripping devices [5, 6]. In
the latter tests, the tensile strength computed by assuming the concrete as a

linearly elastic material is significantly higher than would be obtained from
uniaxial tensile strength [7]. The Splitting tests have been extended to cube
and beam specimens [8]. The present paper deals with the stress distributions
in hollow cylinder specimens. The external loads may be applied arbitrarily on
outer and inner boundaries with the condition that they satisfy the equilibrium.

Procedure of Analysis

The procedure of analysis is an application of Muskhelishvili's [9] complex
variable method to the Solution of the circular ring subjected to the loads acting

on its boundary. The two independent complex variable funetions, whose
combination gives the AIRY stress function, are expressed in infinite polynomial
series with unknown coefficients. These unknown coefficients are determined
by the boundary conditions. Hence the two independent funetions are obtained
in infinite polynomial series form. For given external load, in order to increase
the convergence these polynomial series are decomposed into logarithmic
funetions and polynomial series which converge rapidly.

Let the circular region, S, be bounded by two concentric circles L1 and L2
with outer radius Bx and inner radius B2, whose center being at the origin of
coordinate axes (Fig. 1).
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t^Y/R, Fig. 1.

Xln, Yln and X2n, Y2n are the kown components of the external forces
acting respectively on the boundaries L1 and L2. They will be assumed to be
continuous and single valued on Lx and L2, satisfying the equilibrium conditions,

and varying with polar angle 0 from the positive dx axis in a direction
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such that the region 8 always remains at the left hand side while moving along
the boundaries y.

The boundary conditions may be written

//-x #-/-x Ifi + ifL on Li> (z B1eid),
9(zm?(z) + M=§i+£ on Ll U^e^J, (1)

where f1 + if2 i$(Xn + i YJds i R$ (Xn + iYJd6. (2)
y 0

The expression f1 + if2 may be expanded in the series,

+ °°

h + if2=Y>Ane^ (3)
— 00

the coefficients of which may be calculated by the fourier expansion of the
given external load on the boundary.

It is known that the funetions 99 (z) and i/j (z) must be holomorphic inside
the ring, so that they may be represented by Laurent series. Thus inside 8,

+ 00 +00

9(z) Y anz», f(z) 2Xz", (4)
— 00 —00

+ 00 _ +00

?' (z) Z »äw*»--« 4>(z) Z <z". (5)
— 00 — 00

Assuming these series to converge, not only in the interior of the region 8,
but also on the boundaries L1 and L2, and substituting them in (1), one finds,

ZA'ne^e on Li9

2 anrneind + reid 2 nänrn-1e^n~1>>ie + 2 ä'nrne-ine |+^ (6)

ZKeine on L2.
— 00

The unknown coefficients, an and a'n are calculated by comparing the coefficients

oiein®. Thus the funetions 99(2) and ifj(z) are determined.
From the funetions cp(z) and ^(z), the stresses may be calculated in the

polar coordinates as follows,

oe-or + 2iTr9 2[z<j>'(z) + <lj' (z)]e2ie,
}

where cf> (z) y'(z).

Hollow Cylinder specimens Loaded on its Outer Boundary

Let the point of application of external loads Y1 and Y2, which are equal
to P in this case, be A and B. The coefficients Ak will be determined from the
relations:

X rfe-ikß
Äk 2^i\~W~d9' * ±(1>2,3,-.."), W
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On the outer boundary, /= —iP, one has:
277

[ir* d6 +^y k=±(l,3,5,...,2k' + l,...n).
o

1_ C iPe~
k~ 2^ij B,

On the inner boundary, / 0, one has:

Al 0.

To increase the convergence, the two complex variable funetions (4) can be
taken:

iP
<p(z) -—{log(iR1-z)-log(-iR1-z)}+ Z «n*n,

L7TI _oo

— iP + °°

t(z)=—-{log(iR1-z)-log(-iR1-z)}+Z«yn-
(9)
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Fig. 2. Fig. 3.

Table I

m R1/E2
ag at Point: (on R11 ag)

C E F

0.40
0.50

0.60

0.70
0.80

0.90

13.6891
20.3065
(19.52)*)
32.7678
(33.16)
60.4456

140.6816
(148.1)

576.5885
(562.7)

-13.7023
-17.7936

-25.6593

-42.9946
-92.0971

-357.5244

3.0632
5.8566

11.4105

24.4189
64.6496

299.6246

*) Number in paranthesis refers to Savin [10] results.
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Subsequently the coefficients <xn, a_n, a'n, a'_n and the stresses are determined
respectively from (1) and (7).

The stress distributions are shown in Fig. 2 and Fig. 3. The values of stresses

at various points with different m BJB2 ratios have been given in Table I.

Hollow Cylinder Specimens Loaded on its Inner Boundary

Let the point of application of external loads Yx and Y2, which are equal to
P, be C and D.

The coefficients Ak will be determined from the relations (8), hence on the
outer boundary, / 0, one has:

and on the inner boundary, / i P, one has:

iP1*"2WJ
iPetkd

Rl
de

kirB\'
k ±(1,3,5,. ..,2k'+l,. ..n)

The two complex variable funetions (4) can be taken as follows

cp(z)

*(*)

2lTt

-iP
2nt

P +00

{log(i B2-z) -log(-i R2-z)}+ 2 «n*W>

{log (i B2-z)-log (i B2-z)} + 2 *'n*n-

Subsequently the coefficients an, <x__n, a'n, <x_n and the stresses are determined
respectively from (1) and (7).

The stress distributions are shown in Fig. 4 and Fig. 5. The values of stresses
at various points with different m BJB2 ratios have been given in Table II.
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Table II
ar at Point: (ar Rxt OLr)

m R1IR2
A E F

0.40 -7.3775 -14.5627 3.5761
0.50 -12.8197 -18.3799 6.2299
0.60 -23.4063 -26.1008 11.6414
0.70 -47.8021 -43.2316 24.6060
0.80 -121.4331 -92.2009 64.7898
0.90 -537.7226 -354.0734 302.9679

The results obtained are a measure of, but not identical with, the real axial
tension. A Computer program has been performed for various m ratios and
external loads.
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Summary

The stress distributions within a hollow cylinder due to diametrically
applied concentrated loads on its outer or inner boundaries has been studied
by means of complex variable method assuming linear elastic behavior. The

Splitting tests have been considered as an application.
It is obvious that such tests do not require costly machine and they may

be performed at any small construction site.



ON THE SPLITTING TESTS OF THE HOLLOW CYLINDER SPECIMENS 55

Resume

Le present article etudie par une methode aux variables complexes, en
supposant un comportement elastique lineaire, la repartition des contraintes
dans un cylindre creux soumis ä des forces concentrees diametralement oppo-
sees agissant sur les bords exterieur ou interieur.

Les essais de ruine sur les cylindres en sont presentes comme application.
II est evident que de tels essais n'exigent pas d'appareils coüteux et qu'ils

peuvent etre executes sur n'importe quel petit chantier.

Zusammenfassung

Die Spannungsverteilung in einem Hohlzylinder unter diametral angeordneten

Einzellasten am inneren oder äußeren Rand ist mit Hilfe komplexer
Unabhängiger, angenommen der Körper verhalte sich elastisch, untersucht
worden. Der Spaltversuch war dabei eine Anwendung hiervon. Offensichtlich
brauchen solche Versuche keine kostspielige Maschinen und können auf
irgendwelchen kleinen Bau-Plätzen durchgeführt werden.
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