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Bending of rectangular orthotropic plates under concentrated load with

two opposite edges simply supported

DE 624.073.1

By L. S. D. Morley, Royal Airzraft Establishment, Famborough, England
British Crown Enp}r-gh'. reproduced with the permission af the Conicolier, Her Britannic Majeaty's Stalioneey Oifice

Summary

The problem s solved by making use of the singular solution for
the bending of an infinitely long simply supported orthotropic strip
under concentrated load. The second and higher derivatives of this
singular part of the solution are summed and this enables accurate
vilues to be readily obtained for the normal forces which act at the
edges of the plate. Knowledge of these forees is required especially for
the design of the support structure and the longitodinal and transverse
reinforcing members in bridge construction.

Mumerical illustrative examples are provided which indicate that
the maximum values of the normal forces can be calculated very
accurately from the first few terms of the geries. Rather more terms are
required to caloulate the maximum value of the deflection to with:n the
S{Me Accuracy.

1. Introduction

The problem of the bending of ‘a uniformly orthotropic plate of
constant thickness has attracted attention in recent years because of its
general technological importance, e g integeally stiffened plates in
ceronautical enginesring [1], bridge structures in civil engineering
[2, 3], grillages in peneral structural engineering [4, 5], etc. In the
present paper, attention is given to the case where a rectangular plate
is subjected to a concentrated nomal load and whers two opposite
edges are simply supported. This cse has special significarce in civil
cngineering practice and in particular to bridges where it is necessary
to design for an abnormal loading condition,

Althoogh formal solutions are available, attention is continually
being drawn [2, 3.6, 7] to the practical difficulties of calculating suf-
ficiently accurate values for the physical guantities and especially For
the normal forces at the edpes of the plate. These normal forces
depend upon the third derivative of the deflection w and jt is of
interest to note that the convergence of the single series sclution for
the dzflection of an isotropic plate, as given by Timoshenko and
Woinowsky-Krieger [5, p. 142], is controlled by ke factor 1/#%, where
& 15 the number of terms in the series. Of these normal forces, a
knowledge of the shearing force is required during the design cf the
longitudinal and transverse members of a bridee structure, while the
Kirchhoff edge reaction is reguired for the design of the support
structure. (It must be noted, however, that in bridge construction it is
rore common 1o encounter some degree of skewness and this presents
a4 considerably more difficult sroblem and requirss special investiga-
tion. In this connection, it is very appropriate to dreaw attention o the
distinguished pioneer work of Professor Henry Favre (8, 9, 10]).

It has already been noted [5] that the singular solution for the
tending of an infinitely long simply supported strip can be used to
advantage in the solution of the corresponding finite plate; although
sctual activity seems Lo have been restricted Lo the method of images
with its inheren: limitations, In the present paper, this combination of
solutions is effected m a much more general way for orthetropic
plates. Full advantage is then taken of the fact that the second and
higher derivatives of this singular part of the solution can be summed
explicitly [11] and this enables accurate values to be readily obtained
far the normal forces. Indeed, L is now a peculiar feature that it is con-
siderably easier to celeulate accurate values of the normal forces than
for the deflections,

While two opposite edgss are always assumed to be simply
supported, the remaining edges of the plate may be any combination of
simple support, free, clamped or elastically restrained. Furthermorz, for
the orthotcopic plawe there are essentially three different algebraic
forms of solution. depending upon whether the roots of the charae-
teristic equation are real and unequal, real and equal cr are complex.
Although the present ideas are apphicablz to all combinations of these
factors, the presentation is simplificd by confining attention to those
cases whera the remaining edges are either both simply supported or
both Free and where the roots of the characteéristic equation are
complex (as in bridgs corstruction).

Mumerical illustrative examples are provided for a square plate
with a single concentrated load. An iden of the accuracy which is
achieéved ic given by the case of the centrally loaded plate with all
edges simply supported where, for the particular orthotropy considered,
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the maximum value of the Kirchhoff edge reaction is determined correct
12 four significant figares by the first term, whereas the maximum value
of the deflection is correct only to the first significant figure. This is
because of the slow convergence of the series for the singular part of
the solution and, in this respect, it is worth noting that this series can be
summed by numerical means guite independently of the remainder of
the analysis. All the computetions were carried out by Mr. B, C
Merrifield who provided valuable assistance also by checking many of
the expressions.

The method can be readily developed to deal with simply
supported right bridges with intermediate column supports.

2, Notation

a, b dimensions of the plate in the x and v direclions
respectively

A, Bn, Ay B, constants which are associated with the arth term of
the infinite series

o & constant relating to the fexural rigidity

D, Dy flexural rigidities in the x and v directions respectively

Dizy plate shear rigidity

i, coupling rigidity arising from the Poisson ratio ¢ffect

H =D, 4 2Dy

Mz, My, Mey  bending and twisting moments of the »0y-cc-ordinate
system

i integer

r magnitude of applied concentrated load

e, Oy shearing forces of the xC'y co-ordinate system

Fi, Fy Kirchhofi edge reactions

W normal deflection = wi 4 wy
normal deflections associated with infinite strip and

W, 1

finite platz respectively
o rectangular Cartesian co-ordinates
[ constants defined by equations (4.5)
W = Hajh
£ g constants defined by equation (4.4)

co-ordinates which define the position of the applied
concentrated load

3, Fundamental Equations for Orthotropic Phates

The fundamental equations for orthotropic plates are given in the
book by Timoshenko and Woinowsky-Krieger [3]. They are briefly
summarised below.

It is assumed that the directions of orthotropy coincide with the
rectangular co-crdinate system 2y, The expressions for the béending
and twisting moments are

i

7 g o
AR (ﬂ, o + Dy )
G T
G.ab) My =— {..D, 55 TP T
2 g
() My =3 Dy

dxdy"

where D, [y arz the fexural rigiditees in the a-and v directions respec-
tively, D:y is the plate shear rigidicy and D, is the coupling rigidity
arising from the Poisson ratio effect 11 these equations are substituted
into the usual differential equation of element eguilibrium we obzain,
in the absence of normal loading, the Dllowing governing equation
for orthotropic plates

[ G| oty
{3-2} -D-i EI'_‘{::‘_ T -2 H _I'-_l__x‘:'_a'.--': D‘I’ F] }I’i ) n.

where the notation
(3.3} H =18 42Dy
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is introduced,
The shearing [orces are given by

i 02 4y R
Gds) Qe =—-4- (u, T+ A=)
il GER" 02 g
@ab) Q)= — (ﬂ,, 3yt H .r*)'
and the Kirchhoff edge -eactions by
i M
Fa = — 3 ;# =
(3.5a) . gl | 0% e |
_—?x ]ﬂ_,- 5 + (H -+ 2Drr.l} E_I-':I.
3 My
Fv =0 — = ;L =
(3.5h) L (- : 2w |
=~ 3y Py T H 2D 50

4. Infinite Strip Uinder Concentrated Load

Woinowsky-Krieger [11] presents a solution for the infinitely long,
simply supported, orthotropic strip under a corcentrated load. This
singular solution is in the form of a simple series which is sumimed for
the second derivatives of the deflection, The main details are recorded
below where the suffix § denotes relevance to the infinitely long strip.

The co-ordinate axes xCty are tiken as shown in Fig. 1, the
concentrated load P is situated a distance g along the Oy axis and the
width of the strip is denoted by b

] s
- »>
<} ]

Fig. 1. Infinitely lonz strip under concen-
trated Toad. 5 — simply supported

Consider a solution of the farm

e =]

(4.1) Wi =} Xu(x)sin ya ¥
=1

where
Ho

(4.2) In——i—s

Equetion (4.1) satisfies the boundary conditions of simple suppart

22 Wy
‘4.]} W= -E."- }:z =0
along the edges v = 0, hand when it is substituted into equation (3.2)
it vields an ordinary differentizl equation which determines the
funciion .y (x). In considering the roots of the réesulting characteristic
eguation (L i% conveniend Lo introduce the notation

1 1
(4.4) B (D) * . p=H{(D:Dy) * '
(4,.51} ﬂr - :r IF —{"l.l — i] ii " when o =

1
o ik |+ >
(4.55} I = T 12."“ :E#]I . when: = 1.

L

%
Thers are now three forms of solution according to whether 5 = 1,
p=1 or u=1,but to reduce the algebraic detail attention is
confined o the case which commonly occurs in bridge construction
where # = 1. The roois of the characieristic equation are then
complex and the salution, equation (4.1, for the infinitely long strip
may be written as
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Fh :
Wy e
. 8 P
4.6)
o nx
I | { nx i T e !
'} =% {.:: cos & + A" 5In "I;} [ ' gin ya 9 sin )

=1

which is valid only for ¥ = 0. For negetive x,
4.7

The ficst three derivasives of wy are requirad inthe evaluation of the
other physical quantities. The derivatives with respect to x are listed
below for ready reference,

wy (—a) = wy(x}

Wy Py B ]
LI Tl
¢ x 2Dl VE =
(4.8a) & ny
s T : sin e'__;'.'m Sin- 3 17 Si0: P 0
P [ Y 2 B0 o
=1
-.-1 W Ph [ e } -
&t 2 n2 | DD, \ 87 a't
(4.8h) o nx
= ‘1 1 a nHx i s L S
SN i & cus—“-,-—ﬁ"sm i ]]e SN 3o 9510 ¥t
=1
& wy W Ph [ 1 i
¢ 2 DDy VPP
i4.8¢c)
a0 "X
L NWE -k R R e e
' _:{z — W ) sin 5 2 cos - 7 singe ysin e,
a=1

Equations (4.8) are again valid only for x = 0, For negative &

dowy | &ow | a4 ey o wy
iy Moy xR e Mmool
4.9) | iy
D !—: R

The derivatives with respect (o y follow very simply and are nid re-
corded.

The second derivatives may be summed and expressed in the
following explicit form

: oy A g
(4.106) W B 1 ]u I“_E.!1- + hl—'r-zll .
. 2wy S S, 'O |
LTOhh = e o, L S
I ) e $ b D2 Dy e o, [ *if:]!»
iy P g [
Lk i o il
where,
o _l x - "fJ':'fﬂr.
y§= cosh o 008 & c05 b
5 L + sinh? Y, sint
= T
2 - i 3
) g ot o o i
!ril—|cash4,cﬂ5[w_ b} COS b
5 +aint % sint (52 1)
& F -
: i) £ sinh - o0 I
4.11¢) = {dn-1 —— ——
. ¥a X X (49
cash Sy e
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12 is useful to note the following derivatives of the above quantities

o=y [~ 2o 20
(4.12a) x {:, sinh :, cos ;,' - |'1;|" cosh :, sin : | -
+ 7:;’" sinh -zﬂ-f - I!,:, sin 'zﬁ{ »
rJ e 4
(4.12b)
= 91} -r <in yb—— 1] { ; .-rfy;- ) F
:.:ﬂr':'l n llui 1_ 2 ooy "frhl =5
4.12¢) ” {-;,- cosh = sin Ig’f " ; sinh - cos FiF +
~ sin z; | IL, sinh 2],
(4.12d) F;., ?- — -t:-%-- ; s sl b_ ) sinh E,- sin ;, y

5 Rectangular Plate under Concentrated Load

The Levy type single series solution for the rectangular plate is
written in the form

(5.1) W=y +

where the suffix £ denotes relevance to the finite plate. The functicn wy
is given by equation [4.6) while wy is given by

Wy

Ph
et L T,
3 fD:Dy
[ =] .i‘l.\'.
(52) S W e g O e Y
—_ 7 (Famen g g )
AxX
1 ll-;'A“‘ COR ’:;' + ' B sin N; ] e " } 8in P NEM Ya 3.

Equation (5,2} satisfies the boundary conditions of simple support along
the edges ¥ = 0, b, ¢. [, equation (4.3), and the constants A, 4L, Bs
and By are to be determined so that the boundary conditions for
W= w; -| wy are satisfied along the remaining edges x = ¢ and
x = & — g, see Fig. 2, It is useful to note the following derivatives
with respect to x,

=l

& Wy

P

- N A LA S
éx* 22D, D,Ll"[ (r’i -')m i*
(L
e o owx | Bepat @y nx 2B xR
g+ ) e e (]
{5.3b)
Tp ir"‘llt _J:ll O FI_ mx 24y _3]
M (F—eloy t s
: tf_’_ [ 8 Ix . nx 4 ::‘ 4N 3 1D 31a )
Iﬂu’ o e #r_ T ﬁr' I o L
2w PE X An (& I
i’ Hn fu X
ax 1;-==|'b,n_ugl{ .ﬁ‘"(ﬁ' ')9'" 4
o Aa s 3w . [ nx Ba o g I.-!x
T x ) cos i P ' }ms Lid
Bu {3 8y | = Au o 3
i = : = L, H c
(53¢ —--.,-( R e ] F | i ( 2 1 ) 2
T T T R e o
L 3 o { F % .I L F * o { A u,") b
; nx By /3w gl PRy o o ',T.f : :
oS ¥ +a { 5 -—-;,-\}sm o e ] SiN iy 7 50 Ya ),

Once again, the derivatives with respect 1oy follow very easily and are
not recorded.

While the boundary conditions along x = fand x = £ —a may
be any combination of simple support, free; clamped or elastically
restrained, attention & confined here 1o the two very important cases
which occur in the constructional industry where both these edges are
either simply supported or are free.

5.1 Determination of constants when all edges are simply supported!
The constants A=, A5, Be and 85 are first determinec for the
case where all the edges are simply supporied so that

= i &y
(5.4) b =—W; = Oy
along the edges x « £ and x = £ —a, When equations (4.6}, (4.Eb),

(5.2) and (5,3b) are substituted into equacions (5.4) there results inde-
pendent seis of four simulianeous eguations which determing the

o
T Ph wx v ovilue of the da. A). By and B, for the desired n. A typical set of
g ——— {—— Sin o+ cos = ol ks
e T2 VD D,. | g equations is
(RS [ {:_} { :] {5} v J.‘-" =
pg iR ’ . ’ Cn L5 Cal—x% Ju — fni— S|
i3a) 4 Ba : sin-;;-"m m-’;::llfe 4 {A(: sin ‘F-—ms-l—:?)_.
tn (E—a) cal—(E—a)) splf—a) —sa(—iE—a)
AX
! e y : = / — 5, (—4]
el —a) el (—f—a) 5 (§—a) —s (—(f—d)
i e ,JI
" .......f“.;. x (5.5) Ay o [£}
e 5 -
,;.i A an (— (E— a)
b b =
L e B a’, (&)
+. /M ‘\ B as—{E—ul)
& Fig. 2. Rectangular plate under Sy = =
Ty concentrated load,
Vorious boundory condibons 55 = simply supported where
Sohweiz, Bauzeitung r B4, Jahrgong Hoft 48 « 1, Dezen bor 1966 845



o a
# i ar
i 1f) = a' ¢85 It e s
i e
55 (£ = &in —J-r-ﬂ_-‘- R i
ng
e LB ot 2 . wE
c_‘t:l—”, (IElr o L s Iﬂ,..s.m ﬂ,‘.e ;
(5.6) f \ n
: e _|_ _wi__ﬂ'_' I 1 nEl T &
5 (5) —lc,(ﬁ, .)sln i i cos .I‘T'Ie .
By ' i
] L o | o’
ﬂ-.[E}=—{:l 008 {- " sin & ;
. "
: = O i e oo AEY T ar
_ﬂﬂ{Efl = *(.ﬂ‘"-‘ - u,:]i‘ﬂws & — ' sin ¥ )e

1t is worth noting that equations {5.5) and (5.6) &re independent of the
value of . Consequently, the values of the 45, Ay, Bs and By are
independent of the position of the load P zlong the » axis.
5.2 Derermination of constamts when fwe epposite edges are simply
supparied and remiaining edges arve free

The constants dx, Ay, 8. and B, are similarly determined for

the case where the remaining edpes are [ree. Along these sdges x = &
and ¥ = £ — g we have M; = F: = 0 s0 that, on substitution from

PR, 1
i _E-. '}5 L e = 5."!51-‘5,.: .
gy o x o 0 x
| &t e
| 1 1
S
S
| i 1]
b5y i
4
5
L ¥
¥ Y
L§ea5, gac2s 2
¥ @ TR L
g 3
s ] ' B
(i) fiv)
& (E) =
Y Ty
Fig 3. Position of load and orthotropic plate dirmensions
for numerical examples where all edges are simply supported,

Mote: Dz =20, Dy = [¥in cases (i) and {iv). 55 = simply
supported

;'
5
L V)
Yd &
?1"35 (657] R
a2 =3
%‘"r_ . ki
A% £ AL 8 - x
A L L L an‘-ﬂ
noosss
o,
8
¥ A 4 i firl-qo6ssf
! i
= ] YW Qy=-grrar
N i
ke w_X% _fw
Ty L ﬂ; {'ﬂ

Fig. 4. Numerical values for examples where aJI edges are simply
supported. The corner reactions K are given by = 2 M.y, R posi-
tive indicates opposite sense ko Poa = b = I, Dy = D, Dy =10,
Dy =0,15D, Dzy = 0425 D
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en (5) =

el (&=

equations (3. 1a) and (3.5a), it is necessary for

o Wy ::'J 15; £ uy Lt
2 By Py |
a..t' .D: .E'-_i'}- t {Ff t e ﬂul} 'E—a—l
(5.7h) @ 82wy wi |
__E::D,- _r.l + {H + uﬂ:u} ]'-

When the appropriate eguations lrom paras. 4 and § are substituted
into equations (5.7) there again results mdependent sels of four
simultaneous cquations

.

cu (5) eni— £ Ba (%) —an (— &)
Cn I-E_I?} {'Jl{—if—ﬂﬂ Fn (E— ﬂ} —rn (— ff—ﬂn
*
e, (£} = o {(~—£) L o (— &)
e t—a) —el—E—a) sE—a s (—E—a)
(5.8) 7 [ 2 (8) '|
A an (—(§ —a))
* ==
iy ﬂ;{,ﬂ
B —a, (—(§—a))
where
L L o S né| it nEl T
i }[.a' Sl iy i o W ﬂ'J’
B O né ), DEEE R s
| @ {(_.5-"—_ ;,} sin W Zeas i b #* sin ﬂ,_‘le
oo o R R P ¢ O 4 ri‘ nE]
A 7 )sin e &
o S - £ 'S
+ (H -|-Eﬂnr] _;1_ [':'J... 5iN 'r;j, + €05 ﬂﬁ, )]f
D f1 fw 18 wE U p3all N ni |
- = r ) e e e ey
- H . =
+ (H 4 2 Dsy) ;— l_i'_ sin ﬁ::-—i:us -rﬂf )].-:
1 1 e HEE _—
_[_D’(:ﬁ i u=}(“"’“"ﬁ" rain ) +
il 8 nE T o
D (rtms  + B e ﬁ,”e
« B I S, L il
SERY| ( ERp W

= LH {2 Dz;}—:;--si.ﬂiﬂii] e
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Table 1. All edges simply supaorted

Series Case i) Case (1)
truncated : Mantmum value AL corner Max. valoo Al corner
0 0.5) D P A0 f
afler o i 1Dy Vol P Vyul P 2 Moyl P w(0:0.25) P VylE 2 Myl P
1 0008709 10,005247) 04656 10,7564 01202 0004354 (0,005988) I.B0O2% 00947
3 0,009094 {0,00524T) 0. 4666 0,7564 01194 0005845 (0,005989) 1,8060 0,1038
5 00049177 (0,005247) 04664 00,7564 01194 0005886 (0,005989) 1, BORD 00,1038
7 0,009207 {(0,005247) 0,4664 0,7564 0,1194 0005950 (0,005989) 1, BO&0 0, 1038
9 0.000922 1 (0,005247) 04664 0,7564 01194 0,005957 (0,003989) 1.8060 0,1038
H 0009229 (0.004247) 04664 0, 7564 01194 0,00597] (0,005089) 1. BO60 01038
5 0,009237 (0005 247) 04664 0, 7564 0, 1194 0,005979 (0,005989) 1 RO 0, 1038
b | 0000241 (0,009247) 04664 0,7564 0,1194 0005983 (D,0039849) 1, BOA 0, 1038
The values in parenthesis are pbtained by summing independently the series for wy up to 8 = 160,
Table 2: All edges simply supported but 0: = 20 and Dy = D
Serivs Case (i) Case {(iv)
truncated Maximum value Al corner Max. value At cornes
- (0; C.5) B/ P ] (0 0,5) DY
after n = 3 Val P P 2My P T Dl BeE Viip 2 My P
I D,008486 (0,009246) 01,7342 04678 06,1239 0.005263 {0,005023) 13357 0, 1197
3 2005030 (0,006247) 10,7574 04664 01192 0003772 {0,005989) 1,7458 00,0549
2 2009148 (0,008247) 0,7567 0,4664 01194 0,003889 (0,005989) 1, 7085 0,1047
7 0005150 (D,009247) 00,7564 04664 01194 0,005932 {0,005959) 1,073 01037
9 2,009210 (D.009247) 0, 7564 0. 4664 01194 0,005%52 (0,0059849) 18073 01039
11 Q009221 (D,009247) 0, 7564 04664 00,1194 0,003963 (0,005389) [, 8066 01038
15 0.009232 (D,009247) 0,7564 04664 a.1194 0,0035974 (0,005989) |, 8060 1, 1038
i1 0.005239 (D,009247) 0,7564 (14664 01194 0,005981 {0,005989) 1, B0&0 00,1038
The values in parenthesis are obtained by summing independently the series for we up ton = 145
Table 3: Two opposite edges simply supported and remaining edges free
Series Case (1) Case (1)
truncated Max. valoe At corner Max. value At corper
i i = i ¥
After o = wi0; 0L5) DIP ¥yl 3 Moy P w0y 25 Dip Vol P 2 Myl P
| 0,01230 (0,01283) 0, 7774 00,0403 0,006148 (0,007T81) 18177 0,J382
3 0,001268 (001283) 0,7774 00395 0,007646 (0,007790) LEITY 0,12
5 0,01276 (0,01283) 0.7774 {0,0395 D,007688 (0,007 790) 18179 00412
7 0.01279 (0,01183) 09,7774 00,0395 0007751 (0,007790% 18179 0,412
9 001281 (0,01283) 0,7774 0,0395 0007758 (0.007790) 18179 0,412
11 0.01282 (0,01283) 0,7774 00395 0007772 (0,007 740) 18179 00412
IS 001282 (0,01283) 07774 0,0395 O.00FTR0 (0,007 720) 18179 00412
21 0,012E2 (0,01283) 07774 00395 0007784 (0,007 790) 1.817%9 (0412
The values in parenthesis are obtaired by summing independently the series for we up 1o s ~ 76
(] E\.-.-II .-’l o - o o
e e :..,..EE!H.,_ s sl L4nas Y £
:fln_'.l— X ?-? 5 Kl x :
e o SR s
-q; g ; P i sé.g
{ ! (1] x| =
! |l'll .II g b:’i‘?" .Ijl
=T ‘L = E‘A & e
: ] ] . 53
;) - i ; 5
aie bl | o
=} i P
F:_q.:s Gt R S L g £ ¥ 4 )
e [ _}; Rel=qargs P Rel-gaanp [P A=-qosEsE orans P
& ! welaoorrapo
=
ks, A Al § —
3, W | e Tetqomer | 8 ifitf
fiv] L 5‘ &
i e
v
i 5 r __".'.‘-n-_._-:-“"l
El Ty T L1

Fiz. 6. Numericel values for cxamples when two cpposite cdges are simply
supported and rem aining edgzsare free; The corner reactions R aregiven by + 2 My
R positive indicates opposite sense 1o P a=0=1, D=0, D,=2D
De=0I15D, Dey =04250

Fig. 5. Position of lead end o-thotropic plate dimension
for numerical examples when two opposite edges are
simply supported and remaining edges are free.

5 = simply supporied, f = frze
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Cnce again, the values of the 4a, A, Fiand B are independent of
the position of the load P along the » axis,

6. Numerical Examples

1l.ustrative numerical examples are now given for both the above
cases for various positions of the applied concentrated load P,
All the examples refer to a square plate where

(6.1a) g=h=1, Dy=0I5D, Dey = 0425 D
and, unless otherwise stated,

(6.1b) D:=D, Dy=10.

In all cases

{6.1¢c) H=D and u=}2/2

sge equations (3.3) and (4.4).

6.1 All edees simply supported

Four positions of the applied concentrated load are considered as
shown in Fig. 3, where in cases (iii) and (iv) it is noted that Ds = 2D
and Oy = D, Cases (i) and (ii) provide identical situations as does
case (i) with case (iv), the values of the physical quantities are, how-
ever, derived by quite different numerical processes and so this pro-
vides a useful check on the caleulations. The results of the calculations
are sketched in Fig. 4.

With conventional methods it is a matter of some difficulty to
calculate accurate values for Or, Qv and Vi, Fy. It is a featare of the
present method, however, that it is considerably easier 1o calculate
these values than to calculate the deflection w (0: #) underneath
the applied load to within the same degree of accuracy, This is illustra-
ted in Tables 1 and 2 where values of the physical quantities are given
for various truncations of the series. It is noted, incidentally, that it is
necessary to consider even values of # only for case (i) and also that

Sur I'aplanissement élastique d'une coque de faible courbure

Far Walter Schumann, EPF, Zurich

Introduction et dquations générales

Drans la théorie bidimensionnelle sur la flaxion des plagues minces
sollicitées par une charge p on supposc |'épaisseur H de celles-ci faible
par rapport aux deux autres dimensions. Lorsque lz2 déplacement
latéral W des points du plan moven est de Vordre de grandeur de A,
mais néanmoins | grad W 2 < 1, on utilise comme point de départ les
equations différentielles non-findaires de . Kérmar [1], dans lesquelles
intervient a coté de B la fonction d”Adry @ de Peffet membranz. Comme
dans la pratique on se borne 4 des déplacements faibles d'une part et
que d'autre part on cherche & eviter les sysiémes non-linéaires dont
I'intégration n'est pas toujours aisée, nous avons éié conduil & étudier
dans fa suite un probléme quelque peu modifié.

Supposons que |a plaque en question posséde avant Iapoliquation
¢e la charge une certaine courbure, donnée par une fonction w
céfinissant la surface movenne initiale (Fig.). Pour Ia flexion d*une tefle
coque de faible couwrbure on a en coordonnées cartésiennes x, ¥ les
équat.ons differentielles suivantes, données par Marguerre [2]:

Ad (B — wh =
(1 1 &W =W P W
= = . ——— RN L £ e
D [P i B "ax 2y Ny 2y
2} 440 = Etk—K)

Dans ces Squations 4 désignz 'opératzur de Leplace, £ l¢ module
d'élasticité, O la rigidité 4 la flexion et &, K les courburas de Gauss des
surfaces w, W, Les fonctions Nz = F&@idy®, Nyy — — Frdijaxdy,
Ny = Fe*d/éx? sont les forces normales et tangentiellzs dives & Ceffet
de membrane avec F comme gire de section effective pac unité de
longueur (dans e cas homogéne on aurait F = H).
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an expediticus choice of the co-ordinate axes leads aven more quickly
to accurate resulis.

6.2 Two opposite edges simply supported ond remaining edges free

Three positions of the applied concentrated load are considered as
shown in Fig. 5. The results of the calculitions are sketched in Fig. 6,
Table 3 illustrates the convergence of the physical quantities for va-
rious truncations of the series.
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Supposons maintenant que la cogue, sous Pinfluence de la
charge p, ait & aplanie, c'est-d-dire gae B = 0. Pour la surface
initiale w et la fonction d”Afry ® on obtient alors l& systéme

(3) Adw=——,

@  Aa0= E'J:_E[f:_.“.'.'_"“_[—‘d--‘-‘ }J
2 By wol Ay

La premitre de ces équations est au signe prés identique & I'éguation
de base de la théorie linéaire de la flexion. Rappelons toutefols que
contrairement & la suppaosition faite daas cette derniére ((w. <€ H)
I grandeur du déplacement w dans notre cas peut trés bien éire du
méme ordre que I'épaisseur M, Les équations (3) et (4) résolues suc-
cessivernen: se présentent comme un systéme linéaire, malgré les
termes nonlinéaires contenus dans &, Dans des cas concrets de con-
ditions aux limites, ol les moyens de la théorie elassigue peuvent élre
utilisés I'intégration est done relativement simple.

Vient s'ajouter un probléme de stabilité & savoir qu'une cogue
mince de faible courbure initiale peat sauter pour une certaine charge
dans une positicn avee courbure de sens opposee. Des problémes de ce
genre sont trajtés dans de nombreux travaus (voir par ex. [3]) et en
particalier dans le cadre de la théorie non-linaire génerale présentée
par Musheari et Galimar [4]. 8i c& phénomére a licu dans notre cas,
'équilibre de la position plane sera instable. Envisageons dans la suite
seulement be cas particulies important de la charge uniforme p = const.
La courbure initiale critique est celle o I'équilibre de la cogue
aplanie par une charge dite elle aussi scritique» est indifférert, c'est-d-
dire o il existe au moins une position d"3quilibre voisine (dans le sens
du calenl des variations), décrite par une surface élastique L. La
fonction & satisfait donc & éguation (1), & condition d'y poser
W —=¢, Adw =—piD. Les forces normales sont & tirer de la
fonetion d 4iry @ obtenue par l'intégration de (3) et (4). Ces forces
étant proporticnnelles & prEFD, il est indigue d'introduire des
TOTCES™ Me, May. My e Ui parameétre A sans dimensions afin déviter la
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