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A. Steenackers, T. Bauwf.lincks, M. Goovaerts, Leuven

Recursive Evaluation of the Terms in the Development of the

Adjustment Coefficient as a Power Series in the Safety Loading

1. Introduction

Let Z, denote the surplus process of an insurance company. Specifically,
assume that

Z, vv + et — S, 1

where Z„ vv is the initial reserve, c is the premium per unit time such that
of is the total premium income received in (0, r), and S, is the aggregate claims

process.
The common assumption is made that S, is a compound Poisson process
with Poisson parameter / and distribution function Fy of claim amounts. We

assume that Fy(0) 0 such that negative claim amounts are not possible.
Furthermore it is assumed that

c > A/1

where £/, is the mean claim size, which means that the premium income in (0, f)

exceeds the expected claim amount in (0, f). Thus the relative safety loading,
which is defined as

is supposed to be positive.
Let ip(w>, t) denotes the finite time probability of ruin, i.e.

i/>(w, f) Prob[Z, < 0 for some f, 0 < t < oo}.

The infinite time probability of ruin is then defined by

i/>(w) lim yt(w, f).
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The difficulties in the calculation of the ruin probilities are discussed by many
authors and have led to the derivation of several approximation formulas.
For an overview of these problems we refer to 7av/or (1988).

A classical upper bound for the probability of ultimate ruin is given by

Lundberg's inequality

Y'(w) < e"*" (2)

where F, the so-called adjustment coefficient, is defined as the unique positive
solution of the equation in r

À + rc /. J (3)

0

(Gerber, 1977, p. 118).

Though the adjustment coefficient seems to be a useful tool in risk theory - see

e.g Gerber (1984). Fan ITouvve et al. (1984) and Centeno (1986), who apply the

adjustment coefficient for the measurement of the effects of reinsurance - its

practical application still requires the solution of the equation (3).

Necessary and sufficient conditions for the existence of the adjustment
coefficient are given by Mamm/tzcb 1986). Herkenrafb (1986) discussed the
estimation of the adjustment coefficient by means of stochastic approximation
procedures. More recently 7ai7or (1988, p. 69) provided a power scries of the

adjustment coefficient in terms of the security loading //:

*?2 / - V 9: / V 72

29? 74 \ f
9r/s 1272,/V 72

+ o(
' 2'771 \

\v 72 /
(4)

where is the n-th moment of an individual claim size:

00

<?„ y x" rfFy(.v).

The aim of the present paper is to facilitate the use of this power series by

deriving a recurrence relation for the evaluation of its coefficients.
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2. The recurrence relations

77i£Y;mn The adjustment coefficient can be developed as

« - I 7't-,i
fc=l 9:

where ^ is calculated according to the recursive scheme:

1 P
7 2J^ ~ / + U

5=1

— '

and

V- 2<7*+->

7, + Z^-'- - - =0
fc=l

' (/c + 2) c/2

Cq — 1

(5)

(6)

(7)

Proo/' The idea of the proof is to reduce equation (3) to a power series of
the safety loading )/ in the adjustment coefficient P and to reverse this series

by use of Lagrange's theorem. This theorem is stated in the Appendix.
For convenience, we will eliminate the parameter 7. in the expressions by

determining the time scale so that / 1. Then equation (3) can easily be

rewritten as follows:

1 t~ 11 ~t~ ^ — y (x)

o

00

W,Ä= I (> - 1 - P.y)

'/
»=? ^ „

(8)

il
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Hence we can express r; as a power series in R, i.e.

co

(9)

7=1

where

«7 + 1

' <7,1/+ 1)!'
(10)

In order to apply Lagrange's theorem to this equation, we define the function
g(R) by means of the equation

/7 (11)
g(K)

Using (9) and the classical formulas for the inversion of power series

(Gradshfeyn, 1965, p. 14) we can write g(R) so as a power series in R:

g(R) __L— '

Xu.R' (12)

Y 1! Ji-' 7=0
7 1

'

where the coefficients are given by the following recursive scheme:

Cq 1

1V, n (13)

^1

1 X
H: + o-

"/. *a, t=i

which after substitution of the value of o^.+, and a, reduces to formula (7).

So we get for the first three coefficients
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Now we can reverse the power series (9) in R by using Lagrange's formula in

order to obtain:

* X
„7 .6»/* /
/c! r/R^ '

*=1

_ y /,* /"
^ A ' ,/R-
/c=l

(g(R))

1

l/?=0

Xffi«-'
7=0

/h (14)

l/?=0

The A-th power of the power series which appears in this expression can again
be calculated in a recursive way (Grar/sAsfeyn, 1965. p. 14); we get

X< « Z^*
7=0 ' 7=0

(15)

where

4u —

7 ~ / +
^ .— I

(16)

The first coefficients in this expansion are given by

Ar/,

^0,7 — '

^1.7 —
3^2

_
A (A +1)7 t/3 y Ar/4

"*'* 2 V3r/J 129,

After substitution of (15) in (14), we get

*=x
fc=l

oc

=z

Y </*->

A! </R fc-1 7=0 l/?=0

fc=l

v
A! Z o',.../(./ - 1 » " • <•/' A • 2)R' ^ -

.,=7-1

(17)
l/?=0
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As y. — .42̂ we finally have

«=x
Jt=l

J ^ (18)

Writing this formula in an explicit form until the third degree we have

3

«
2'K/i If

V 9: / V 9:

2<?3 <?4 3/'2'/'/l
92 y V 9: / V 9: / V^9: 12c/^ y \ 92

which indeed corresponds to Taylor's formula (4).

+ (19)

Appendix

Lagrange's theorem for the reversion of series states that

"if /(z) is regular in a neighbourhood of and if/(zq) Wq, /'Uo) ^ 0, then

the equation

/ (z) w

has a unique solution, regular in a neighbourhood of ny, of the form

y. (w - Wo)" ,/M-l

where/(z) — w„

(See Copson, 1970. p. 125).

A. Steenackers
T. Bauwelinckx
M. Goovaerts

Institute of Actuarial Sciences

Catholic University of Leuven
Dekenstraat 2

B 3000 Leuven



299

References

ßw/i/mcimi, H. (1970): Mathematical Methods in Risk Theory. Springer Verlag, New York.
Cente/io, L. (1986): Measuring the effects of reinsurance by the adjustment coefficient. Insurance:

Mathematics and Economics 5, 169- 182.

Cop.wn, L". 7". (1979): An Introduction to the Theory of Functions of a Complex Variable. Oxford

University Press, London.
Gerber. Ff. (7. (1979): An Introduction to Mathematical Risk Theory. Huebner Foundation

Monograph, no. 8. Irwin. Homewood, IL.
Gerber, FLU. (1984): The impact of reinsurance on the insurer's risk. In: Dc Vylder, F. et al.

(eds.). Premium Calculation in Insurance. NATO ASI series.

Grarfs/ifeyn. 7. S. / Ryrfiik. I.M. (1965): Table of Integrals, Series, and Products. Academic Press.

New York / London.
F/erkenrat/i, (7. (1986): On the estimation of the adjustment coefficient in risk theory by means of

stochastic approximation procedures. Insurance: Mathematics and Economics 5, 305 - 313.

Afammi'/zcFi. K (1986): A note on the adjustment coefficient in ruin theory. Insurance: Mathematics
and Economics 8, 147-149.

Toy/or, G.,/ ßiic/wmiii. R. (1988) : The management of solvency. In: Cummins, J. D.,/ Derrig. R. A.

(eds.). Classical Insurance Solvency Theory. Kluwer Academic Publishers. Boston.

Dm ITohu'c, A/. / De l y/c/cr, f. / Gooraerfs, A/. (1984): The influence of reinsurance limits on

infinite time ruin probabilities. In: De Vylder, F. et al. (eds.). Premium calculation in

insurance. NATO ASI series.

Mathematische Statistik
una Versicherungslehre
CH-3012 BERN, Sidlerstr. 5



300

Summary

Recurrence relations are given for the coefficients in the development of the adjustment coefficient

as a power series in the safety loading.

Zusammenfassung

Es werden rekursive Beziehungen hergeleitet für die Koeffizienten in der Entwicklung des

Anpassungskoeffizienten als Potenzreihe des Sicherheitszuschlages.

Resümee

L'auteur présente certaines relations de récurrence pour les coefficients figurant dans le

développement du "coefficient d'ajustemenf'en série de puissance du chargement de sécurité.
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