
Zeitschrift: Mitteilungen / Vereinigung Schweizerischer Versicherungsmathematiker
= Bulletin / Association des Actuaires Suisses = Bulletin / Association of
Swiss Actuaries

Herausgeber: Vereinigung Schweizerischer Versicherungsmathematiker

Band: 64 (1964)

Artikel: A theorem in operational calculus

Autor: Dahiya, R.S.

DOI: https://doi.org/10.5169/seals-966968

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 01.09.2025

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-966968
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


A Theorem in Operational Calculus

K. .S. Dn/itya, /'ibmi ^ifa/arf/ianj, India

Summary

The author proven u theorem in the field of Laplace transformations. Two
examples show the possible applications.

1. Introduction. The integral equation

oo

0(p) p I e~~'" /(/) fit, R(/J) > 0. (I. I

0

represents the classical Laplace transform and the functions </>(p) and
/(<) related by (1.1), are said to be operationally related to each other.

0(p) is called the image and /(<) the original. Symbolically we can write

0(P)=/(O or /(Z) 0(p).

The transforms, we have dealt with, are either the Hankel transform
or another transform in which the kernel is designated by <5 (œ), where

oo

/ /' as \ dZ

1/® I
^

• (C2)

0

The integral on the right was first evaluated by C.V.H.Eao [1] and
that it plays the role of a transform was conjectured by Watson [2].
Later on Bhatnagar has proved in detail that it plays the role of a
transform. In this paper, we make use of Goldstein's theorem [3]
as follows:
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Let (i) 0i(p)==/i(O>

(ii) (pgfr;) 4= /a(<),

then after applying Goldstein's theorem, we get

/ df
/i(W) J

®r(0/a(<)
j

where 0(p) is the image and /(/) is the original.

'2. Theorem. Let

(') V>(p) /(•'')>

(ii) i"-^/(0 be

:r" */(&')
/l h 3 \ .,/ A \ „/> -,M — L

2

3 /( + r + 3 r—/< + 3

p* / ^'-VOs^al
^ g ^

I (2-1)

2 ' 2
U

provided /(«) is absolutely integrable in (0,co), /'* * -/(t) and ..r'' '*/(.k)

are integrable in (0,oo), and i?(/0 - — Jf(r) >; — ^ 7f(A f 2) - ' 0.

Proof: Let „P «,.» * Ol

then [ ^
°°

I l-A / A—1./ 1 \ J h Wi

P
*

I I-1 (2 [/ œp) ® * %,»(«) (2 • '3)

Ô

B(A + 2) > 0, iî(A + m I /O P: - i!, B(A + m + r) > - », B(A + 2m) < 0

CO

/1\ /•
or, ,:'/<• - =p » J,^(2(/pO< * <V„(0d/, (233)
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or, ^ F P
l—m—A

//«--« 3\ /r-s 3

r(A + m + s) ,_3. \ 2 "*"4/ V 2 "'"4

2 tu / /'( -m — « 1-2) /r' "
I- vn%'

p ®ds,

2
' 4/ (2.4)

or, a;* F
„L—A—m

r / qA t 2m-i
2714

^|l+m
+sj^ +

m-|-s+lj ^ 3^

/—m —s + 2\ / w — s + 3\ /,m + s 1

/I i /•( Ur +.

V —S 3
|

2
'

4

1» I -S' 1

2 ''4

p*ds. (2.5)

By putting m •

/.t - A I J and then evaluating the integral, we get

/' 3\ //y, I r !-3 \ (2.6)
/ /<-)-« I / l-w

/1 \ CO / < y 2/ \ 2 /
V..

'
• A., 7 V ^
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/A 3\ /A \ /> « 1

(^+„ + ..)r^+» + 2)r( ^
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On writing for ,r we have
Z

Gc\' 0
I A' e>2/<—A t-1

/V+--U3\ /'« 4-J'4 3
\ r-Z ' Ip2j2

/' / A h 3 \ /A i-2)r|" " '
' U -

\ 2
'

V 2 / \ 2 /

/« 4
3 /< 4-r 4-3 // • r 8

• F3 2

+ 2;

Let

'2 ' 2

A + 3 A

2
'

2

2'"~~* %.,(/') ^X'').
v(p) /(•'') >

Applying Goldstein's theorem to (C) and (D), we get

iV • (A)

«
(ü)

Also from (11), (up)'' - <53 ,,,(«p) A'

(li)
(C)

(D)

cZZ

/(*) («X"
^

v(0 ^ i \ dZ

a/ Z
(2.8)

On writing a; for a and multiplying by to both sides, it follows

S* /(<) (.:G)"^3„,„(a:<)
dZ

y(f)A' Z' ' dZ. (2.9)

Interpreting with the help of (A), we get

o2jU-A (-1

A" '- / /(<) CÖ (;ïi)(Zf

3 \ /'/( + r+ 3

2
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2

!• — ,M — 1

</'(') 3*2

3 /« + r -h 3 /.< r + 3
^

2
' 2 ' 2 '

A + 3 A

2 ' 2

If is Z2 we obtain the required result.

W. (2.10)



8. Example 1. Let
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1f- 1

2

then /(«) < *

/ '
(A + 2) p'0\

2^11

-4 4+3
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+ ' '2
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2
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a*i
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2
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Hence from (2.1) we get

2 2+3 \ / 3 « -| r I 8 « — v + 8

-hl, '• \ /," +
2 2 1 \ /' 2 2 2

(3.1)

nTM+'M
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—1\ / 3

2
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/ 3 \ / ,'i h v + 8\
'(/'-I->W 2
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In particular, if /« r, then

1

(3.2)
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4. Example 2. [jet

'"Ä„(0 be where i' /i + 2«,

then /(<)

^ sm[(n + A+l)ir]r(A + 2) / p \ _» I A |-3 t>« l-A 1-1 l w g / VW
sin [(2ro +A + 1) 7t] (p^—1) ^ ^

and

a*" -*/(a:) £„(*)

^ sin [(2/i + rt + 1) 7t] T (2p + 2) / p N

~ ~
2" l-»L? " p |

sin [(2/< + 2n + 1) 7t] (p^
2

Hence from (2.1) we get

8 2,«+ 2'«+ 8 8-2«
/ /< H -

/' f \ / 2 2 2

Ml
2

Idf
3M JM-3 i):^l ^ I

(Ml) ' ^ V
2 'a+2; y

/'(2/H-2) r| 2 2
^®^[(2|" + ri + l) Jt]sin[(2n. -f- A +1)

o j,, /' 3\ / 2,M -|- 2w + 8\ i2»^TU+ jrl -—2 r(ü+2)sin[(2,« + «+l)7t]sin[(w + A+l)7t]

B(V + 2»-A)>0. (4.1)

P«(P®-1) "

I am thankful to Prof. S.C.Mitra and Dr. B.Singh for their kind
help and encouragement in the preparation of this paper.
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Zusammenfassung

Dor Autor beweist einen Satz aus dem Gebiet der Laplace-Transformationen
und illustriert ihn an zwei Beispielen.

Résumé

Dans la présente note, l'auteur établit un théorème appartenant à la trans-
formation de Laplace et en donne deux applications.

Riassunto

L'autore prova un teorema riguardante la trasformazione di Laplace e ne da

due esëmpi.
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