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Some Elementary

Researches in the Mathematics

of Rife Insurance

(")
By Osamu Sumitsuji, Osaka (Japan)

Summary

This is a continuation of the article which appeared in Volume i, 1959.
1 he author shows numerous approximation formulae for premiums and

mathematical reserves of endowment assurances with enhanced mortality. For variable
additive and multiplicative extramortality, these formulae are based on different
simple arrangements.

1- In my previous paper J), I showed the following relations:
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x) Mitteilungen der Vereinigimg schweizerischer Versicherungsmathematiker.
Bd.59 (1959).
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When c is not small, the following modified formulas will give
better results.
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Formula (5) is derived as follows:
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I o obtain (6) we use the following relation.

When i' 7 + Ai (viz. interest changos)
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2. We derive some approximation formulas to APm — P^ — P®4

in case of linear increasing or linear decreasing extra mortality, viz.
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a) First of all, we assume the new mortality such as
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Clearly we have

c„-(
P " — P,,„ V n

V
^ 7>sM»(l-m7J

x aw] 0

c">0
C K-Nx,n

n~
Qx I t — Qx f- I ~f~ G

n

ft—I /yy ^

pXHV) P 2-
xn\xn[ -L

avi! 0 n

^ "
ß Nx-Nt,n

Ux,t 1x^(i+ßn~'t
Therefore,

W

cn~' /
P " _p p'xl ((" n )_p
—fli_ *"1 *"[ x"l

c"° c" ~ "->0
/?

"

ill Ac M I 1 Ml A>i[) I M An)
_

0 0

K~Nxin
"

HNx~Nxln)

d
p _ fXMirb

d«J 2n(«„/

[»+
''

p Mi- 1 f-i1

Mw -y| 2„l p«,^
d

p V2 5
V

+
da "V I 3

"
6n 86

A«|-~A»i/2 5 n(i + «7m)\_ 2

c">ü
c I 3 6» 30 / 3

1 '
d2 d

where d^, 7«^ - ^ «ra[

""" ^~8<n-1,{I-"l21<i + «4



On the other hand, using (7) we have

"~l n — t

X X)l
*• 0

ß nx-nx2(-n

1 /' 3 n
6P^(1_ra + 4l

{Pxn, — Pn|)

Therefore, we have

n—f

iV ~Pro| 5 n(t + qM|)

c"° c
~ c"° c \ 3 6n 36

Pc — P
xn\ x

c->0
0 73 _ __ xnl

c) We assume
?*-M — ?«+/ +

w
C>

2x+ 3lh<(l + ^^.
Clearly we have

pn p pn p pc p-1
a»j| an| x ami an] xn| ami

and p«.h(1,"V)_p pVm('^»)_p p<?(i t-ffl_rwt| -^amj x am| am| ami

0->O ß ß~>0 ß
ß-*-o

Therefore, using (9) and (8) we have

P^~pm\ ^ Px«|-Px»l / I
_

5 _n(i+1xn)
c-*°~

c ~'e*°~c~ \3 6n 86

Pe — P-
— 0,27 —^ =L.

c->0 „



pl;]tVnr'-pm iT,(. 3.«

- 207
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Thus the relation (1) is divisible into two parts, viz. into the
relations to linear increasing and to decreasing extra mortalities.

3- a) As to Premium Reserve we have
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b) Now we show some approximations to AtVml in case of linear

decreasing or linear increasing extra mortality.

1. Easily we have

t-i i-i
TJC 77 pc p 2 Ae+< M-I^xn:)

t xn\ t xri\ xn\ xn\ 0 0

'• W ' "" ih:t i>x.t

Pxn\ PXn\ Dx f ^
t

n

In the same way we may write

n—t n—t

V n — V - Pn_P T) / f\ / t1*">—*~ 2 c: r l- i.
c_>0

c
c~*° c

" xti Dx+t V n J \~ 2 n

y F / tt xn\— t -F 0,73 -2(1°*° c V 271

/ \ V — V -
1,46(1 ' (12)1 2nJ c

v

vc" — V / f \ Vc — V' f" ' "'! 0.78 (0,68 ' "• '
(13)

c~>u
c \ n) c

where — +
5

+
"(l f ~ 0,73 (see (9)).

3 (f 7i 36

When t is small, particularly when t 1 and t 2, in (12) and in
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is obtained as follows:
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roughly (see Appendix), when n is not large
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(14) and (15) are of no practical use, because they are rough and
troublesome.
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at least, of their signs-plus or minus (see Appendix).



— 210 —

3. It is not easy to derive the practicable approximation to
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where usually z(x,n,t,i) Si 0.

(16) may be of practical use when t is not large, about when

2

t<an.
(17) is of no practical use, but from it wo can easily see the

outlines of the map of

t7?x vi i1 h nß)
ym I I xn\t r xn
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(t 1, 2, ri), at least, of their Signs-almost all of them are plus
(see Appendix), with the exception of <~ra —1.

When ra is small, the following approximation (20) is simpler than
the formula (16).
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Prom (9) we may write roughly, when c is small
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Now when n is small, we may assume roughly for small ß
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The approximation (20) may be useful in case of small n, and
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8- Usually J tVxhl < 0, and as to ^ (Fra[ we may have

d2

cW tK„]> 0 when T>t>0,

d2

dd2
iKiTj < 0 when n>t>T, where T ~ 0,8n

ln other words, ,Vh is convex in respect to i when T > t > 0 and
- '

atter them in [T < t < n] becomes concave in respect to i.

Zusammenfassung

Ks handelt sich um eine Fortsetzung der in Heft 1, 1059, erschienenen
Abhandlung. Verfasser gibt zahlreiche Näherungsformeln für Prämie und Reserve
der gemischten Versicherung bei erhöhter Sterblichkeit, wobei für veränderliche
additive und multiplikative Übersterblichkeit verschiedene gesetzmässig einfache
Ansätze behandelt werden.

Resume

II s'agit do la suite de l'6tude parue dans le cahier n° 1, 1959. L'auteur donne
plusieurs formules approximatives de primes et de reserves inathömatiques pour
es assurances mixtes ä mortality hievte, l'our les surmortalites variables additives

multiplicatives, ces formules reposent sur diverses hypotheses fonctionnelles
siniples.

Riassunto

Si tratta della continuazione del lavoro apparso nel fascicolo 1,1959. L'autore
d<t numerose formole approssimative per premi e riserve matematiehe di assicura-
zwni miste con mortality elevata. Per le supermortalitä variabili additive e
multiplicative, queste formole si basano su diverse impostazioni funzionali semplici.
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