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Some Elementary
Researches in the Mathematics

of Life Insurance
(1)

By Osamu Sumitsuji, Osaka (Japan)

Summary

- rTlﬁs is a continuation of the -m-tic'le which appeared in _Volume 1, 1959.

1€ author shows numerous approximation formulae for premiums and mathe-
Matical reserves of endowment assurances with enhanced mortality. For variable
additive and multiplicative extramortality, these formulae are based on different

Stmple arrangements.

1. In my previous paper 1), T showed the following relations:
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where Py, Vs are calculated on the basis

of the mortality q,,,+¢ (f =0,1,2, .:5)

and PO yittd are caleulated on the basis

of the mortality ¢,,,(1+8) (¢ =0,1,2,...).

When ¢ is small, from (1) and (2) we may have
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) Mlt-tellungen der Vereinigung schweizerischer Versicherungsmathematiker,
Bd.59 (1959).
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When ¢ is not small, the following modified formulas will give
better results.
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Formula (5) is derived as follows:
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To the second term of the right side, carrying the following
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To obtain (6) we use the following relation.
When +' — i+ A4 (viz. interest changes)
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On the other hand, clearly
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2. We derive some approximation formulas to AP, = P, — Dy
in case of linear increasing or linear decreasing extra m.ortahty, VM
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a) First of all, we assume the new mortality such as
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Clearly we have
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On the other hand, using (7) we have
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Thus the relation (1) is divisible into two parts, Viz.'i'nto the
relations to linear increasing and to decreasing extra mortalities.

3. @) As to Premium Reserve we have
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This is nothing else but the already mentioned relation (2).
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b) Now we show some approximations to 4,V,, in case of linear
decreasing or linear increasing extra mortality.

1. Eagily we have

Vc‘ tV | Pc‘ P 1 OZ D ZJ Dx+t Tt }-IV:rri})
o0y — o e Da-.—H 7 D:c+t -
P,fnl Pxﬁ| " D, ¢
~ e ey 1“‘*)-
¢ D, n

In the same way we may write
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When ¢ is small, particularly when ¢ =1 and ¢ =2, in (12) and in
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In 2n n

2. Another rough but fancy approximation to
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18 obtained ag follows:
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Therefore, we may have, though roughly, when = is not large
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(14) and (15) are of no practical use, because they are rough and
troublesome.

But from them we can easily see the outlines of the map of
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(t: 1,2, ...,n),

at least, of their signs—plus or minus (see Appendix).
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3. It is not easy to derive the practicable approximation to
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where usually z(z,n,t,3) = 0.
(16) may be of practical use when ¢ ig not large, about when

¢ ()
< 3

(17) is of no practical use, but from it we can easily see the out-
lines of the map of

(t=1,2,...,m), at least, of their Signs—almost all of them are plus
(see Appendix), with the exception of ¢t ~ n—1.

When 7 i3 small, the following approximation (20) 1s simpler than
the formula (16).
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From (9) we may write roughly, when ¢ is small
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Now when n i3 small, we may assume roughly for small g

, ¢
Qett = QI-H(]' + hﬁ)
£ g 19
~ gt =+ ,'r;ﬁqx + V?’LZV ﬁ((Ix }-n—Qm) . ( )
Therefore using (18) easily we have, when £ is small
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The approximation (20) may be useful in case of small n, and
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also useful for the rough estimation of 4,V for small g,

n
. t 2
where n is moderate and — = is small-about < .
n n ™~ 8
Appendix
AR . (I“wﬁ I“xm:t?‘ﬂ) Nﬁ_‘?(l_ﬂ??:?_ (14— V)
dd e axnl ) dz ftn—t] 2 6 3 t
d? i)
B, e o o e B
dez b ™ Gy
. l Py g Tormeimg T (1 Gy )2,__ Ig“@ﬂ] ~
= iy tn—¢| d:mi dam] da,-m
t H(@2n—1) . 9n—1 |
~ —= 0 S 1 el 1] =< JE
where
d _ 1
Lo = — g = St —San— (1= D N, ),

T

dz n—1 n—2
Izaamfl\ = dé_ 1:n| [Z S:L‘H }_ZS:CI—E +17 2%—3) Sz-kn'_' (7%—-1)2Nz+”



213

3. T d 5
Usually 7 Ve < 0, and as to T Ve W may have
2
5 th >0 when T >t >0,
d2

is? Vi <0 when n >¢>T, where T'~ 0,87

i : . ;
D other words, ,V.. is convex in respect to ¢ when 7' >1¢ >0 and

y o . , :
after them in [T < t < m] becomes concave in respect to .

Zusammenfassung

| Iis handelt sich um eine Fortsetzung der in Heft 1, 1959, erschienenen Ab-
dl::(;léai Verfusser_ .gil)t zah[rel:che f\réi.llerL:ngsfo_rmeh_l fiir 1’1'_£tnr.1.ie unq Reselrve

schten Versicherung bei erhéhter Sterblichkeit, wobei fiir verinderliche
additive und multiplikative Ubersterblichkeit verschiedene gesetzmiissig einfache

Ansiitye behandelt werden.

Résumé

1l s’agit de la suite de I'étude parue dans le cahier n® L, 1959. L'auteur donne
l[)lusmurs formules approximatives de primes et de réserves mathématiques pour
8 agsurances mixtes & mortalité élevée. Pour les surmortalités variables additives
Sfmmlultiplicatives, ces formules reposent sur diverses hypothéses fonctionnelles
Simples,

Riassunto

" Si tratta della continuazione del lavoro apparso nel fascicolo 1, 1959. I’ autore

& numerose formole approssimative per premi e riserve matematiche di assicura-
Zloni miste con mortalitd elevata. Per le supermortalith, variabili additive e multi-
Plicative, queste formole si basano su diverse impostazioni funzionali semplici.
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