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Ou some estimation problems

with regard to the Poisson-clistribution

and the ^-minimum method

/iy J. tm/i K/infcen, vlmsfcrJnm

Summary

In this paper the problem of estimation is dealt with. The author first (lis-
eusses the /--minimum method for Poisson variables. Then he explains a particular
least squares principle containing the modified /--minimum method as a special
case. Applying this principle to discrete distributions one obtains very easily esti-
niators for the Poisson, Binomial, and Negative Binomial ease.

Introduction

In this paper wo intend to make some additional remarks on the

^-minimum method. In most textbooks on statistics the ^-minimum
method for estimating unknown parameters is not or rather inadequately
dealt with. This is especially true for the so-called modified ^-minimum
methods [1 ]. The connection with regression theory is mostly disregarded
as well. An important case of regression is the one in which the random
variables follow Poisson-distributions. If wo want to obtain maximum
likelihood estimates for the regression coefficients, we essentially have
to apply a ^''-minimum method. What we want hero is stressing this
connection and making some remarks on numerical solutions.

A randow variable aq has a Poisson-distribution if

F,<»
ad

We consider the parameter d(f) as a function of the time f. In many
*

applications ^.(<) may be represented by a polynomial A(<)
v—0

The ^-minimum method for estimating parameters consists of the

following procedure.
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Suppose we have functions

PA> (* 1. ...,/<<)

and observations A
.Tj, .c -

1 1

with /î(.t,.';c) !,<)•

Wo now have to determine the estimates lj, from

V (®.—W • •

>, minimum.
i I £ A/J

We have not imposed restrictions on the distributions of the ,t<. To solve

this minimum problem, there are a number of approximative solu-

tions all known as modified ^-minimum methods [2], In particular if
/l

V p;(A[, .H,,) - - 1 we may obtain a simple approximative solution.
i I

Equally, as already mentioned, if the aq follow special distributions,

e.g. Poisson-distributions, there is a simple connection with maximum
likelihood estimation.

In the first section wo are going to discuss the problem of deter-

mining the in relation to the ^-minimum method. In the second part
we are treating a particular least squares method, including modified
^''-minimum methods, which yield some estimates tor the parameters of

important discrote distributions, if wo have the distribution j/q,} und

observations -/q, which are the observed frequencies, of the value
a; — 0,1, 2, we sometimes have simple recurrence relations for
As example for the Poisson-distribution we have

n — /' »,
a;! £

so a special form of the recurrence relation

/•X: ' '/ (Â< /( ' P", t •

Now by using this recurrence relation we are able to indicate a few least

squares methods, all giving estimates which converge in probability to

the true parameter value.
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The ^--minimum method for Poisson-variables

Suppose we have the observations x, /.« 1, ../i. We assume

that they are independent Poisson-variables with expectations

T'h - «>„*(/„) '"VSM",

(«I being a factor indicating the size of the material). To obtain maxi-
tnntn likelihood estimates for the we have to maximize the likelihood

/' i e i •

We find the system

®logL ^ * 51ogA(/

r • 0, /c.

System (1) is rather difficult to solve, but it is easy to indicate an
approximative numerical solution. We may replace the denominators
w A(/ by x, Hence we obtain the system

0, r (2)

It A(i^) is a polyiiomiivl A(f,,) ---- V A,t* wo get linear equations which
in general can he solved.

Because '' ' - ' the solutions of (1) and (2) are asymptotically

identical. However, there is still another reason to see the solution of (2)
as an approximative solution. Lot the solution of (1) he „Aß, ••mÀ
and that of (2) ,Âo> • • •> lAf We may successively solve the system

/. x, -- w A(/ rOA(<
V '' ' '' /1

-J PM u » 0, ...,/c (d)
/r-U |A('„) ÖA„

in which

and the solution is ,.,Ao> i i Â-



II this vector converges for £->co the limit is „do, >
(4/t> hence the

maximum likelihood estimate. We may try to obtain an answer to
this question of convergence by writing the system in the form

jA„ — <p„G-iV - j 0, (4)

and checking the condition

V i ^

s A,
<1, i 0, 7c [3],

For the sake of simplicity we assume A(t) + so a linear
function. System (1) is now

y (% (Ao +AjiJ) /-„
^ ^

^ (-'à,, (Ao + A[l„))
^

,"i Ao + Ai^

or a aj, #

y
,u=l dg + d^,

— ^o2
A /2

T d V '

/i~o d„ + il ,,tr ; it,, + d,

v £ A I A /^ +d,v /
/. O d„ + d, d„ + d, f„

' "" —[ d„ + dy«„

For this we write
Wo — do Sj,! + d^ Sj g

Wo ~ do Sg.i + d| *'*2 g •

A :r,
^

<„
in which the .s,, are the sums V, '' etc.

•' yWo + V,,
We can solve this system for the unknown d„ and d^, in the meantime

considering the s,-• as coefficients. This leads to

do Vo(®»,}) ~ <?o(do> dj)

dt Wi(Wy) 7d(do> d,),

in which the ç>„ and çq are expressions in the sums mentioned above.
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But it is easy to see that the iteration

(g, (i A> i (+1^1 '/<)) '/i
0,

,~1 A + cV,«

(6)

C7)

is identical with j — ® tJ 3 iM-l/M) rOU^O' î^l/5

1 + 1^1 9't(À> l^l) •

Therefore, in order to investigate the convergence of the process, wo

may try to determine whether

£>i.
S do

3<yo

S do
+ < 1,

3 f/>0

3d,
+

a <7>t.

3d,
<

These partial derivatives are rational expressions of the sums
ft an f'?

^ (do + d,g^
' "

If wo afterwards replace in the denominators d„+ g < by a:, we

obtain approximative values; hence wo may perhaps check the con-
dition. Similar results can be obtained if d(i) is not a linear function,
but a polynomial of higher degree.

Now wo return again to the system (1)

>i(vmM(y>gg> =0,
,< i " 3d„

If wo apply the ^-minimum method we obtain

g (%-V(g)a
or

minimum,

r 0, /t.

(8)

/< uj («< j/, ^ ^ogd(g g (g,-VW siogd(gV(U) +,g „ =o,3d,,
/. -,L f'd„

r 0, fc.

The first sum of this equation (8) put equal to zero coincides with the

equation of the maximum likelihood estimation (1).
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Hence the neglection of the second terms

^ aiogA(g

/-u 'V(U
leads to maximum likelihood estimation. Following Cramer, we shall
call this procedure the modified /"-minimum method. The equations
of the modified /^-minimum method are often easier to he solved.

However, in our case they remain difficult. As a second approximation
therefore we solve the linear system (2).

* cU(y
> w 0, 0, /c.

j»

*=i ®/„ ^
This method is also often mentioned as the ^-minimum method |4|.

At last we shall make a remark on the condition

VpA. •>**) 1-
i l

If this condition is fulfilled, the modified ^-minimum method gives
maximum likelihood estimates for d„, d,.. In our case we have to

identify w d(/ with xp .(do, d,.), but we do not have necessarily that

A' w d(f is a constant and consequently system (1) does not reduce to
/> i

* 5 log d(fV an : o, V 0, fc 15].
" 3d, LJ

1 lowever, the A, are still maximum likelihood estimates. There is a reason
for this. It is easy to prove that the conditional distribution of the a*,

a '*

under the condition x V x, fixed, is a multinomial distribution.

We have

in which

1

A Wq,
/'[•'V -A« // ", (9)

/'"I

A
" "

A

S «v
,.=1
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Hence wo may perhaps try to obtain maximum likelihood estimates from

> ' minimum
,rh -''A,,

or trom

'' H — dA A Clotri,,
V " ' " V a;, " 0, v 0, fc. (10)

-, A„ ~i " 3 A,

/i

However, A(/,) (X A„fJ, tm«l therefore we obtain only an estimate
''

c 0

for A„ : A, : : A,.. To determine À„, ^ completely, we have to
/i

make the additional condition a; V w,, A(f but then
,<=i

* 0A(g

À
" ,rl «-„%) " *u,

' '

v 0, fc.
/»

The by-condition ~ ^ w,, A(g is a natural one, because

t) r /< — l
*- 1, besides we need it to obtain maximum like-

È «V * <(/«)

/j=,
lihood estimates. From the foregoing it appears that we have essen-

tially the same situation as in the case of a multinomial distribution,
'» A

that means in the case V p _ I, The condition a: — V fixed" -, "
can be removed. Moreover wo saw that, if a: is stochastic, we obtain
the same equations for the maximum likelihood estimates of A,,, A,..

Particular least squares methods for the estimation
of the parameters of some important discrete distributions

We here have in mind the Poisson-, the binomial- and the negative
binomial-distribution. Suppose we have the observations«^, as 0,1, — ;

« V ?q, indicating the observed frequency of the value ,r, ,r — 0,1,2
X

For ÈVq there is a recurrence relation 99(A) /(/,:) in which A

is the parameter of the distribution.



1304 —

For the Poisson-distribution we have

6"* A® A

" #»*-i

i
hence (/.'(A) A and /(a:) In the case of a binomial distribution

we obtain

/iY\ v Y + a —1 A

II«, « I Ahl — A) E»„.W ^
a 1 — A

A Y+a-1
hence f/?(A) and /(#) •

1 — X #

At last for the negative binomial distribution wo got

Yn, « C
+

A''(l- Af (1 - A)
'' + ® ~ '

Y«,_,,

so 99(A) 1 — A and /(a)
'

We now apply the substitution Yn,. 99(A)/(a:) rg._, in the different
least squares method formula's including the ^-minimum method and

solve for <y(A).

In this way we obtain the following table:

V /(a) iy/VL
min.->V(^-9,(A)/(a)w^ min.->^(A) "

„
x x ^_i / W 'V-i

a:

/ 2

1 / ^
„V (v%)'" v / t /(•'•)».--1
2 >, - - mm. 7- nun. ->9«>(X) 1/ --

T" s», x <p(A) /(a:) ?Vi
~

r
£

Y »

^ 72-^.
pw / y- Q\ r/ \ \ ^ (^")

rv */Q\ ®
3 2_ M =0->2 »«-»'W/WvO ==0->399(A)= v/ma«x ÜWj; «A X y (A) 2LI/(Y ^

X

,vM\f • v (y-9>W/(^K-i)' __j/(•'')%-!
4 2j =min.->>j -- mm.-> 499(A) g

», ^ x V '
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In the left column 1 is the common least squares method, '2, 3 and 4 are
the /"-minimum and the modified /^-minimum method. We can easily

prove that all the »/>(A) converge in probability to the true value 99(A)

by applying the theorem of Slutsky [7]. For this we have to replace in

the expressions for 99(A) the frequencies " by (We hero apply

the Theorem of Slutsky for the Poisson-distribution in a somewhat

different situation. We do not have a fixed number of variables but
an unending sequence However because

m e~* A''
7? * ' - 0 if ;r 00 the theorem may still be applied).

« :t;

For instance we have
_

/ 7,'Bg.

HA) S/ ^F/ " |/ t-(A)

V
V ç»(A) *

By substituting for 99(A) and / (,c) the expressions corresponding with
those of the Poisson-, binomial- and negative binomial-distribution,
we obtain estimates for A. So we obtain as estimates for the parameter A

of the Poisson-distribution:

v H'Vi
> >77,

il
x ®

A ;

2 ' 3Â

V v

..1

.X

/y"*® v "-1
'

*T '»,-1 *7* a;

> 4^ „

y "•* 1 '"a-1
-H a; y

We arc mentioning hero this general method of estimating because

sometimes in literature one finds a particular example of this method.
For instance Sanlcara Pillai [8] derives in this way ,1 for the Poisson-

distribution. He proves that ^ <- A and gives numerical results with
regard to the relative efficiency of Jb
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An important actuarial application of such a substitution principle

may be found in fitting a curve a6* + c to a sequence of small frequen-
cies \ depending on age ,r. To obtain estimates 6 and c we might use

the relation ^ ^ 6 7?Vi +(t-&)c ~ i»v, l-(l -fc)c.

Literature

[1,2,5] Cramer, //.: Mathematical Methods of Statistics. Princeton, 104(5, pp.424
to 426.

[3] H'h/ers: Practical Analysis. Dover Publications Inc., 1948, pp. 209-213.
[41 Cramer, //. and H'o/d: Mortality Variations in Sweden. Skandinavisk

Aktuarietidskrift, 18. 1938.

/«/wtf/r/i, Versiehorungsmatheinatik. Basel, 1945, Bl. 174, 175.

iSVcrer, IV.: VeiMcherungsmathematik, /weiter Teil. Springer Verlag, 1958,
Bl. 167-169.

[fi] «ni /Vütt/iictt, Statistical Methods for the Comparison of risks. Inter-
national Iteview on Actuarial and Statistical Problems of Social Securtity,
Number 2, 1958.

[7] Crawfr, //.: Mathematical Methods etc., pp.254, 255.

[8] ww /i'/in/cen, en /'mis, //../.; Overzieht van 'I'oetsings- en Schaidings-
methoden met betrekking tot Poisson-'verdelingen. Mathematisch Centrum,
Amsterdam, 1954, Bl. 59, 60.

Zusammenfassung

Es wird vorerst das Problem der Parameter-Schätzung auf Basis der /"-Mini-
mum-Methode behandelt für den Pall, dass für die /ufallsvariaheln Poisson-
Verteilungen gelten. Sodann wird eine spezielle Methode der kleinsten Quadrate
betrachtet, welche die modifizierten /--Minimum-Methoden als Sonderfall enthält
und welche sich für die Parameter-Schätzung einiger wichtiger diskreter Ver-
teilungen eignet.

Résumé

L'auteur traite tout d'abord le problème de l'évaluation des paramètres au
moyen de la méthode «/"-minimum» pour le cas où les répartitions de Poisson
sont applicables aux variables aléatoires. Il considère ensuite uue «méthode des
moindres carrés» spéciale qui englobe comme cas particulier des méthodes «/--mini-
m um» modifiées et qui se prête à l'évaluation des paramètres de quelques réparti-
trions discrètes importantes.

Riassunto

L'autore allude al prohlema délia valutazioue dei parametri secondo il metodo

«y- minimo» per i cast in oui sono applicabili le distrilmzioni di Poisson. In seguito
considéra un metodo speziale dei (piadrati minimi speciale che comprende come
caso particulare i metodi «y- minitni» modificati o un metodo adattabile all'eva-
tuazione dei parametri di qualche distribuzione discreta importante.
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