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On some estimation problems
with rcgard to the Poisson-distribution
and the y*-minimum method

By J.van Klinken, Amsterdam

Summary

In this paper the problom of estimation is dealt with. The author first dis-
cusses the y*minimum method for Poisson variables. Then he explaing a particular
leagt, squares principle containing the modified y*minimum method as a special
case. Applying this principle to diserete distributions one obtains very ecasily esti-
mators for the Poisson, Binomial, and Negative Binomial case.

Introduction

In this paper we intend to make some additional remarks on the
x%-minimumm method. In most textbooks on statistics the g*minimum
method for estimating unknown parameters is not or rather inadequately
dealt with. This is especially true for the so-called modified y2-minimum
methods [1]. The connection with regression theory is mostly disregarded
as well. An important case ol regression is the one in which the random
variables follow Poisson-distributions. If wo want to obtain maximum
likelihood estimates for the regression coefficients, we essentially have
to apply a y2-minimum mebhod. What we want here is stressing this
connection and making some remarks on numerical solutions.

A randow variable x, has a Poisson-distribution if

6—-).(!) ANE
IDt(w): (T()) ’ ﬂJZO,I,Q,..--
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We consider the parameter A(f) as a function of the time ¢ In many
k

applications A(f) may be represented by a polynomial A(t) = > A,
r=0

The 2-minimum method for estimating parameters consists of the
following procedure.



Suppose we have functions

’})L(Al’ vy }.k) > (), ('[, = I’ Say h,)
and observations A
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with B (z,/2) = 2p,(4;, ..., &)
We now have to determine the estimates iy, ..., 4, from

(; —&p;(dy, ..., )P
:—‘Jl e pi(/l{]_s Sisidy ]'/c)

== minimum.

We have not imposed restrictions on the distributions of the ;. T'o solve
this minimum problem, there are a number of approximative solu-
tiong all known as modified »2-minimum methods [2]. Tn particular it
> pi(Ay, ooy A) == 1 we may obtain a simple approxinative solution.

iz
Fqually, as already mentioned, if the x, follow special distributions,

e. 0. Poisson-distributions, there 1s a sitaple connection with maximum
likelihood estimation.

In the first section we are going to discuss the problem of deter-
mining the 4, in relation to the %2-minimum method. In the second part
we are treating a particular least squares method, including modified
x-minimurm methods, which yield sorne estimates for the parameters of
important discrete distributions. [f we have the digbribubion {'pw} and
obgervations n, which are the observed frequencies, of the value =,
z=0,1,2,..., we sometimes have simple recurrence relations for lin,
Asg example for the Poigson-distribution we have

—}. lt

I nl
En, =n o —T,Ianz_l,

80 a gpecial form of the recurrence relation

Now by using this recurrence relation we are able to indicate a few leash
squares methods, all giving estimates which converge in probability to
the true parameter value.
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The ¥*-minimum method for Poisson-variables

Suppose we have the observations o o= L, ..., h. We assume
that they arc independent Poisson-variables with expectations

k
3 J— v A \1 v
L T, =W, Alt,) = w, > A0

v=0
(0, being a factor indicating the size of the material). To obtain maxi-

mum likelihood estimates for the 2, we have to maximize the likelihood
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We ftind the system

0 log 1 Q\ mlﬂ o ’H)“ l(t‘”) y (')/I(f“) &1 ( Al d l()fl,' ;l("n) 0
2 = - 1w 7 . = T — 0 f — ;
()/’1;’ ":_'Jl ’Hjjl ;{(f.“) / (}ﬂy .(:J[ t'u 1t ( H)) H }Lp

poes B sonplte {1)

System (1) is rather difficult to solve, but it is easy to indicate an
approximative numerical solution. We may replace the denominators

w, Alt,) by Ty, Hence we obtain the system
& T, W Ah) o)
— W
pa T
Ji=1 ”i“ 3

e (), Y = ()3 RS ]i:' (2)

k
It At,) s a polynomial A(f,) == > 4,0, we get linear equations which

. =
i general can be solved. v=0

@, pr. - | | |
Because = 1 thesolutions of (1) and (2) are asymptotically

w, At,)
identical. Howover, there s still another reason to see the solution of (2)

as an approximative solution. Liet the solution of (1) be 4dy, Sy
and that of (2) 14gs -5 tde- We may successively solve the system

hooay —w, A(E)  QA(L)
St BT 0, =0,k ()
pe=1 Iﬂ'(['u) () )L,
in which "
l}’({ﬂ) = }_] Zj'y t,v‘
p==()

and the solution is ; Ay, «+vy 1Ay
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If this vector converges for [—oo the limit is ¢lg, ..., gdy, hence the
maximum likelihood estimate. We may try to obtain an angwer to
this question of convergence by writing the system in the form

hy = P(-1dos - l-—-lik)r v=0,...,k (4

.’“'_:Drp f
\\I I"‘ - '___: , .‘
u”:Jo!a/]v-;<l, 9 0, ...,k [3].

For the sake of simplicity we assume A(f) = 4,4 A,¢, so a linear
function. System (1) 18 now

i (Q;J“m (‘2“0 + ll tlt)) f’u 0

p=1 ‘2'{) -+ ;{,L t,u

&G (2, — (ho+211,)) _
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I'or this we write ,
Sto = Ao H A S,

3210 == /10 SE,[ ‘I‘" 2.1 v(."?”g .

h o I t
. ¥ “t, e
in which the s;; are the sums \/1 f

1= [2' |"/1

ete.
1%

We can solve this system for the unknown A, and A, in the meantime
considering the s, as coetficients. This leads to

Ay = "/’O(S-i,y') = @o{dos A1) »
A= ?Pl(sz',j) = @1(4y, A1) »

in which the ¢4 and @, are expressions in the sums mentioned above.



— 301 —

But it is easy to see that the iberation

_\i (503,‘—‘(1 )‘-lj'() "'Az 5131%))[‘” _o,
=1 12‘0 + l}‘l t,u ((;)
{1 (xt“ ﬁA(u-vptlA) + IHZL fﬂ)) 0,
¥ ;;:Jl 1/10 + lﬂl t'u
18 1dentical with “_lﬁu = Polidos 1A

;,Hii = ‘f’t(zzm 121)-

Therefore, in order to investigate the convergence of the process, we
may try to determine whether

I { | |
9@ @ 1 9 @, 0y _
’ al < 3 a ’ < J .
1 0 o 0 A | 94,
These partial derivatives are rational expressions of the sums
] . 2
'\:‘ CL"'M L

ete.
a=1 (Rot+ Ayt )2

If we afterwards replace m the denominators A, Ayt, by Ty, WO
obtain approximative values; hence wo may perhaps check the con-
dition. Similar results can be obtained if A(f) is not a linear function,
but a polynomial of higher degree,

Now we return again to the system (1)

5 ¢log A(t,
> (a:,“ —w, AL)) (£

1P o= 0y 50y Bs
p=1 8/1,,

It we apply the y*-minimum method we obtain

{1 (ajtlt W, Z'(t.u))z

) = minimun, (8)
o P w, Alt,)
h dlog A(t, ho(xy —w, AL 2log A t,
>1w (:El _'LU;L )-(t,u)) b ( ‘E) I ; .___‘J t” ‘! IL - .O ( !) = 0:
= e 0A, aes | w, At,) J4,
p oo ( eis ds

The first sum of this equation (8) put equal to zero coincides with the
equation of the maximum likelihood estimation (1).
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Hence the neelection of the second terms
tw)

1 {1 ("l"t,u — j‘(tﬂ))z 0 log l(t!‘)_
o= w, A(t,) 04,

leads to maximum likelihood estimation. Following Cramer, we shall
call this procedure the modified y2-minimum method. The equations
of the modified g2-minimum method are often casier to be solved.
However, in our cage they remain difficult. As a second approximation
therefore we solve the linear system (2).

no (e, —a, L)) d At
}1 ( !,; ! b '!U'u ( ,(L) — 0, T 0, ey k.
,(:—:l ‘T’t# a 2’:’

This method is also often mentioned as the y%minimum method [4].
At last we shall make a remark on the condition

h

Zp'i(/’l(]i s iy ’:{k) =20 1

[f this condition is fulfilled, the modified y2%minimum method gives
maximum likelihood estimates for 4,, ..., 4,. In our case we have to

identity w, A({,) with xp,(4,, ..., 4,), but we do not have necessarily that
h
S, At,) is a constant and consequently system (1) does not reduce to
=1
h 0 log A(t)
, o log A(t
1 o] 3
_\}_a:,t——--—--- —#. =0, »=0,...,k [5]
n=1 F a /l;.

However, the A, are still maximum likelihood estimates. Thereis a reason

for thig. It 1s easy to prove that the conditional distribution of the wx,
2
h
—_ T . . . . . . .
under the condition z = >z, fixed, is a multinomial distribution.
n
=1
We have
h ﬁxt‘u

Pl#, s voms B 8] == 2! [T

" (9)
p=1 mtﬂl
in which
. w, At,)
Ay = ; £ B [6].
D, At)
pn=1
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Henee we may perhaps try to obtain maximum likelihood estimates from

v (@, —ad,)?

L% (.S — minimuim
i ;:jl 3".]‘;:
or from
bk o, — £l 93 h olog 2
N e w O — >z O — 0, y =0 k. (10)
_.._,,- /) i t‘u ,); ? 3 ey o 3
=1 }{‘It ¢ ﬂ"' p=1 Chy
h
However, A(t,) = At and therefore we obtain only an estimate
p=0
for Ag: A, :...: 4. To determine 4,, ..., 4, completely, we have to
h
. . . . i |
malke the additional condition 2z = }“ 'm“l(t“) but then
=1
P a4 A3 R — ; :
;A‘ “I’t“ J;;‘LH ¢ ]'H e T t/z w,u /1({;:) il az’(r,u) (11)
] T Y , # ’
=1 )-,-( aﬂ'v n=1 w,u A(tu) ¢ Av

v =0, ..., k.

h
P 1\ .
The by-condition z == 1\;_1 w,At,) 1s a natural one, because
=1

o nw. . ) i ) ) )
, 12300 [, besides we need it to obtain maximum like-

h

N,

2 w,u 2‘4‘(;“)
p=1

lihood estimates. I'rom the foregoing it appears that we have essen-

fially the same situabion as i the ease of a multinomial distribution,

h h

1 g 1 i 1 o by R 1 he 3

that means in the case ‘_\__{pt = |. The condition = = Z_] Ty, fixod
b= p=1

can be removed. Moreover we saw that, if « is stochastic, we obtain
the same equations for the maximum likelihood estimates of 4, ..., 4.

Particular least squares methods for the estimation

of the paramcters of some important discrcte distributions

We here have in mind the Poisson-, the binomial- and the negative
binomial-digtribution. Suppose we have the observationsn,, x = 0,1, ...;
n= E n,, indicating theobserved frequency of thevalue 2, = 0,1,2,....

T
For Iin, there 1s a recurrence relation I5n, = @(A) f (k) ISn,_;, in which 2

is the parameter of the distribution.
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For the Poigson-distribution we have

—A sz
et A
Bty =t ——e = — B,
2! &
hence p(4) = A and f(x) = . In the case of a binomial digtribution
T

we obtain

B N+z—1 24

a o fl=zg
A N-|+z—1

hence ¢(1) = 1 and f(x) = :

= q

Iin, =n (N) A1 —N=

Iin
¥ L1

At last for the negative binomial distribution we get

g hx—1
in, = n’ e 1) U= = (A=) T B,
€
b1
50 @(4) = 1—21 and f(z) = Tra :
&£

We now apply the substitution Iin, — » @(1) f(x) n,_, in the different
least squares method formula’s including the %*-minimum method and
solve for ¢(A).
In this way we obtain the following table:
.
D) my M
’ | - 2 . | 3 TR 9 . . A L
1 }__] (n,— lin,)* = min, ->:\: (n, — @) f(x) ny)? = min.—> @(l) =

: RO
., (n,—TIn , — N f(x)n, ) A = (@)t
2> ( 1 ) = min. - > (n.— e fa)n,) = min. -»,p(d) = ; fla)ts-
z Lim, P ) n, ) f(w) et
fn, A () >
N Mp— Limy, alin, 2 4 A x
3 == O— T }. r . = O /’{ =
}x_; Efn,x d;i. >%} (nx (P( ) f(y)nul—1) (P(l) _>3{p( ) l‘l f(-’U) 71!3;—1
N fla
4 W (n;a:_E'T"’.r)2 . L™ (n:a:_ fp(/l) f(il) n:cfi)‘a . - (ﬂ) ‘?} f( L) ol
; = min. - > : 7 = min.~ == : :
= n, = n, ¥ < (@) gt
P
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In the left column 1 1s the common least squares method, 2, 8 and 4 are
the 2-minimum and the modified y®-minimum method. We can easily
prove that all the (})(A) converge in probability to the true value ¢ (1)
by applying the theorem of Slutsky [T]. I'or this we have to replace in
: x .oy, In,

the expressions for ¢ (1) the frequencies ; by ; * . (We here apply
the Theorem of Slutsky for the Poisson-distribution in a somewhat
different situation. We do not have a fixed number of variables but
an unending sequence n,. However because

n, Rt » ‘ ‘ ‘ _
E. "= T = 0 1f @ > co the theorem may still be applied).
n !
For instance we have i // S 12,
3 p
W
5 pr. @A) "
o B »1 — o).
N e B
T o) 7

By substituting for ¢ (4) and [(x) the expressions corresponding with
those of the Poisson-, binomial- and negative binomial-distribution,
wo obtain estimates for 4. So we obtain as estimates for the parameter A
of the Poisson-distribution:

1 n.l: ; ‘baf—- | N
= &L £ L
X x . ;

1/1 - 2 A '31 — ’
N\ nw_[. \! Moy
~ g2 £
T o z U

‘ 5
- / \ nex ) "
N e N et
f g £
A T ”'_1-_.[ " - 1
2,’{ — " s 4}' = :
% e Ny Ny
o , P i
o g
o PR Gl ()

We are mentioning here this general method of estimating because
sometimes in literature one tindg a particular example of this method.
Ior instance Sankara Pillai [8] derives in this way ;A for the Poisson-

. . . A 11- . . .
digtribution. He proves that |4 P 2 and gives numerical results with
regard to the relative efficiency of 1.
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An important actuarial application of such a substitution principle
may be found in fitting a curve ab” -+ ¢ to a sequence of small frequen-
cies 1, depending on age x. To obtain estimates b and ¢ we might use

the relation ;. pfi_, + (1—b)e~bi_, +(1—b)e.
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Zusammenfassung

Iis wird vorerst das Problem der Parameter-Schivttzimg aut Basis der »2-Mini-
mum-Methode behandelt fiir den [all, dags fiir die Zufallsvariabeln Poisson-
Verteilungen gelten. Sodann wird eine spezielle Methode der kleinsten Quadrate
betrachtet, welche die modifizierten z*Minimum-Methoden als HSonderfall enthilt
und welche sich fiir die Parameter-Schiitzung einiger wichtiger diskreter Ver-
teilungen eignet.

Résumé

Lauteur traite tout ’abord le probléme de 'évaluation des paramdétres au
moyen de la méthode «y*-minimum» pour le cas ot les répartitions de Poisson
sont applicables aux variables aléatoires. [l considére ensuite une «néthode des
moindres carrés» spéciale qui englobe comme cas particulier des méthodes « »*-mini-
mum» modifiées et qui se préte a I'évaluation des paramétres de quelqgues réparti-
tions diserétes importantes.

Riassunto

autore allude al problema della valutazione det parametri secondo il metodo
«x® minimo» per i cast in cui sono applicabili le distribuziont di Poisson. In seguito
considera un metodo speziale det quadratt minimi speciale che comprende come
aso particulare 1 metodi «x* minimi» modificati e un metodo adattabilo all’eva-
buazione dei parametri di qualche distribuzsione discreta importante.
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