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About the structure - preserving maps
of a quantum mechanical

propositional system

by Dirk Aerts1) and Ingrid Daubechies1)

Theoretische Natuurkunde, Vrije Universiteit Brüssel, Pleinlaan 2, B 1050 Brussels

(2. II. 1978; rev. 26. VII. 1978)

Abstract. We study c-morphisms from one Hilbert space lattice (with dimension at least three) to
another one; we show that for a c-morphism conserving modular pairs, there exists a linear structure
underlying such a morphism, which enables us to construct explicitly a family of linear maps generating this
morphism. As a special case we prove that a unitary c-morphism which preserves the atoms (i.e. maps one-
dimensional subspaces into one-dimensional subspaces) is necessarily an isomorphism. Counterexamples
are given when the Hilbert space has dimension 2.

1. Definition of a propositional system and Piron's representation theorem

According to Piron's axiomatic description of quantum mechanics [1], the
structure of the set of the propositions corresponding to 'yes-no' experiments on a
physical system is that of a complete, orthocomplemented, weakly modular and
atomic lattice which satisfies the covering law. Such a lattice is called a propositional
system. If the physical system has no super-selection rules, the propositional system is
irreducible. We will first give some definitions concerning propositional systems. For
more details we refer the reader to [1].

Let JP be the collection of all the propositions concerning a physical system.

1.1 Definition. fP is called a CROC whenever SP satisfies the following conditions:

(i) SP, <is a partially ordered set with <as partial order relation (1.1)
(ii) SP is a complete lattice, which means thatfor everyfamily {bi}iel of

elements in f£ there exists a greatest lower bound /\i€l b{ and a
least upper bound \/i^jbi. (1.2)

(iii) SP is an orthocomplemented lattice, which means that there exists a
bijection ' : Sf -> SP such that: Vb,ceSf: (1.3)
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(bj b
b a b' 0 and b v b' /
b < c => d < b'
where I V*er ° and 0 Abese b

(iv) SP is weakly modular, which means that if b < c then c a (c' v b) b
(LA)

In a CROC it may be interesting to consider pairs ofpropositions. In the following
definition we introduce some pair-properties (see [1], [2], [3]).

1.2 Definition. In a CROC two propositions b and c are said to be

- compatible if the sublattice generated by {b, b', c, d} is distributive,
notation: b<-^c

- a modular pair iffor any d> c: (b v c) a d (b a d) v c

notation: (b, c)M2)

It is easy to see that if b <-> c, (b, c)M. The converse is not true. Moreover, we see

now that the condition for weak modularity (1.4) can be reinterpreted as:
b < c=> b*-*c.

1.3 Definition. Fhe 'center' ofa CROC is the set ofpropositions compatible with all
other propositions.

The center of a CROC is also a CROC which is distributive.

1.4 Definition. If SP is a CROC and be SP we consider the set {x \ x < b, x e SP}.

If we define on this set a relative orthocomplementation xr x' a b, then it is easy to
check that this set becomes a CROC; we will call it the segment [0, b~\.

1.5 Definition. A CROC SP will be called 'irreducible' if the center of SP contains
only 0 and I.

1.6 Definition. Ifb, ce SP,b # c andb < c, one says that c 'covers' b, ifb < x < c

for some xe SS implies x borx c.An element ofSP which covers 0 is called an atom.

Now we have all the notions to define a propositional system. So let SP be again
the collection of all the propositions concerning a physical system.

1.7 Definition. SP is a propositional system if
(i) SP is a CROC
(ii) SP is atomic, which means thatfor every b e SP, b # 0, there exists

an atom p e SP such that 0 < p < b. (1.5)
(iii) SP satisfies the covering law, which means that ifp is an atom ofSS

and be SS and p a b 0, then p v b covers b. (1-6)

In [2] Birkhoff defines two kinds of these pairs: modular pairs and dual modular pairs. In the
following we shall only need one of these two kinds ; since no confusion can arise, we shall call them
modular pairs. Moreover, one can prove that when the CROC is an irreducible propositional system
isomorphic to a P(3f (see further) every modular pair is a dual modular pair in Birkhoff's
terminology, and vice versa. For more details concerning these pairs, see [3].
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Example: If we take a complex Hilbert space JP and if we define P(Jt) to be the
collection of all the closed subspaces of JP, then P(jP) becomes an irreducible
propositional system if we define the operations as follows :

(i) If G, Fe P(Jt), then G < F iff. G c F set-theoretically. (1.7)
(ii) If Gì e P(3P) Vi e /, then A iel Gt fì,t/ G„ (1.8)
(iii) and V,e, Gt is the closure of the linear subspace generated by all

the Gi's. (1.9)
(iv) If G e P(2fe) then G' GL which is the subspace orthogonal to

G. (1.10)
(v) The atoms are the one-dimensional subspaces. (Ill)

P(JP) is the propositional system one uses in ordinary quantum mechanics. As
expected two propositions of P(PC) are compatible iff the corresponding projection
operators commute.

Conversely, we can ask ourselves if it is always possible to represent an irreducible
propositional system by a structure which resembles the given example. This question
is answered by the representation theorem of Piron ([1] and [4]) which says that it is
always possible to realize an irreducible propositional system by the set P(V) of all
biorthogonal subspaces of a vector space V over some field K. The orthocomplementation

defines on K an involutive anti-automorphism and on F a non-degenerate
sesquilinear form; the weak modularity ensures that the whole space is linearly
generated by any element and the corresponding orthogonal subspace. Hence all
irreducible propositional systems are given by generalization of the P(3P") in the
example above. The representation theorem enables us to prove interesting results
about propositional systems. As an example we give the following easy characterization

of modular pairs in an irreducible propositional system.

1.8 Lemma. Let P(V) be the realization ofan irreducible propositional system SS;
let a, be SP and let a,, è, be their realizations in P(V). Fhen

(a, Z?)M<=> at + bx a^ v bx.

Proof: see [3].

An immediate consequence of the lemma is the following property:
(a, b)M => (b, a)M. If we take the field in Piron's representation theorem to be C and
the involutive anti-automorphism of <C to be the conjugation, then the vector space V
becomes an Hilbert space over <C ([4], [5]). Since the set of all biorthogonal subspaces
of a Hilbert space is exactly P(Jf we are now reduced to the case considered in the
example. In the following we will restrict ourselves to the cases where the field is <C.

2. m-morphisms

2.1 Definition. A c-morphismfrom a CROC SS\ to a CROC SP2 is a mapfofSS\ to
SS2 which preserves unions and compatible pairs, i.e.

te/
f\\lbi \ Vf(bi) bteSS, Vie/ (2.1)

b~c=>f(b)~f(c) b,ceSS± (2.2)












































