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Global existence and scattering for the nonlinear
Schrodinger equation on Schwarzschild manifolds

By I. Laba

Department of Mathematics, Princeton University
Princeton, NJ 08544, U.S.A.

and A. Soffer

Department of Mathematics, Rutgers University
Piscataway, NJ 08854, U.S.A.

(6.I.1999)

Abstract. We consider the nonlinear Schrodinger equation with a pure power repulsive nonlinearity
on Schwarzschild manifolds. Equations of this type arise when a nonlinear wave equation on a
Schwarzschild manifold is written in Hamiltonian form, cf. [2], [10]. For radial solutions with
sufficiently localized initial data, we obtain global existence, LP estimates, and the exisience and
asymptotic completeness of the wave operators. Our approach is based on a dilation identity and
global space-time estimates.

1 Introduction

A Schwarzschild manifold is the space R x R* x 52 equipped with the Schwarzschild metric:

9= guvdxudzua
which may be written in polar coordinates as:
2M dr?
g= (1— T)dtz— Tm"—TzAsz; (11)

r
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Ag2 = d#?* + sin?0d¢? is the Laplace-Beltrami operator on a 2-dimensional sphere. The
parameter M > 0 is interpreted as the mass of the black hole. We restrict our attention to
the erternal Schwarzschild solution (r > 2M).

Scattering theory for the wave and Klein-Gordon equations on Schwarzschild manifolds
was first studied by Dimock [5] and Dimock and Kay [6]. Following these authors, we rewrite
(1.1) as:

2M
9= (1-"2)(de? —drh) —r*Ag, (1.2)
T
where 7, is the Regge-Wheeler tortoise radial coordinate:
T, =1+ 2M log(r — 2M) (1.3)
(hence & = 1 — 2M) The wave equation on the Schwarzschild manifold is:
Oeu =0, (1.4)
where: 5 5
_ ~Lym & 1/2 w9
Op = |detg|™"* 52 (I det g2 g* Ba:") (1.5)

is the d’Alembertian associated to g. Using (1.2), we may write (1.5) as:

2M \ -1, §* 58 58 &
0, =(1-5) (5g 7 "5"50) — 7 "Asn )
(1.4)—(1.6) is equivalent to:
2
%u—kﬂu:(], (1.7)

where:

H = —r"zi 5 0 7‘"2( 2M

re— — 1— —)Age. 1.8
_ or. Or. T ) §* (1-8)
In [5], it was proved that the wave operators for (1.7) exist and are complete. For the
Klein-Gordon equation O, u + m?u = 0 the existence of wave operators was proved in [6],
and asymptotic completeness — in [1]. The results of [5] on scattering were recovered in [4],
where the authors actually considered a more general class of noncompact manifolds; the

proof in [4] relied on a Mourre estimate obtained for such manifolds in [7]. (See also [12],
where certain techniques of geometric scattering theory were applied to the De Sitter model.)

An important open problem is to develop a scattering theory for equations such as (1.7),
but with a nonlinear perturbation added. Partial results in that direction were obtained
in 2], [10]; the class of metrics considered there is in fact more general than (1.1) and
includes other black hole models. In particular, Nicolas [10] studied a nonlinear Klein-
Gordon equation of the form:

Op u + m?u + AF(r)|ul*u = 0,

where F(r) is an explicitly given factor vanishing as r — 2M and as r — oco. He obtained
the global existence of solutions to the above equation and an outgoing radiation condition
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for these solutions. We also remark that the Cauchy problem for the Yang-Mills equations
on Schwarzschild manifolds was studied in [14].

In the present paper, we take a different route and study the scattering theory for the
nonlinear Schrodinger equation:

ou _
ot

we will, moreover, restrict our attention to radially symmetric solutions, .e., assume that:

Hu+ MulP~lu, A > 0; (1.9)

1

Agau = 0. (1.10)

The payoff for these simplifications is that we will be able to present a relatively elementary
(modulo the estimates of [15]) proof of existence and completeness of the wave operators. As
one might guess by considering the geometry of the manifold, (1.9) has two scattering chan-
nels: part of the outgoing wave escapes to the (spatial) infinity and becomes asymptotically
free, while another part approaches the black hole horizon and therefore displays a different
asymptotic behaviour. We prove that (in a suitable coordinate system) each part has the
asymptotics of a solution to a simpler linear equation. Our analysis of (1.9) is based on a
priori estimates, similar in spirit to the conformal and Morawetz identities; in particular, we
obtain the local decay of solutions and suitable space-time L? estimates.

We remark that the same proof, with only minor modifications, should work for slightly
more general nonlinearities of the form f(|u|)u, where f(s) is a suitable real-valued function;
for the sake of brevity, we do not attempt here to find the exact conditions on f under which
this can be done.

While our results do not imply anything directly about scattering for a nonlinear wave
equation (which would be more interesting than (1.9) from the point of view of physics), we
believe that the methods presented in this article may be developed further to yield progress
in that direction. To illustrate the connection between (1.7) and (1.9), we rewrite (1.7) in

Hamiltonian form: 5 I £ .
g fuy 1L == u )
z@t (3:“) g (H 0 ) (atu). (111)

This was in fact the approach taken in [5], [6], [1], [10], [4]. By diagonalizing the matrix
in (1.11) one may reduce the problem to studying the unitary group exp(—itv/H), cf. [1].
[4]. It was further demonstrated in [4] that certain results of this type may be deduced from
their analogues for the Schrédinger unitary group e *#. We hope to use similar methods tc
make progress on the scattering theory for a nonlinear variant of (1.7).

The paper is organized as follows. Section 2 takes care of preliminaries such as the
conservation of the L? and energy norms for the solutions of (1.9). Assuming (1.10), the
problem becomes effectively one-dimensional. We simplify it further in Section 3 by applying
a suitable unitary transformation. The point of this reduction is that the kinetic energy part
becomes simply D? ; the price we pay is that we have to add a “potential” V. Our mair
estimates are proved in Sections 4-6. In Section 7 we combine them with the known [/
estimates for a 1-dimensional linear Schréodinger equation (see [15], where such estimates
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were proved and applied to a similar nonlinear scattering problem), and obtain the time
decay of L” norms of the solutions. The global existence of solutions, and the existence and
completeness of the wave operators between the nonlinear equation and the corresponding
linear Schrodinger equation, follow by a standard argument (cf. [13]).

The authors are grateful to the referee for helpful remarks and for bringing the article
(10] to their attention. The second author acknowledges partial support by the National
Science Foundation.

2 Preliminaries

Let v = u(r,w,t) be a solution to (1.9), where H is given by (1.8); we will also use the
notation wu,(-) = u(-,t). Recall that 7, is defined in (1.3). For future reference we note that
r is an increasing function of r, and:

oasr*—>oo,r—>ooand1~¥—>l;

® asT, = —00, T ~ 2M + e~ 1*7/2M _3 9\[ and:

2M 1
__e-wl-lr.|/2M

—_——_—

T 2M (1)

vanishes exponentially in |r,|.

We will assume that the initial data u, satisfies (1.10) and belongs to the energy space:
H={ue L*R x S%ridr.dw) : u(r,w) = u(r) and E(u) < oc},

where the energy E(u) is defined as:

_ 2
E(u) :f(uHu+ -

1 |u|”“)r2dr,,dw. (2.2)

We denote by ||u|ly = (E(u))!/? the energy norm of u.

Observe first that the L? norm of wu, is conserved: this follows from the fact that the
operator H is symmetric and from the form of the nonlinearity in (1.9). The second basic
fact we will need is the conservation of energy.

Proposition 2.1 For any solution u,(r,w) = u(r,w,t) of (1.9) (not necessarily radially
symmetric), E(u;) is independent of t. In particular, if uy € H, then u, € H and ||Ju|y =
IIU()“H fOT‘ all t.
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Proof. We compute:
% fosz 'l—l,t . (H + /\|ut[””‘1)ut Tzdr,..du.’ = fosz 'ITL,; : %(A]ut[p_l)ut Tzdr,dw

= [ & Audl ™) wi*ridr.dw = 251 f (M u*)r?dr.dw.

Hence:

%/(ﬂt Hu, + /\|ut|p+1)r2dr,dw = /\;p-:ll) %f()\lut|”+1)r2dr*dw,

which proves the proposition. O

Corollary 2.2 Suppose that u, solves (1.9), uo € H. Then:
(Z) fﬂt HU: Tzdr*dh) < CH“O”%{:
(4) [ |ugPtt r2dr.dw < Clluoll%,

uniformly in t.

Proof. By Proposition 2.1,

E(u) = fﬂt Hu, r3dr.dw + % [ | [P r2dr.dw (2.3)
P

is constant in £. Since both terms on the right-hand side of (2.3) are positive, this implies
the corollary. O

3 Reduction to a one-dimensional problem

.From now on, we restrict our attention to the space L2 ;. (R x S?%;r2dr.dw) of radially

symmetric functions in L?(R x S?%; r2dr,dw). We define a unitary operator U : L?(R, dr,) —
L2 (R x S% r2dr.dw) by:

U :(r) = u(r,w) == r79(r),
and the symmetric operator H on L*(R,dr,) by:
H=U"'HU =rHr ™%

Using (1.8) and (1.10), we find that:

H=D? +V(r,), (3.1
where D = —i0 and: - -
V(r,) = T—a(l - =) (3.2)
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Substituting 1 = U™'u = ru in (1.9), we obtain that v satisfies::
2y = Ay, (3.3)
ot
where Hy, is the nonlinear operator:
Hy = H+ X P+ Pl (3.4)

The energy space H is mapped by U™! to:
H={veL(Rdr.): [yl = [ - Hypdr, < o).

The remark before Proposition 2.1, and the unitarity of U, imply the conservation of the L2
norm for solutions of (3.3). Moreover, from Corollary 2.2 we obtain the following.

Proposition 3.1 U is a unitary operator from H to H. Moreover, if (1) = ¥(r,t) solves
(3.3) and Y € H, then:

(i) I lo=tn|*dr. < Cllvoll%;
(i) [ 7P e [P+ dr. < CllYollZ,

uniformly in t.

Proof. Substituting u; = r~!¢; in Corollary 2.2(i), we obtain that:
[N, - H(r Yo, r%dr.dw = [ - rHr ', dr.dw
= [ - Hydrydw = [y - (D2 4+ V(r.))¢ drodw
= [ ¥ - D} Ypdridw + [ P, - V(1) dr.dw

is bounded by C|uo||3, = C||voll for all t. Moreover, since both terms in the last line are
positive, we find that:

/d;t - D? Yy drodw < C||yo|%

uniformly in ¢, which after integration by parts yields (i). Part (i) follows by substituting
u; = "1, in Corollary 2.2(3). O

4 The dilation identity

The starting point for our analysis of (3.3) is the observation that both the “potential” V
given by (3.2) and the nonlinear term in (3.4) are repulsive interactions. Hence the long-time
behaviour of the solutions is largely determined by the dispersive term D2 . In particular,
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we obtain the local decay estimates (Proposition 5.1); these in turn will be need:d in the
proof of our results on scattering.

Throughout the rest of this paper we will denote by (-, -) the inner product in LRz dv,):
(U, 0) = [23 Ydr,.

Proposition 4.1 There is an « € R (given ezplicitly by (4.1)) such that:
(U, [H,iA¥) > 0,
(W, [Ar PPt ida)y) > 0

for all ) € H, where Ay = 3((ry — @)Dy, + D,.(r, — @)).

Proof. We have:

- dav(r.,
i[H, Aa) = 2D — (1. — a) (r)

. dr.

where dV(r,) 2M 2M~ 8M
l"*
dr, :r“ (1— r)(r —3)
is positive for 2M < r < 8M/3 and negative for » > 8M/3. Let
8M 2M

be the value of r. corresponding to r = 8 M/3. Then —(r. — a)% >0forallr, € R, r. # a;
hence:

[°° O [H,iAdydr, > 0

for all v € H, v £ 0.
Next, we consider the commutator with the nonlinear term:

J%6 - PP e ida)y dr.

(4.2)
= =X %5 [P (e — @) g (r PP [y P dr.
We have
W) = B e Lty (43
or. p+1 Or, ' e
Using (4.3) and integrating the right-hand side of (4.2) by parts, we obtain that it is equal
to:
Alp—1) r~ 0
%Tr) gy e a) - (T . (4.4

Since 7 is a positive and increasing function of r,, so is r*(r, — @), hence &, (r*(r, — a)) > (
and the integrand in (4.4) is nonnegative. Since A > 0, (4.4) is nonnegative. This completes
the proof of the proposition. O
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5 Local decay

The purpose of this section is to prove the following local decay estimates.

Proposition 5.1 Suppose that 1 solves (3.3), 1o € H, and let § > 3/2,0 < R < co. Then

[_m (1 + .2~ ||2dt < Cpllvoll L2 (yar.) %0l (5.1)

oo R ‘
[ dt/RTWHIW’:l"“dT* < CrllYollc2®iar) 1Yol - (5.2)
_m —

Proposition 5.1 will be obtained as a consequence of Proposition 5.2 below.

Proposition 5.2 Let g(r,) = g(r, — ), where g(s) = [5(1+t%)77dt for some o € (1/2,3/2)
and « 1s as in Proposition 4.1. Define:

7= 5D, + D,.§(r.). (5.3)

(i) Let v, solve (3.3), vo € H. Then ||viu|l2rear.y < Cll¥olly; uniformly in t.

(it) For any 0 < R < oo there are ¢, co g > 0, such that for all ¥ € H:

= o0 R
(W, i[Hy, 7Y} > 61/ 1+ r2) "7 Yy dr, +Cz,Rf roP g PHdr,. (5.4)
-0 R

Proof of Proposition 5.1, given Proposition 5.2. Clearly, it suffices to prove the proposi-
tion for 3/2 < # < 5/2. By Proposition 5.2(1z), we have:

8 (b, yibe) = (W, i[Hy, Y]tbe)
> (¥, (1 4+ 1.2) 7P, + cor LRR r Pl |PHldr, .
where § = ¢ + 1. Integrating this inequality from —oo to oo in ¢, we obtain:
2@ (L4 1220} + [ dt [T 7w P+ dr,
< im0 (10, Yt0e) — Limy - oo (e, Y22)
< 2super [(Vr, YY)
< 2{[¢

¥l < 2[00l [140]l,

L?
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by Proposition 5.2(%). O

Proof of Proposition 5.2. We first note that g is bounded if o > 1/2. Hence:
I7¥ell 2 i) < Cllellmr (miar.)s
which implies ().

To prove (i), it suffices to verify that:

WAlH ) 2 e [ (1478 yfRar, (5.5)
R
(0, iAr PP y]y) > Cz,R/ r Pyt r. (5.6)
-R
The proof of (5.6) is similar to that of Proposition 4.1. We have:
[0(:),7] = ~55U(r.)
1 %)y = — * )
i gé’r*

Putting ¥(r,) = Ar~?*}9[P~!, we obtain:

I%% ¥ - [ArP P Pt i)y dr,
= — [%, [¥[24(re) 2= (ArPH |y [P~ Y)dr,

= = 175 (r ) MBSt (o ),

= 2 1% 5 (r2g(r)) - (P P+,

p+1

where we used (4.3) and, at the last step, integrated by parts. We now use that for any
* R > 0 there is an € > 0 such that

ai. (ng (T*)) -L

for —R < r. £ R, and conclude that the last integral is

R
> e[ r P Pt dr,.
=

The proof of (5.5) essentially follows [9]. We compute:

i[DE.vﬂ =2D,.3D,, — -3", (5.7)

B~

i V(r.). (5.8)

iV, 7] = —9—
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Since §(r,) > 0 for r, > « and §(r.) < 0 for , < @, and the opposite inequalities hold for
V'(r,) (see Section 4), the term (5.8) is nonnegative. It remains to prove that:

[ 6-ilD2 pdr, > [+ 55l (5.9)
We first define the unitary transformation:
S: L*(R;dr,) — L*(R;s%ds),
Y(r) = s (s + a) = ¢(s).

Then:

SiD2, )5 = —257 & g (5) & s — 3g"(s)

z—Q%g’%—%g’%—%g"—%g’”. (5'10)
Since i )

[ il dr. = [ 6 SilD2,]5"¢ s,
(5.9) is equivalent to
[ 8- SilD2 A)5"6 s%s > 1 [ (1+r.2) " g[s%ds. (5.11)
It therefore suffices to prove (5.11) for ¢ € L?(R; s%ds).
We first prove that the operator
d ,d 2 ,d

is nonnegative on L*(R; s%ds). Writing [ @ Lo s*ds = [° + [°, and changing variables
s — —s in the integral [°_, we see that it suffices to prove that

fomq_Squs?‘ds> 0 (5.13)

for ¢ € H, := L%([0, 00); s?ds). (We denote here by L the operator defined in (5.12) acting on
H,.) To this end, we observe that #, can be identified with the subspace H, of L?*(R?; d*z)
consisting of spherically symmetric functions. Namely, we introduce spherical coordinates
(s,w) in R® so that s* = 2 + 72 + 13, d3z = s?ds. Then the operator

T : ’Hl — ’Hz,
(s) = d(s,w) = ¢(s),

is unitary. Under this identification, L becomes an operator on H, equal to TLT*. However,
an explicit computation shows that

T;

3 .
TLT* =Y. D, 2 ¢/(s)2 Dy,
i=1 ¥ g
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which is obviously nonnegative since ¢’ = (1 + s2)~% > 0. Hence L is nonnegative.

To finish the proof of (5.11), it remains to check that

2 1
__gn _ ‘2“9”’ > Co(]. + 52)—0'—1 (514)
S

for some ¢y > 0. However, by an explicit computation the left-hand side of (5.14) isequal to
o(1+ )25+ (3 — 20)s7),

so that (5.14) holds if 0 < 0 < 3/2. O

6 Pseudoconformal identity

Let X = {¢p € H: ||¢|lx < oo}, where:

Iellx = lléllx + liredllzriar.)-

We continue to denote by (-, ) the inner product in L?(R;dr.).

Proposition 6.1 Assume that p > 3, and let € > 0. Let ¢, be a solution of (3.3) such that
Y € X. Then:

) Ts 2 € 2 P+l
[ @ (5 = Dn.) wodt < CT (Il + Il ) (6.1)

T e _ +1 +1 2 +1
[ [ drdt < CT(lal + i) (6.2)

and, fort > 1,
o 2 .

(W, (55 = Dr.) ) < CE (ol + Ioallg™); (6:3)
[ g, < Ol + Il (6.4)
(e, V(r )ty < CEF (% + ll%); (6.5)

the constants in (6.1)-(6.5) may depend on X, p, € but are independent of T, t.

Proof. Throughout this proof we will denote by C a constant which may depend on p, A, ¢
and may change from line to line, but is always independent of ¢, ¢, T'.

Let
D(t) = Do(t) + ¥ (2),

where

@(t) = ¢((Z - D,.) +V), W(t) = APyt
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Observe that:
0 < (%1, 2o(1)1) < Cllvnll% (6.6)

0 < (¢, ¥(1)yn) < Cllvn |5 (6.7)

Indeed, (6.6) is obvious from the definition of ®; and X. To prove (6.7), we will use that in
dimension 1:

9]l < Cllwlla 1 Dr. 0113, (6.8)

and that r~! is bounded, hence:

(1, Vi) SC [ [aPldr, < Clalis? [ lldr. < Cllwally

The main idea of the proof of Proposition 6.1 is to estimate

T d
(r, ©(T)br) — (o, @O)o) = [ (v, @B}t

from below. We have £ (1, ®(t)1y) = (1, DP(t)1y), where
d

Do(t) = 7 (t) + i[Hy, ®(t)].
We will also write 5
Do®o(t) = a<1>[,(t) +i[H, ®y(t))

We compute:
D®(t) = 2(o(t) +t¥) + i[H + ¥, ®o(t) + 1]

= Do®o(t) + 2 (tV) + i[H,t¥] + [T, D]

= Do®o(t) + Z(t¥) + D2, t¥] +4[¥, (% - D,.)] (6.9)
= Do®o(t) + £ (t¥) + i[¥, -1 (r.D;. + Dr.1.)]

= Do®o(t) + ¥+t 2T + r. 2= Y(r.).

We first estimate the nonlinear terms, beginning with (v, r,.ari_\ll(r*)z/ft):

I ePre = Wdr, = [, MLy B (r=p=1jy, [P+)dr,

= ) foo 9 (72p,) r=p1 |y P,
= —Me=) foo (8 (r2)r, 1 r2)r—P-ljy, PHidr,, (6.10)

= p+1 (L +f + /7 )—( Arur Py, [P dr,

Alp—1 _
- (:+1)ff°oor PH |y |PHdr,.
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By (2.1), for any & > 0 there is R > 0 such that [ain(rz)nr‘zl < A for r, < —R. Fence

-R 9 oo
[ e (b, < 28 [ g, (6.11)

provided that R is large enough. Next, égj(rz)r* is bounded for —R < r, < R, so taat:

I, dt [R | 2 (r2)ra|r = ey P+ dr

(6.12)
< C [2, dt [%, rP b |PHdr, < Cllenl[,
by (5.1); the constant C depends on R and hence on 4, but not on T'. Finally,
[m 3 (rA)r P oy [P Adr, > 0 (6.13)
R 37’, * t * — Y. .

Plugging (6.11)-(6.13) into (6.10), we obtain:

FE (e, g T (2 dt
< =A(B = 0) [T dt S PP |y dr, + Ol 1% (6.14)
= —(B3 — 6) [T (%, ¥ () + Cllvhu 13-
Next, we have
ST, St = M T8 [2, |2 (r P by [P~ 1) dr, it
= 22l Tt [0, S (r P[P+ )dr.dt

p+1

= L [T 40 (y, (o)t (6.15)
= 24 (T(r, W(T)pr) - (W, WUt} — JT (e, W (2)) ).
Combining (6.14) and (6.15), we obtain:
T, (W () + t2U(2) + 72 U (2)) ) dt
(6.16)

< 2 (T(br, U(T)or) — (vhr, W(W)en)) — e T (ahe, U (&)t + Cllhn 1%,

where ¢; = P+—1 4 satisfies ¢; > 0 if § > 0 was chosen small enough.

It remains to estimate:

Do®y = ~(2: = D) + W(r.),
where
W(r) = Vi) + eV = 2 (1= 20) ¢ 200 (g 2O (B
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We have:
W (r.)| < C(1+72)7%2

which is almost — but not quite — sufficient for the local decay estimate (5.1) to be applicable.
To remedy this, we write:

T T
/1 (Y, W(r ) ) dt < 0/1 (h, A +72)¥2p)dt < I + I,

where:
Iy = C J{ (e, x(1 + 72) 32 4y,

Iy =C [ (s, (1 = x)(1 + 12~ ) dt,

and x(r,,t) is a bounded C* function such that x=1for 1+r2<t,t>1,and x =0 for
1+ 72> 2t t > 1. To estimate I,, we use that (14 r2)~%2 < ¢t3/2 on supp ¥, hence:

46
k2 Cf1 t=*2||l|3 dt < Cllhn %,

where we also used that the L? norm of v, is constant. It remains to estimate I;. We have
for any € > 0:

ol

X(L4+72)7% = x(L4+72) (147275 S Ot (L +72) 3 S CT (L +72) 75

for 1 <t <T. Hence using (5.1) we obtain:

T
b < OT* [ (e, (L4 539yt < OT 4 .
Thus:
T T T* 2 . 2
| W Dotowdt < — [ (i, (5 - D) widdt + CT* [l (6.17)
1 1 2t

Combining (6.17) and (6.16), we find that:
(r, (20(T) + TY(T))or) — (¥, (Ro(1) + ¥(1)))
= J{ (e, DD(t)9hr)dlt
< — [T (5 — D) oyt — e ST b, (e}
+2 (T ($r, W(T)r) — (1, W(1)h1) ) + CT< || [13-
Rearranging (6.18) and using (6.6)—(6.7), we finally obtain:

(vr, @o(T)er) + 525 T(Wr, ¥(T)or)

< — ST, (5 — Dr) wodt — e ST [ e+ dr.dt (6.19)

+C(TlWall% + i)

(6.18)
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Note first that the integrands in the integrals

o 2 ]
R (5 - D,.) ydt, (6.20)
fleT—pHthpHdr,dt

are positive. Hence the left-hand side of (6.19) is bounded from above, uniformly in T, by

(TNl + wnli).

However, it is also trivially bounded from below by 0, since ®y(T") and ¥(7") are nonnegative
for all T. This yields (6.3)-(6.5). Finally, to get (6.1)-(6.2) we plug (6.3)-(6.5) back into
(6.19). This ends the proof of the proposition. O

7 Global existence and scattering theory

In this section we prove our main L* estimate on 9, (Proposition 7.1). Interpolating this
estimate with the conservation of the L? norm yields L? estimates, which will be an essential
part of our proof of asymptotic completeness. Recall that the space X was defined at the
beginning of Section 6.

Proposition 7.1 Let ¥, solve (3.83), Yo € X. Assume that A > 0 and p > 3. Then for any
e>0:

_l.. 1/4
[elloo < Cet= 5+ llnlla (1113 + 111%™ (7.1)
(This in particular vmplies global ezistence in L*™.)
Proof. ;From (6.8) we have:
[¥elleo = [1e™=*/*3tlloc < Cllellz*[| Dr. e/ 15"
= Cllellz” I — Dr. )l

< ct ol (1113 + 1wlE)
where we have used that, by (6.3),

1/4

I = Drtlle < O+l + el ) .

This proves (7.1). O

The main result of this section is the following theorem, in which we compare the nonlin-
ear dynamics associated with the equation (3.3) to the linear evolution e *#. We will state

all of our results on scattering for the case t — oo; for ¢ - —oo analogous results obviously
hold.
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Theorem 7.2 (i) (Ezistence of wave operators) Assume that p > 3(3+ V17)(= 3.56). Then
for any v, € H'(R)NLY (R), whereq =1 +; there is a 1 € Hl(R) such that if ¢ is the
solution of (3.3) with initial condition vy at t = 0, then:

||€viti{¢+ == d}t“LZ(R) — 0 ast — o0. (72)
(i1) (Asymptotic completeness) Assume that p > 4, and let Yy € X. Let ¢, be the solution

of (3.3) with initial condition v at t = 0. Then there 1s a ¥, € L*(R) such that (7.2) is
satisfied.

Observe that by Holder’s inequality:

/le‘fdr, = (,/Mz(r*z T Udr*)wz(/(r.z + 1)_2_3’?dr.)1— ;

the last integral is convergent since 2—2_‘% > 1. Hence X C LY(R) N H'(R), and (i) holds in
particular for ¢, € X

wie

Proof of Theorem 7.2. To prove the existence of wave operators (part (i)), we need to
solve the integral equation

b= gy —ix [ eIy iy, ds (7.3)
t
for a given v, € H*(R) N L%(R; r.dr.). Let

F(#)= [ e Mg pig, ds, (7.4)

t

Let X7 = L*([T, 00); LY(R)) for suitable k, ¢ which will be chosen later. We first prove that

IF(e)llxr < Colldll%y, (7.5)

with Cy independent of ¢ and T.

We will use the L9 estimates for the Schrédinger unitary group e~*# in dimension 1,
proved recently by Weder [15]: if H = D? + V(z) is a Schrodinger operator on L?(R) with
the potential V (z) satisfying [ |V (z)|(1+ |z|)"dz < oo for some v > 5/2 (which clearly holds

for V given by (3.2), then:
- 1 1
”e_thPc”B{LQ’ L) < ct 279 (7.6)

for1<q¢ <21 + = = 1. P, is the projection on the continuous spectral subspace of H;

for H=H, it follows e.g., from Proposition 4.1 that A has no point spectrum and therefore
=1
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Using (7.6) and the fact that 7=! is bounded, we estimate:

IF @)l = |1l 5 e r-r+1]g =y, dl|gar.

Lk(dt)
o (L 1y, _
<| s te— s 4Dy v+1¢ﬂ||m'<dr.)ds i "
<|lgett = s 3,2 .
t 5 siLed (dr.) Lk(dt)
p
= COH ”(b’”Lm'(d"-) ILPn(dt)’
where: 1 111 1 1 1
1+—:—+— — —=1’ _— - =1 7.8
k & n g ¢ (2 q)"C (7.8)

(at the last step we used the generalized Young’s inequality). The double norm in the last
line of (7.7) is equal to ||¢||%,. if

pn=~k, pgd =gq. (7.9)
Solving (7.8)—(7.9), we obtain:

2p+1)  _2(p-1(p+1)
p—1"~ p+3 '

g=p+1, k= (7.10)

Hence, if ¢,k are chosen as in (7.10), the mapping F is a contraction on the ball B,y =
{ll¢llx; < €}, where ¢ depends on p but not on T

Using (7.6), we obtain that for v, € L*(R) N LY (R),
“||e_itH'¢+”Lq(dr.)”Lkﬂr,m);dt) — 0 as T — 0Q,

provided that (3 — ¢)k > 1. For ¢ and £ as in (7.10), this condition is satisfied when:

34+/17

~ 3.56.
2

p>

Therefore, given a ¢, € H'(R) N LY (R), we may choose T large enough so that e‘itﬁw+ €
Be/s,r. Using a standard contraction argument, we can now solve (by iteration) the equation
(7.3) for t > T. The solution ¢(r,),t > T, belongs to X7 and solves (in the weak sense) the
differential equation (3.3) with the initial condition ¥ = e=THy, € H'(R). By conserva-
tion of energy, ¥, € H*(R) for t > T. Finally, we extend ; to all t € R by solving (3.3)
backwards (i.e., for t < T') with the initial data as above at t = T. We obtain a solution 1,
with _
ellm @ < Clle™ iy < Clbllneey

for all t € R.

Next, we claim that ]
lle®H 1y — 14 || Lo(ar.) — 0 a5 t = oo, (7.11)
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Indeed, multiplying both sides of (7.3) by e and then proceeding as in the proof of (7.5),
we obtain for £ > T

e = W llzaqar,y = AL e Hr P o [P~M)sds]| o ar.

co —(i_-1
SAft S (2 ")”@[’s“ipq'(d,.) (712)

1/¢ 1/n
(1 10l ary5)

for % + % = 1. The last line in (7.12) is bounded by Cl(t)|[1,b||”,lo, with C,(t) = 0 ast — oo,
if

< /\(ftoo s_(%_%)fds)

1 1
(5-2)>1, =k pg' =g
q
Again, it is easy to verify that one can choose &, 7 so that these conditions are satisfied.

By (7.11), e*4; converges to v, strongly in LY(R); moreover, we saw earlier that the
H' norms of €1, are bounded uniformly for all t. Hence ey, has a weak limit in LZ.
Since the L? norm of eH 1, is constant in ¢, the L? convergence is strong. The L7 limit, 1,
belongs to L?, hence the L? limit must also be equal to v,.

We obtain that:

||1/’t - 67itH¢+||L2(dr.) = ||€itH¢t - 1»b+||£,2(dr.) —+ 0,

which proves Theorem 7.2(3).

To prove (ii), i.e., the completeness of wave operators, we consider the integral equation

. 1Y t s
ey = o —id [ e Hrrtijy, iy, ds, (7.13)
0
for 1o € X. The equation (7.13) is equivalent to (3.3) with initial condition v at t = 0.

We will prove that the integral
[ e e, iy, ds (7.14)
0

is norm convergent in LY(R) for some 2 < ¢ < co (depending on p). Indeed, by (7.6) we
have:

t 5 e - ‘ ~lg—g
‘/(;“etsHT—Pths[P lwslle(R)dSS/[; § G q)HI'bSHJ[J,G'P(R)dS’

for % + % =1, ¢ > 2. The last integral can be broken up into f; + [°. Since p > 4 and
¢ > 1, ¢'p > 4, so that by Sobolev’s inequality:

1¥sll Lor» < Cllsllamwy = Cllvoll g wy-

Therefore the integral f; is bounded by:

t -1
Clivollmnem [ 54 Pds < C'livollzne,
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: 1_1
since q<1.

To prove that [/ is finite, it suffices to verify that

|95l Latrmy < Ciho) s (7.15)
for some « satisfying 5 — ¢ +ap > 1, ie,
1 3
—+ap> ;. (7.16)
q Z

We obtain (7.15) by interpolating between (7.1) and the conservation of the L? norm:

[1¥s]lL2 = ||vol|L2. Such interpolation yields (7.15) for
1 _qgp—2
a < Z(l —0) = R (7.17)

We may find an « satisfying both (7.17) and (7.16) if ¢'p + 2 > 6¢'. It therefore suffices tc
takel(q'<%if4<p<5andl<q’<2ifp25.

Let ¢, € LY(R) be the L7 limit of (7.14). Then (7.13) implies that:
€% — 9o + iXe,

The same argument as in the proof of (i) proves now that the convergence takes place alsc
in L2, Let ¥, = vy + iA¢d,, then:

L9(R) —0ast — oo.

tl_l,‘& Ilei‘”wt - ¢+“L2(R) = }i}?o (1Y — e_itH¢+HL2(R) =0.

This ends the proof of the theorem. O

Recall that H = D? + V(r,). where V(r,) is a short-range C* potential given by (3.2).
We can therefgre apply the well known results on short range scattering (see e.g., [3]) to the
evolution e~#*#. As noted before, H has no point spectrum, hence the wave operators

. 7Y s TS oV
W, = s — lim e'tHe-ttDr.
t—oo

exist and are complete (i.e., are unitary on L?). Thus for any initial condition ¢, € L*(R
there is a ¢, € L*(R) (¢4 = W}¢,) such that:

||e—itHw+ _ e—itD?-- ¢+|1L2(R) — (0 ast — oo.

Combining this with Theorem 7.2(i1), we obtain the following corollary.

Corollary 7.3 Assume that p > 4, and let i, be the solution of (3.3) with the initial condi
tion Yo € H'(R) N L*(R;r.dr,) att = 0. Then there is a ¢, € L%(R) such that:

—itDh? \
e — e7*Pr ¢ || L2m) — 0 as t — oo. (7.18
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Similarly, by Theorem 7.2(i) there is a subspace S of L?(R) (equal to W} (H n L*1/7))
such that for any ¢, € S there is a ¥y € H'(R) for which (7.18) holds.

Finally, let us reformulate Corollary 7.3 in terms of the original equation (2.1), to which
(3.3) is unitarily equivalent. Recall from Section 3 that v, solves (3.3) if and only if

ug(r,w) = U (r) = 1714 (r)
solves (2.1). Moreover, the condition ¥y € X is equivalent to:
u€H, ru€ LR x S%; r’dr,dw). (7.19)

Corollary 7.3 states that if u, solves (2.1) and the initial condition up at ¢t = 0 satisfies (7.19),
then there is a u;, € L*(R x S?%;r%dr.dw) such that:

”J'U,t - C_ﬂD'z" JU+ ||L2(R;dr.) —0ast— 00, (720)

where

J=U"1: LR x §% ridr.dw) = L*(R;dr.),
(Ju)(r) = (U tu)(r) = ru(r,w)

for radially symmetric u. (7.20) may be interpreted as follows (cf. [5], [6], [1]). All solutions
e D% Ju, of the free Schrédinger equation on the cylindrical manifold R x S? (with the
usual metric) split up into two parts, one of which escapes to the “spatial infinity” r, — oo,
the other approaches the horizon r, — —oo. Hence Ju;, where u; solves (2.1), will have
similar characteristics. However, if we return to the usual coordinates on the Schwarzschild
manifold, the waves approaching the horizon and the spatial infinity will begin to look
differently. As r, — oo, 7 ~ 7, and the asymptotic dynamics generated by J-'D2 J, is
similar to that for a free Schrodinger equation in R®. On the other hand, when r, — —o0,
T — 2M and the identification operator J is essentially a multiplication by 2M; hence the
asymptotic evolution is given by a one-dimensional Schrodinger equation. This phenomenon

seems to be typical for evolution equations on Schwarzschild manifolds, cf. [1], Section 1.
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