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Representation Theory for Q-Algebras

Gerd Niestegge

Kruener Strasse 91, D-81377 Muenchen, Germany

(3.1II.1999)

Abstract. Q-algebras provide a non-boolean logical model and have been used to study quantum
measurement, interference phenomena in quantum physics and the nature of the quantum probabilities.
Each Q-algebra can be represented on a pre-Hilbert space, thus resulting in the standard model of
quantum theory, but the representations considered by the author in recent papers involve unnecessarily
large pre-Hilbert spaces (with an infinite dimension in all non-commutative cases even if the Q-algebra
itself has a finite dimension).

In the present paper, an "optimal" representation is constructed. It uses a pre-Hilbert space of
minimum dimension, and is unique in a certain sense. A Q-algebra of finite dimension becomes
isomorphic to a finite direct sum of matrix algebras.

1 Introduction

Q-algebras have been introduced in [2]. They provide a non-boolean logical model that can
be used to investigate quantum measurement, interference phenomena in quantum physics and
the nature of the quantum probabilities.

An element E in a complex (associative) algebra <f with an involution * is called an
(orthogonal) projection if E=E* and E’=E, and an atom is a projection E with EAE=CE.

A Q-algebra is a complex (associative) algebra of with unit element I and an involution *
satisfying the following two conditions:

(a) Xedt, X*X=0 = X=0
(b) Forevery 0#Xec# there exists an atom E with XE=0."

If of is a Q-algebra, X,Yect and YXY*=AYY* with Ae C, X is said to be statistically
predictable under Y; ) is called the expectation value of X under Y and is denoted by E (XY).

' This definition is equivalent to the one presented in [2], which has been shown in [3].
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This is a new type of expectation value very different from the one familiar from
Kolmogorovian mathematical probability theory. The interpretation of A as an expectation value,
however, is justified from quantum physics at least if Y is a projection or the product of a finite
number of projections. For a projection E, [E (X|E) is the expectation value of X after a
measurement with the outcome E. For a finite number of projections E\,...,.E,, E(X |E 1Ey . Ep) is
the expectation value of X after a series of measurements with the outcomes E},E3,...,E, and
depends on the order of the different measurements if E},E;,...,E, do not commute among each
other?),

If E is an atom in the Q-algebra 4, then every Xecf is statistically predictable under E and

the expectation value E (X]E) exists for all Xec£. Then:

e [E(XE)e R for Xect with X=X* and
o JE (X*XE)>0 for all Xedt.

As shown in detail in [2], this simple purely algebraic model is already sufficient to study the
quantum physical measurement process and typical quantum phenomena like indeterminism and
interference, revealing the non-Boolean character of these phenomena.

Each Q-algebra has a representation on a pre-Hilbert space bringing us to the standard model
of quantum physics, but the representations considered in [2,3] involve pre-Hilbert spaces that
seem to be unnecessarily large. With the representation constructed in [2] the dimension of the
pre-Hilbert space can not be lower than the cardinality of the set of atoms in the Q-algebra which
is infinite for each non-commutative Q-algebra. Therefore the algebra of all 2x2-matrices would
be represented on an infinite-dimensional space although, of course, a representation on a 2-
dimensional space is possible as well.

In the present paper, we search for "optimal" representations taking the representation theory
of C*-algebras as a model'" which is possible only to a certain extent. The representation of C*-
algebras are constructed using states while atoms are used with Q-algebras. The representation
theory of Q-algebras turns out to be much simpler and more basic than the one of C*-algebras,
and we do not need to make any use of C*-algebra theory.

2 General representations

Let % be a pre-Hilbert space. Then let L(#) denote the space of those linear operators X
from 4 to & for which an opertor X* from Z’ to A exists with

(n|x2)=(x"n|e) forall n,t .

The mapping X—X* provides an involution on L(Z), and L(#) is a Q-algebra with the atoms
being the orthogonal projections on the one-dimensional linear subspaces of . If 4’ is complete
(i.e. a Hilbert space), every element from L(#) is a bounded operator and L(#) coincides with
the algebra of bounded linear operators on 7. If dim#'=n<w, L(#’) coincides with the algebra of
nxn-matrices.
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Definition 1: Let of be a Q-algebra.

(i) A representation Il of ot on a pre-Hilbert space 70 is a homomorphism T1:cA—>L(70) witt
TIX)=T1(X) for all Xet.

(i1) A representation I1 of of on a pre-Hilbert space 76 is called irreducible if each linear
subspace of 7 that is invariant for I1(c#) equals either 76 or {0}.

(iii) Two representations I1, and T, of ot on the pre-Hilbert spaces %0, and %, are callec
equivalent if there is a linear bijection T:7,—> 76, with

TI'I,(X)zl'Iz(X)TforaII Xed.

They are called unitarily equivalent if, in addition, (Tn | Té) <n|§> Sforall n,&ed,.
Lemma 1: [f a representation Il of a Q-algebra o# on a pre-Hilbert space 7. is irreducible, ther
the dimension of T1(E)Z equals 1 or 0 for every atom E in oA.

Proof: We assume that there is an atom £ in of such that II(E)# contains two orthogonal non-
zero vectors n,&. The linear subspace I'l(c#)n is invariant for I1(cf) and contains n, but does noi
contain ¢ since

((x)n &) = (1 X)) E)n| I E)E) = (T EXE) |€)

= E(XIEXT(E)n|e)= E(XIE)n|g)=0
for all Xec#. Thus I is reducible. O

3 Representations resulting from atoms

With each atom E in a Q-algebra c#, a representation []z of of can be associated in the
following way. The pre-Hilbert space ¢ is the left ideal o#E with the scalar product

(Y12):= E(Y"ZIE) for Y,ZeHe=ctE

and, for Xedt,
Iz (X)Y = XY for YeX=ctE.

Lemma 2: (i) [1g is irreducible for each atom E in a Q-algebra oA, and T1(ct) is a Q-algebra.

(i) If I1 is any irreducible representation of a Q-algebra ot on a pre-Hilbert space 7 with
[I(E)#0 for an atom E in oA, then 11 is unitarily equivalent to I1g.

(iii) If dim(cAE)=n<w for an atom E in a Q-algebra o#, then T1g(ct) is isomorphic to the algebrc
of nxn-matrices.

Proof: (i) Let £ be an invariant subspace of Zi;=c#E with 0#Yed. Then XYe 4 for each Xect
Now let Z be any element from #'g=-E. For

1 *
Fimm—g—= I}

E(Y'YiE)
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we get:

1 "
GsVY=—r——2ZV"Y= ZEY'YE=ZE=2Z.
E(Y mz)

1
E(r'1iE)
Thus #g=¢, and we have shown that [1g is irreducible. Now we prove that Ilgcf) owns
sufficiently many atoms. I[1(F) is an atom in ITg(cf) for each atom F in o with I1g(F)=0. If
Xedof such that IT(X) [1g(F) = 0 for all atoms F in #, then

0=(0 (O (F)) =M1 g(Fx") for all atoms Fin ot
FX"Y =0 for all atoms Fin cf and YeAE

Y XF =0 for all atoms F in of and YeAE
Y'X=0 forall YecdE = X Y =0 forall YeAE

= 0=M,(x")=(g(x) 20=T14(X).
(ii) We select nell(E)% with |n|=1 and define T:AE—7 via TY:=TI(Y)n for YecAE. T is

linear. Since I(c#)n is invariant for IT and 0#nell(cA)n, [1(c£)n must equal % because of the
irreducibility and thus T is surjective. For X,YeAE, we get:

UV

X'Y=EX'YE= E(X"YE)E
and then
(TX|TY) = (T(X)n|11(Y)n) = <n|“(X‘Y)">

= E(X"YE)n|(E)n)= E(x"HE)=(xX|1).

Furthermore for all Xec and YecAE: TT1(X)Y = TXY = [I(XY)n = [I(X)[1(})n = TI(X) 7Y .
(iii) [1g(c#) is isomorphic to a subalgebra of the nxn-matrices, and it is therefore sufficient to
prove that dim [1g(c#) 2 n*. Let Y,,...,Y,, be an orthonormal basis of <#E. Then

) ) ) E fork=1
Y, Y/=EY, VE= E(Ykn’E)Ez(Yk‘)f')E:{o for k=1

and hence
vy YJ fork=1
RNl 0 0 fork 1

J
such that I'IE(YJ-Y,:), j=1,...,n, k=1,...,n, are linearly independent in [ [(c#). O

Now we introduce an equivalence relation ~ on the system of atoms in a Q-algebra, which
will later help us to construct the "optimal" representation.

Definition 2: Two atoms E and F in a Q-algebra ot are said to be equivalent (E~F) if the
representations [1g and I1r are unitarily equivalent.
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Lemma 3: The following conditions are equivalent for two atoms E and F in a Q-algebra o#:
(1) E~F (i.e. the representations Tg and I are unitarily equivalent).

(i) The representations I1g and T are equivalent.

(iii) Tz (E) # 0.

(1v) There exists an X in oA with EXF=0.

(v) There exists an Y in ot with E=Y*FY.

(vi) There are XY in oA with E=XFY.

Proof: The implications (i)=(ii) and (v)=>(vi) are trivial.

(ii)=>(iii): Let T:AE—cAF be the linear bijection with TTI(X)=T1(X)T forall X ecf.
Then I'IF(E) # 0 since l'IE(E) #0.

(iii)=(iv): I1;(E) # 0 means that there is XecfF with 0 1z (E) X = EX = EXF .

(iv)=>(v): EXF#0 = 0 (EXF)" = 0# EXF(EXF)" = EXFX'E = E(XFX‘!E)E. With

¥ 1 *
r:= E(XFX'|E)>0 and v==X'E,

. 1 .
we then get: Y FY=XEXFX E=E.
(vi)=(i): E=XFY. Then

E=XFYE = FYE#0 = EY*F#0 = 02FYEY*F= [E (YEY*F)F = \:= E (YEY*F)>0.

We now define T:cAE—>AF via

T(2)= :/lf ZY*F.

We get for V,ZeAE:

(T(V)|7(2)) = E(FYV‘ZY“F|F)=% E(YEV'ZEY'|F)

1
A
£

~ E(v°ZIE) E(vEY'|F)= E(V"ZIE)=(V|2).

This implies that 7 is injective. We still have to prove that it is surjective. For VecfF we define
ZedAE as
1 1
Z2:=——=VYE=—=VFYE.
N Y
Then:

1 .
T(Z)=XVFYEY F=FV=V.0O

Two atoms that are not orthogonal are equivalent (this follows fromLemma 3 (iv)), or two
atoms that are not equivalent are orthogonal (but, of course, orthogonality does not imply non-
equivalence).
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Two atoms in a commutative Q-algebra are equivalent if and only if they are identical (since
two commuting atoms are either equal or orthogonal and, in the second case, Lemma 3 (iv)
excludes that they are equivalent).

In the Q-algebra L(#) with a pre-Hilbert space 4, all atoms are equivalent among each other
since, if the two atoms E and F are the orthogonal projections on the one-dimensional linear
subspaces generated by the normalized vectors 1,£ e, then the operator T

T %> %, Ty:= <§| \p)n
belongs to L(#) and

T*y =(n|y)§ and T"ETy = (£|w)T"n=(&|w)t = Fy

for all we. Particularly in the algebra of all bounded linear operators on a Hilbert space or in
the algebra of nxn-matrices, all atoms are equivalent among each other.

Theorem 1: For a Q-algebra A with finite dimension are equivalent:
(1) ot is isomorphic to a matrix algebra.
(i) E~F for each pair E,F of atoms in cA.

Proof: (i) = (ii): see above. (ii) = (i): Applying Lemma 2 (iii) it is sufficient to show the
injectivity of Iz for an atom E in 4. For 0=Xecf there is an atom F with XF#0, and since E~F,
there is Yecf with F=Y*EY. Then: 0£XF=XY*EY = 0£XY*E=TI{X)Y*E, i.e. [1I(X)=0. O

Theorem 2: Each finite-dimensional Q-algebra oA is a finite direct sum of matrix algebras.

Proof: Since orthogonal atoms are linearly independent, the number of equivalence classes of
atoms is n<co, and a maximal set of pairwise orthogonal atoms in each equivalence class is finite.
Let Ex, k=1,...,m;, be a maximal set of pairwise orthogonal atoms in the ;™ equivalence class
(1<j<n) and define

y
k=1

Then, D; (1<j<n) are projections with D,D;» = 0 and DXD;- = 0 for j#' and Xect. This follows
from E4XE; = 0 for all k,k' (Lemma 3 (iv)). Since furthermore

Zn:Dj =1,
J=1

we get: A =@ D;ctD;.
j=1

Now apply Theorem 1 to each DcAD;. Each atom F in DctD; is equivalent to Ej since,
otherwise, F would not be equivalent to any Ey, k=1,...,m;, F would thus be orthogonal to each
Ej, k=1,...,m;, and therefore orthogonal to D, contradicting FD=F=0. [
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The dimension of a pre-Hilbert space #; is the cardinal number of a maximal orthonormal
family of vectors in A.

Lemma 4: Let ot be a Q-algebra and E an atom in 4. The cardinal number of a maximal set of
mutually orthogonal atoms in the equivalence class of E equals dim(cAE).

Proof: Let QO denote a maximal set of mutually orthogonal atoms in the equivalence class of E.
For each FeQ) there is Xpect with FXpE#0 (Lemma 3 (iv)). Then EXg FXgE#0 and
E (Xr FXAE)>0. We will now prove that

1

JE(x7Fxf|E)

{O"FFXFE|F€Q} with az:=

is a maximal orthonormal family of vectors in AE. We get for Fj,F2eQ:

0 forFi#F
|1 forF=F

Now we assume that 0=Ye#E exists with YL {FX rE|F € Q} . Then

1

DFWYEY

is an atom (cf. [3]) with D~E (Lemma 3 (v)) and for all FeQ:

0=(r

FXpE)= E(Y'FX E|E)=0=EY"FX;E= DFX;E=0.

Since F~E, there is an element Z in 4 with F=Z*EZ (Lemma 3 (v)). Hence
0=DZ*EZXrE= [E (ZXAE) DZ*E.

From 0£FXpE=Z*EZXrE= E (ZXHE) Z*E we get [E (ZXAE) #0. Therefore DZ*E=0 and ﬁnal[ly
DF=DZ*EZ=0. Thus, D is an atom that is equivalent to £ and orthogonal to all Fe(, which
contradicts the maximality of Q. O
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4 Automorphisms

An automorphism of a Q-algebra o is a linear bijection 0:cf —cA with 8(XY)=0(X)0(Y) and
O(X*)=6(X)* for all X Yect. The group of automorphisms of a Q-algebra of is denoted by
Aut(A).

An automorphism 0 maps atoms to atoms with E (6(X)|0(E))= E (X|E) for each atom E and
Xedd.

Lemma S: (i) If © is an automorphism of a Q-algebra o# and E,F are atoms in ot with 8(E)~F,
then Tl o0, which is a representation on Zor as well, is unitarily equivalent to Tlg.

(ii) If © is an automorphism of a Q-algebra o and if E is an atom in ot with O(E)~E, then there
exists a unitary element U in L(#ig) with T15(0(X))=UII(X)U* for all Xedt.

Proof: (i) Since 8(E)~F, Ir and Ig are unitarily equivalent. Then 16 and Tlgg) 26,
which are representations on <#F and #8(E), respectively, are unitarily equivalent as well. On
the other hand, with
U:AE - A0(E), UY:=0(Y),
we get
UIl ¢ (X)Y =6(XY) = 8(X)8(Y) =g £ (8(X))U(Y)

for YecAE and Xec such that ITg ) o0 is unitarily equivalent to Ilg. Therefore Il 00 is

unitarily equivalent to [g.
(i) Apply (i) with F=E. O

Each unitary element U of a Q-algebra o# (i.e. U*XU=UU*<1) defines an automorphism
Ouedut(cA) via 8 (X):=UXU* for Xect, and OcAut(ct) is called an inner automorphism if a
unitary element Uect exists with 6=6.

Corollary 1: Every automorphism of the Q-algebra L(70) with a pre-Hilbert space 4 is inner.

Proof: Applying Lemma 5 (ii) and having in mind that all atoms are equivalent in this case, it is
sufficient to show that the trivial representation of L(#)) on % is unitarily equivalent to I1g for
some atom E, and due to Lemma 2 (ii) it is sufficient to prove its irreducibility. The irreducibility
immediately follows from the fact that there is an XeL(#) with Xé=n for each pair of vectors

EneA with ££0. X can be defined as X(y):= (§| w)n foryed. O
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S The "optimal'" representation

Different representations of a Q-algebra have been considered in [2,3], but the pre-Hilbert
spaces involved with them seem to be unnecessarily large. The representation of an atom is an
orthogonal projection, but the dimension of the range of this projection is higher than one (indeed
infinite in many cases).

We are now interested in a representation that maps atoms to orthogonal projections with
one-dimensional range. We first note that all such representations are injective.

Lemma 6: A representation I1 of a Q-algebra ot on a pre-Hilbert space % such that I1(E)=0 for
each atom E in oA is injective.

Proof: For each 0£XeA there is an atom E with XE=0. Then
02EX*XE=E (X*X|E)E
= 0+ FE (X*X|E) and

0+ E (X*X|E) TI(E) = [T( E (X*X|E) E) = TI(EX*XE) = I1(E) [1(X*) T1(X) T1(E)
= 0=I1(X). O

For a family of representations I, of a Q-algebra £ on pre-Hilbert spaces &, (a€J) the
direct sum is defined as follows: The linear space

() e &, forall o € Jand &(a) # 0 only for a finite number of o € J

® ?6&:={§:J—> U
aeS ae

becomes a pre-Hilbert space with the scalar product:

(&1]82)= 2 (81(0)]22(2)).

ae)

The direct sum @ I1_ is the representation of of on @ #, defined via
ae/ ael

(@ I'Ia)(X):= ® I1,(X) for Xect.

aet aet

%HG(X) maps & ton with n(a):=TT1, (X)&(a).

Definition 3: A Q-algebra oA is said to be of type ® with a cardinal number o if the cardinal
number of every set of mutually orthogonal atoms in o does not exceed o and if there exists a
set of mutually orthogonal atoms in c£ with cardinal number o.
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Theorem 3: For each Q-algebra ot there is a representation Il on a pre-Hilbert space 7
satisfying the following conditions:
(1) II(F)A is one-dimensional for each atom F in of, and 70 is the linear hull of

U n@z.

all atoms
Findt

(i1) dim# equals the type of A.
(iii) For each O € Aut(cA) there is a unitary element Uy in L(%) with

TI(6(X))Ug = UpI(X)
Sfor all Xedd.

(iv) Each representation IT' on a pre-Hilbert space #0' such that TT'(F)Z' is one-dimensional for
each atom F in oA and &' is the linear hull of

U ez
all atoms
Find

is unitarily equivalent to T

If Q is a set of atoms containing one and only one atom out of each equivalence class, then I1
can be defined as

[T:= @ Ilg.
EeQ
Proof: (i) For Q and IT as above and for an atom F we have to show that I1(F) has a 1-
dimensional range. Since Iz (F) =0 for all atoms E€ that are not equivalent to ' (Lemma 3
(iii)), it is sufficient to consider 1, (F) with E~F. The range of I1;(F) has dimension 0 or 1
(Lemma | and Lemma 2), and since I1(F)#0 (Lemma 3), the dimension must equal 1.
For each {e 4 there are finitely many E,,...,E,€Q such that £ has the shape

- _ 0 for Q> E#E,
é=,¢Z=:.&" with &, () = Y, eAE, forQs>E=E;.

For £20 we get Y, E=Y,#0, and

Fp:= Y,EY,

£l
is an atom in of with &, €I1(F, )% since Fi&,(E)=0=E,(E) for E=Ei,
1

Fkék(Ek)szYk =FkY:kEk ::E'(——

- Y E Y GEy = E; =Y =&, (Ex)
¥ YklEk)

and hence

((F e XE) = Fit o (E) =& 4 (E) for EeQ,ie. T(Fy Jox = -
(i) This follows from Lemma 4, taking into account that atoms that are not equivalent are
orthogonal.
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(iii) We define j:Q—Q such that j(E)~0(E), i.e. j(E) is that representative out of the equivalence
class of O(F) that has been selected for Q. Then we get from Lemma 5 (i) that I1 AE) ° 6 and

I1 g are unitarily equivalent representations, i.e. there is a linear bijection Tg:#;5—#r with
T, I, (6(X)) =TI, (X)T, forall X ect and
(TEnI TE§> = (n|E_,) forall m,§ e?ﬁj(b-)

for each E€Q. We now define Vj as follows:

VB:E%?GE - E%;r:g, Vol(E):= TeE(J(E)).

Since j and the T (E€Q) are bijections, Vj is a bijection. Furthermore:

(Von|Ve&) = > (Ten(H(E))| Tee(EN) = Y. (n(i(E))|e(i(E)))

Ee EQ
= L n(E)E(E))=(nlg) for nte @ 7

EeQ

and for XedA:
(V. II(X)ENE) = 7,11, (X)E((E)) = 11 (67 (X))T,E((E))
=(0(e~ (X)W, (E) for each E e Q& € © T,

ie VpIl(X) = I‘I(E)_l (X))Ve. Finally, we replace X by 6(X) and define Uy:= Ve-l .
(iv) For each E€Q we select ng e[T'(E) A" with ||nE" =1, and we define for {e #:

Te= ) IN(EE)ng €X'
EeQ

£(E)=0
T is a linear mapping from 2’ to A Furthermore for §,,£, €4 and E,Fe{:

£1(E) &1(E) = B2, (E) &, (E)E = E(5,(E) &, (E)E)E=(,(E) &2 (E))E
and
£ (E)'&,(F) = E& (E) &,(F)F = 0 for E#F

(E and F are not equivalent, and use Lemma 3 (iv)), hence
0 if E# F

(n'(él(E))nEln'(gz(F))ﬂF)=<TIE1”((51(5))‘@2(”)‘#)={<§i(5)|€2(5)) if E=F

(I'I'(E)nE =7g and ungnzl)and therefore (T‘é, ‘7&2>=(§1 |E_,2).
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To prove that T(A)=A'" it is sufficient to show that there is a Ee% with TE=n for each
0#n elT'(F)#' with an atom F in £. There is one and only one atom D in Q with D~F and Yecof
with FYD=0 (Lemma 3 (iv)). We now define 0#£e via:

£(E): { 0 forE# D

“\FYD forE=D.
Then
0# 7€ =IT'(FYD)np =IT'(F)IT'(YD)n p = an

1
with Ozae € since dimIT(F)#'=1, and finally T(a &) =1.
We will now prove that TTI(X)=IT'(X)T for all XecA. Let Ee .

IT(X)T%:=1T'(X Zn (E))ng = Zn (E))ng = TT(X)E. O

F,( E)¢0 &,( E)#O

With an injective representation of a Q-algebra of on a pre-Hilbert space 7, the dimension
of 40 can not be lower than w if ¢4 is of type w. Thus the representation of Theorem 3 uses a pre-
Hilbert space of minimum size. Furthermore, part (iv) of Theorem 3 means that this
representation is unique in a certain sense.

6 Conclusions

The above Theorem 3 yields a representation of a Q-algebra c# on a pre-Hilbert space such
that each automorphism of </ can be expressed via unitary operators on the pre-Hilbert space, but
the map from the automorphisms to the unitary operators need not be a group homomorphism.
This is a major difference to the representation constructed in [2] where this map is a group
homomorphism. Nevertheless, the representation of Theorem 3 is superior since it owns
interesting properties (pre-Hilbert space with minimum dimension, uniqueness) that the one
constructed in [2] does not provide.
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