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Boundary Values of Regular Resolvent Families

by

Anne Boutet de Monvel, Vladimir Georgescu, and Jaouad Sahbani

Institut de Mathématiques de Jussieu, UMR 7586, Physique mathématique et Géométrie,
Université Paris 7, case 7012, 2 place Jussieu, F-75251 Paris Cedex 05

(1.XII1.97)
Abstract.

We study properties of the boundary values (H — A £ 10)~! of the resolvent of a self-
adjoint operator H for A in a real open set {2 on which H admits a locally strictly conjugate
operator A (in the sense of E. Mourre, i.e. o(H)*[H,iA]¢(H) > a|e(H)|? for some real a > 0
if ¢ € C§°(£2)). In particular, we determine the Holder-Zygmund class of the B(&; F)-valued
maps A — (H —A+1:0)"! and A — II.(H - A £:0))"! in terms of the regularity properties
of the map 7 — e *47He'4™. Here £, F are spaces from the Besov scale associated to A and
I, are the spectral projections of A associated to the half-lines £z > 0.

1 Introduction

1.1

Let H be a self-adjoint operator in a (complex) Hilbert space H. We denote o(H) the
spectrum of H and for 2 € C\ o(H) we set R(z) = (H — z)~!. The boundary values
“limy 10" R(A £ip) = R(A£140) and their regularity properties as functions of the spectral
parameter A\ € o(H) play an important role in many areas of mathematical physics (for
example in quantum scattering theory, where H is the hamiltonian of a physical system
and A its energy). Such kind of problems have been studied by many authors, in particular
Povzner, Kato, Kuroda, Agmon, Hérmander, etc. (see chapter 14 in [H] and also [BD], [K],
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[RS], [Y] and the references therein). The limit “lim,_.4o”, if it exists, is taken in a suitable
space (and for a suitable topology) which may depend on the problem. A common procedure
is to choose Banach spaces £, F with dense embeddings £ C H C F, thus identifying B(H)
with a subspace of B(E;F), and to take the limit for some natural topology on B(E;F).
This procedure is quite efficient in many concrete situations but it has the drawback that
the choice of the space £, F and the techniques used in the proof of the existence of the
limit are ad hoc. The abstract schemes which were proposed before the eighties had, in
general, a perturbative character, and so they did work only for rather limited classes of
hamiltonians. This partly explains the fact that there was a rather complete theory for
short-range perturbations of constant coefficients partial differential operators, while the
theory in the case of long-range perturbations or N-body hamiltonians was in a much less
satisfactory state.

The situation improved significantly with the paper [M1] of E. Mourre, where the no-
tion of comjugate operator was introduced. Roughly speaking, a self-adjoint operator A is
conjugated to H on an interval J if there exist a strictly positive real number a and a com-
pact operator K such that E(J)[H,iA|E(J) > aE(J)+ K, where E is the spectral measure
of H. We ignore for the moment the regularity conditions that the couple (A, H) has to
satisfy; these are, in fact, conditions on the map 7 — e *4"He'A™ and are quite important
in the theory. The results of Mourre in this context may be considered as a far reaching
generalization of those of C.R. Putnam and T. Kato concerning couples of operators with
a positive commutator, while his techniques are strongly related to the theory of dilation
analytic Schrodinger operators due to J. Aguilar, E. Balslev and J.-M. Combes. One may
find an account of Mourre’s theory in (essentially) its original form in [CFKS]. The main
feature is that it gives a systematic (and simple) procedure to construct the spaces &, F
once a conjugate operator is known. For example, one may take £ = D(A), the domain of
A equipped with the graph norm, and F = D(A)* (the adjoint, or anti-dual space). On the
other hand it is quite easy to construct conjugate operators for large classes of hamiltonians
(like pseudo-differential operators or systems of operators, N-body Schrodinger hamiltoni-
ans, etc.). One may find interesting examples in the references listed at the end of this
article, but one should consult [CFKS], [ABG] and the references there in order to get a
correct perspective about the possibilities of the theory.

1.2

The version of the “conjugate operator method” that will be considered in this paper has
been introduced in [BG2| (see also [BGSo]). It has the advantage that only the resolvent
operator R(z) (and not H) is involved in the regularity conditions that the couple (A4, H)
has to satisfy. This allows one to treat very singular hamiltonians: the operator H need not
be densely defined and the closure D(H) of its domain D(H) need not be stable under the
unitary group generated by A (N-body hamiltonians with strong interactions belong to this

category, see [BGSo]).

Let { R(2)}:ec\r be a self-adjoint resolvent family in H, i.e. a family of bounded operators
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R(z) € B(H) such that R(z;) — R(z2) = (2, — 2z2)R(21)R(22) and R(z)* = R(Z). The
range of R(z) is a subspace of H independent of = and, if we denote by P the orthogonal
projection of H onto the closure of R(z)H, there is a unique self-adjoint operator H in the
Hilbert space PH such that R(z) = (H — z)"!P. In the rest of the paper an operator
like H will be just called self-adjoint (in H); if P = 1 we shall say that H is a densely
defined self-adjoint operator. For any bounded Borel complex function ¢ on RU {c0} we set
¢(H) = ¢(H)P + ¢(c0)(1 - P).

Now let A be a densely defined self-adjoint operator in H and let us set W, = ™4, The
family {R(z)} (or H) is of class C*(A) if the map 7 — W}R(z)W, € B(H) is Lipschitz
for some z € C\ R. If this is the case D(A) N D(H) is a dense subspace of D(H) (for the
graph topology) and the sesquilinear form [H,A] = HA — AH defined on D(A) N D(H)
by the expression (Hf, Ag) — (Af, Hg) is continuous for the topology induced by D(H).
We denote by A[H] the unique continuous sesquilinear form on D(H) which extends [H, A]
and observe that ¢(H)iA[H|¢(H) is canonically identified with a continuous (everywhere
defined) symmetric operator in H if  is a real function in C§°(R).

If H is of class C'(A) we denote by i*(H) the set of X € R such that there exist a real
function ¢ € C§°(R) with ¢(\) # 0, a strictly positive number @ and a compact operator
K in 'H such that p(H)iA[H)p(H) > ap?(H) + K. And p*(H) is the subset of those \ for
which the preceding property holds with X = 0. So i(H) is the set of all real points that
have neighbourhoods on which A is conjugated to H. Clearly u(H) and i*(H) are open
real sets with u*(H) C i (H) and it can be easily shown that they differ very little. Indeed,
a4 (H) \ p*(H) is a countable set consisting of eigenvalues of H of finite multiplicity, and
it does not have accumulation points inside i”*(H). The operator H has no eigenvalues in
pA(H). Note that in quite general situations it is rather easy to describe i*(H) explicitly,
because this set is stable under a large class of perturbations; but this is not the case for
ph(H).

We expect that H has nice spectral properties in the set u*(H), e.g. that it has no
singularly continuous spectrum, but this has not yet been shown. What is certain is that the
regularity class C*(A) is too weak to assure the validity of the so-called limiting absorption
principle for {R(z)} in spaces of the Sobolev scale associated to A (see Chapter 7 in [ABG]
for a detailed discussion of this problem).

A minimal (on the Besov scale) regularity condition under which estimates of the form
I(fy ROA+ip) f)| < C(A, f) < oo hold for each A € u#(H) and each f € N3, D(A™) has been
isolated in [BG1]. Resolvent families which fulfill this condition will be called regular. More
precisely, we say that {R(z)} is an A-regular resolvent family if for some z the following
condition is satisfied:

1
f (Wi R(2)War — 2W? R(2)W, + R(2)||r2dr < 0.
0

Let K be the space of vectors f € H with [§ |[|W.f — fl|7=%%dr < oo equipped with
the natural topology, so that K is continuously and densely embedded in H. We identify
K € H ="H* C K*, in particular B(H) C B(K;K*). Set C. = {z € C | £Imz > 0}. If
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{R(2)} is an A-regular resolvent family which has a spectral gap (i.e. c(H) # R), then the
holomorphic maps Cy 3 z — R(z) € B(K;K*) have weak* continuous extensions to the sets
C+ Up?(H). This result has been proved in [BG2] (see also [ABG] and references therein).
Results of the same nature, but with stronger regularity hypotheses on H, have been proved
in [M1], [PSS], [JP]; see [CFKS] for a survey.

Our purpose in this paper is to study, in the framework of the preceding theorem, the
operators R(A£i0) = w*-lim, ..o R(A£ip) € B(K;K*), with A € u*(H), and the regularity
properties of the maps A — R(\ £0) when considered as B(&; F)-valued, with £, F spaces
from the Besov scale associated to A. We shall state these regularity properties in terms of
Holder-Zygmund spaces, which gives at the same time natural and optimal results.

1.3

We begin with the definition of the Holder-Zygmund classes A%, a > 0 real. Let E be a
Banach space and ¢ : R — E a bounded continuous function. If 0 < & < 1 then ¢ is of class
A if there is a finite constant ¢ such that ||¢(z + €) — ¢(z)|| < clg|® for all z,e € R. ¢ is of
class Al if ||¢(z + €) + ¢(z — €) — 2¢(z)|| < cle| for a constant ¢ and all z,e. Note that A
is Zygmund’s class of “smooth” functions and is sensibly larger than the class of Lipschitz
functions (of order 1). If @ > 0 is arbitrary, write « = k + o where k e Nand 0 < ¢ < 1.
Then ¢ is of class A% if its derivative of order & is of class A?. If {2 is a real open set and
o : Q2 — E, we say that ¢ is locally of class A% if 8¢ is of class A for each 8 € C§°(2).

One may define classes AP, with a > 0 real and 1 < p < o0, by a natural extension
of the preceding procedure, see §2.1. We mention only two facts, namely A® = A** and
ASP ¢ A" if and only if s > t or s = ¢t but p < q. The classes A*? are convenient for
a unified presentation of some Besov type spaces of vectors and operators associated to A.
Let s be a strictly positive real number and let 1 < p < co. Then H;,, is the set of vectors
f € H such that the map 7 — W.f € H is of class AP. And C*P(A) is the set of operators
S € B(H) such that the map 7 — W*SW, € B(H) is of class A*P. We shall say that a
resolvent family is of class C*P(A) if one of the operators R(z) is of class C*P(A). Then the
resolvent family is A-regular if and only if it is of class C1'(A).

It is possible to extend the scale Hs, to s < 0, see §2.2 (we do not need the classes
CP(A) for s £ 0). We mention the following facts. Each space H,, has a natural Banach
space topology such that if s > t or s = ¢ and p < ¢ then H;, is continuously embedded in
Heq. If ¢ < oo then this embedding is dense. The space H is assumed to be identified with
its adjoint space H* with the help of the Riesz isomorphism. Let Hoo = N2, D(A™), then
Heo C Hsp for all s,p and, if we denote Hg, the closure of Hee in Hyp, then HS, = Hsp if
p < 00. One has canonically [HS ]* = H_;, p/, where 1/p+ 1/p' = 1. For real s > 0 we have
H.2 = D(AP).

In the next two theorems we state the main results of this paper. Note that in these
theorems the resolvent family {R(z)} is at least of class C''(A), so it is A-regular, and
that we always assume that it has a spectral gap (i.e. ¢(H) # R), so that the operators
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R(A £ i0) are well defined elements of B(K;K*) if A € u?(H) (according to the results
described in §1.2). Moreover, one has K = H,/1, and so K* = H_j/2. If s > 1/2 then for
all p, g € [1, 00] we have H,, C K continuously and densely and K* C H_,, continuously, so

we have a canonical continuous embedding B(K; K*) C B(Hs,; H-s,) and we may consider
A= R(A£140) as B(H;p; Hosq)-valued functions with domain p*(H).

Theorem A. Let {R(z)} be a resolvent family having a spectral gap.

(a) If {R(2)} is of class C5*Y/2(A) for some real s > 1/2, then the maps A\ — R(A£i0) €
B(Hs,00; H-s1) are locally of class A5~ on u?(H).

(b) Assume that {R(z)} is of class C**V/21(A) for a real number s such that s — 1/2 is
an integer > 1. Then the maps A — R(A £1i0) € B(Hs1; H_s0) are of class C*~V/% in the
weak* topology and their derivatives of order k =0,1,2,..., s —1/2 are given by

dk
Y = L Bl - Ykl
I\ R(\ £140) #h_}BOA.R(A e 4T,

where the limits exist weakly* in B(Hs1; Hos o), locally uniformly in A € u(H).

The weak™ topology we refer to in part (b) above is, of course, determined by the iden-
tification H_;s o = [Hs,1]*. Clearly one can reformulate part (b) in an apparently stronger
form: the holomorphic functions C+ 3 z — R(z) € B(Hs1; H-s0) extend to functions of
weak* class C*~Y/2 on Cy U ™ (H). Similarly, part (a) says that the holomorphic functions
Ci 3z R(z) € B(Hs00; H-s1) extend to functions locally of class A*~Y/2 on C. U puA(H)
(the local A* classes have an obvious definition for functions defined on manifolds with
boundary, like Cx U u®(H)). When we speak about the A® class of a map with values in
B(&;F), where £, F are Banach spaces, we have in mind the norm topology of B(&;F).
However, due to the uniform boundedness principle, we get the same class if we consider on
B(E; F) the weak {or weak*, if F = G*) topology.

The assertions of Theorem A are optimal on each of the scales C*9(A), H;, and A%,
A detailed discussion of this question may be found in [BGSa2] and [BG3]; see also §1.4
below. Under stronger regularity conditions on the operator H the continuity properties of
the maps A — R(A £1i0) € B(Hs2; H_s2) have been studied before in [PSS], (W], [JMP]
(see also [ABG]). In [W], for example, it is shown that this map is locally A* with a =
(s—=1/2)(s+1/2)"! and 1/2 < s < 1. In [JMP] similar results are obtained in the region
s > 1. In [BG3] a slightly weaker version of part (a) of Theorem A has been proved.

If A is a spectral value of H which belongs to u#(H) then R(\ £ i0)Hi/21 C Ho1/2.00
and this assertion is optimal on the Besov scale: indeed, R(\ £ i0)H is not included in
H?, /s In general. Roughly speaking, the vectors of the form R(A +140)f do not decay at
infinity in the spectral representation of A. However, simple examples, like those treated in
§1.4 below, suggest that there should be an asymmetry between the behaviour in the region
where A — +o00 and that where A — —co. More precisely, a vector like R(A+10)f does not
decay in the region A — +co but behaves quite well as A — —co. The first general result of
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this nature has been obtained in [M2]; see [JMP] and [J] for refinements. Our next theorem
is an optimal result along these lines.

We denote II. the spectral projections of A associated to the intervals +[0,00). Note
that II+ induce bounded operators in each space H;,, so the products II- R(A £:0) are well
defined. On a space of the form B(H,p; H.,) we shall consider, besides the norm topology,
the w-topology, which is defined by the family of seminorms T — |(g, T f)| with f € H,,
and g € H_yy (1/q+1/q' = 1). It can be shown that B(H;,; H.,) is sequentially complete
in the w-topology (see §2.6 in [BGSa2]).

Theorem B. Let {R(2)} be a resolvent family with a spectral gap and of class C3T1/2P( A)
for some real s > 1/2 and some p € [1,00]. Then one has

DR\ £i0)Hsp C Hso1p

for all X € p*(H) and the maps A\ — [z R(\£i0) € B(Hsp; Hs—1,) are w-continuous. If o
is an integer such that 0 < a < s — 1/2, then the maps

A= II-R(A£i0) € B(Hs‘p; Hs—l—a,p)

are of class C™ in the w-topology. If o is an arbitrary real number such that 0 < a < s—1/2,
then the functions
A b= H;R(/\ j: ZO) e B(HSOO; Hg_]__a!l)

are locally of class A* on u”(H).

The assertions of Theorem B are optimal in a sense described in [BGSal, BGSa2]. In
(BGSal] one may find several propagation theorems that are corollaries of the preceding
result. For applications in quantum scattering theory, see [JMP] and [K]. In the Theorems
5.7 and 5.8 below (see Section 5) we discuss properties of the operators II=R(\ % i0)IIy;
these are extensions of results from [M2], [JMP], [J].

There is one unnatural condition in the preceding theorems, the spectral gap condition,
and this is annoying for some applications (e.g. it excludes Stark effect hamiltonians). If H
is densely defined and of class C*(A) with 1 < o < 3/2 this condition has been eliminated
in [Sal, Sa2].

1.4

In order to clarify the significance and the implications of the Theorems A and B we shall
now discuss two examples. The first one is elementary but fundamental: the general theory
may be considered as a non-commutative version of this model. Let H be the operator of
multiplication by the real measurable function A in the Hilbert space H = L?(R) and let A
be the usual self-adjoint realization of i(d/dz). Although by our definition of regularity we
could treat quite singular functions h (e.g. H is of class C°*°(A) if h is an arbitrary rational
function), we shall assume, for simplicity, that A is bounded. Then H is of class C*(A) if
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and only if h is a Lipschitz function, and H is A-regular if and only if h belongs to the
(usual) Besov space BL}(R) (this implies h € C*(R)). Again for simplicity we assume that
h € C'(R) and that #'(z) > 0 Vz € R. Then the range of h is a bounded open interval
I = (a,b), the spectrum of H is o(H) = [a,b], and pu*(H) = R\ {a,b}. Let f,g € L*(R) and
let us set

u(z) = g(h"1(@)) f (k™ (z))[W (A7 (2))] " forz € I.

Clearly for z ¢ R we have

(9. R(2)f) = [ u(z)(e - 2) dw
hence, if we denote @ and @ the Hilbert and the Fourier transform of u, we formally get

oo

g, R(A +i0) f) = G(\) +iu()\) = 21'71"1/0 e i(z)dz.
By using these explicit expressions one may check the optimality of the Theorems A and E
and one can understand the connection between part (a) of Theorem A and some classica.
properties of the Hilbert transformation (e.g. the fact that it leaves invariant the A classes)
On the other hand, these theorems allow one to treat fairly easily the n-dimensional versior
of the preceding example. As a consequence one may get, in the context of Theorem 7.6.
from [ABG], quite precise continuity properties of the distributions [h(z) — A F0)]7*, where
k > 1 is an integer.

It is much more interesting, however, to consider generalized Schrodinger hamiltonians
of the form H = h(P)+V in H = L*(R"), with P = (—=idy,...,—i8,). We work in the
setting of §7.6.3 from [ABG] and we recall several hypotheses and notations. The functior
h:R™ — R is assumed to be of class C™ for some integer m > 2 and such that:

(a) h(z) — +o0 as |z| — o0;
(b) the derivatives h{®) of order |a| = m are bounded;

(c) [h!®)(z)| < C(1 + |h(z)]) if |a| < m.
We denote Hy the usual self-adjoint realization of h(P) in H, G = D(|H,|"/?) is the form
domain of Hy (equipped with the graph topology), and we identify G C H = H* C G*
Then G;, and G;, (s € R, 1 < p < 00) are the Besov scales associated to the operator (Q)
of multiplication by (z) = (1 + |z[?)}/? in G and G* respectively (e.g. the norm in G, is
11{(@)°fllg; see page 343 in [ABG] for details). We consider only a rather restricted class of
perturbations V' (see [Sal] for the case of non-local singular perturbations satisfying natural
extensions of the conditions (7.6.19), (7.6.20) in [ABG]). Let ¢ be a real number such that
0 <o <m-—1andlet V=73V, where the sum runs over all the integers k satisfying
0 <k <o+1 We assume that each V, is a bounded real function on R™ which tends tc
zero at infinity and which satisfies 3 |5=x EVk(a)(:c)i < C{z)~179. Now let s = ¢ +1/2 anc
denote by k(H) the union of the set x(h) of critical values of the function & and of the set
of eigenvalues of H; k(H) is a closed real set and its accumulation points belongs to x(h).
Then for each A € R\ x(H) the limit lim, .,o(H — A Fiu)™' = R(X £140) exists in norm
in B(G} ; G-s,1), locally uniformly in A, and the maps A — R(A £1i0) € B(G] ;G-s,1) are
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locally of class A% on R\ x(H). These assertions follow easily from part (a) of Theorem A,
as explained in §7.6.3 from [ABG]. Similar results hold for N-body hamiltonians. For the
case of Dirac operators, Stark effect hamiltonians and simply characteristic operators, see

[Sal].

1.5

The paper is organized as follows. In Section 2 we introduce two Besov type scales associated
to a self-adjoint operator A: one consisting of vectors from H (these are the spaces H,, with
5 > 0) and one consisting of bounded operators on H. We briefly recall those properties that
will be needed later on (a complete treatment in a general setting may be found in [ABG],
but see also [BuB| and [BGSa2]) and we prove two estimates (Theorems 2.1 and 2.2) which
will be important for the proofs of the main theorems. In §2.4 we recall a regularization
procedure introduced in [BG1] and a result from [BG3|: these are the main technical tools of
our paper. In Section 3 one may find a description of the regularity classes of arbitrary self-
adjoint operators and of the Mourre estimate in the context of general resolvent families:
the main result of this section is Proposition 3.1, which improves a result from [BGSo].
Section 4 is the most technical one. We consider there a symmetric bounded A-regular
operator H € B(H), we regularize it by considering the operator H(g) = 8(c A)H (in the
commutative situation of §1.4 this means that we approximate the function i by an entire
function of exponential type; see the comment after Theorem 2.3), and then we “twist” H(e)
in the spirit of the theory of dilation analytic Schrédinger operators, i.e. we introduce the
operator H, = e *4H(¢)es4 = e*40(c¢ A)H = £(c A)H. All Section 4 is devoted to estimating
the resolvent of the non-self-adjoint operator H.. Finally, the main results of the paper are
proved in Section 5. Note that the spectral gap hypothesis allows a rather straightforward
reduction to the case when H is a bounded (everywhere defined) operator.

2 Regularity Classes Associated to a Selfadjoint Oper-
ator A

2.1

Let E be a Banach space and ¢ : R — E a bounded continuous function. We recall that the
modulus of continuity (or smoothness) of order m (integer > 1) of ¢ is given by wr(e) =
SUDer || & o(—1)*CE ¢(z + ke)||g for € > 0. Let s > 0 be a real number and p € [1, o0].
Then ¢ is of class A®? if there is an integer m > s such that [y (6 ™wm(€))Pe ™ de]? < oo
(if p = oo this means wm(e) < ce® for a finite constant ¢). One has AP C A" if and only if
s>tor s=tbut p <gq. The classes A*® = A® are called Hélder-Zygmund classes.

If £ > 1 is an integer the classes BC* and Lip*) are defined as follows: ¢ € BC*
means that the derivatives of order < k of ¢ exist and are bounded and norm continuous;
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¢ € Lip"™ means that wi(e) < cg* for a constant ¢ and all € > 0 (this is a k-th order
Lipschitz condition). Then we have A*! ¢ BC* < Lip®) ¢ A*, all embeddings being strict
and optimal on the scale A®? (the spaces A*? are not comparable with BC* and Lip® if
1 < p < o). Now assume that s = k + o where £k > 1 is an integer and ¢ > 0 is a real
number. Then ¢ € AP if and only if ¢ € BC* and ¢*) € A%P. In particular, if 0 < o < 1
then ¢ € A® means ¢ € BC* and ||¢®)(z + ) — ¢ (z)||g < Cle|?; if ¢ = 1 then ¢ € A®
means that ¢ € BC* and ||¢\F) (2 + ) + ) (2 — ) — 269 (2)||g < Cle|, i-e. ¢ has to verify
a Zygmund condition.

There are natural local classes associated to the preceding ones. For example, if Q is
an open real set and ¢ : 2 — E is a continuous function, then ¢ is locally of class A$P if
8¢ € A*P for each 6 € C§°(2).

2.2

Let H be a complex Hilbert space and A a densely defined self-adjoint operator in H (these
objects are fixed from now on). We denote by E,4 the spectral measure of A and we set
W, = €47 for 0 € R. We identify H with its adjoint space H* (space of anti-linear continuous
functionals on H) with the help of the Riesz isomorphism and we denote by || - || the norm
in H and in B(H). The scalar product (-, -) in H is linear in the second variable.

We denote Ho, the vector space MyexD(A*) equipped with the natural Fréchet space
topology and then we define H_, as the adjoint space [Hs|* equipped with the strong
topology. Since the embedding H., C H is continuous and dense, we obtain by transposition
a continuous dense embedding H = H* C H_o. The Besov spaces H,, (with s € R
and p € [1,00]) associated to A are Banach spaces continuously embedded in H_.. To
define them, note first that for each compact real set K the spectral projection E4(K)
extends to a continuous linear map E4(K) : Hoow — He. For real 7 we set E4q(1) =
E4([-27,—7] U [7,27]) and for each f € H_, s € R and 1 < p < co we define the number
[fllsp € [0, 00] by:

1/p
Pr=idr| . (2.1)

1£llso = IEA(=2 DA+ | [ 1Ir*Ea()f

If p = oo then the second term on the r.h.s. should be read sup,, [|7*Ea(7)f||. Finally, we
may define H,, as the space of vectors f € H_o such that || f||s, < o0, equipped with the
Banach space structure associated to (2.1). We have Ho, C Hsp and we denote by Hg , the
closure of He in Hsp. In fact HS, = Hsp if 1 < p < oo

We recall that H;, C H:, (continuous embedding) if s > ¢t or if s = ¢t but p < ¢.
If 1 < p < oo we have a continuous dense embedding H., C H,,p, hence one can realize
[H,,]* as a subspace of H_; indeed, one has [H,,|* = H_op if p~2 +p'~" = 1. Similarly
[Heool™ = Hos1.

If s > 0 then H,, is the set of vectors f € H such that the map 7 — W, f € H is of class
A®P_ Another equivalent description is as follows: assume that 0 < s < m with m integer
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and let f € H; then f € H,, if and only if [fy ||e=*(W. — 1)™f|[Pe~1de]'/P < c0. If s = k
is an integer > 1 and p = 2 then f € My, if and only if 7 — W, f € H is of class BC*
(or, equivalently, of class Lip“")). In particular Hy o = D(AF). It will be convenient to set
Hs = Hso for all s € R; in particular Hy = H (as topological vector spaces).

Theorem 2.1 Let ¢ : R — C be a locally bounded Borel function and o a real number, and
assume that there are real numbers v > 0 and ¢ such that |¢(z)| < c|z|* min(|z|", |z|™Y) for
all z € R. Then there is a constant C < oo such that for all s € R, all p € [1, 0] and all
f € H w:

1 1/p
[ e fiEede] T < Cllfllosas 22)
In particular |[|o(eA) flls1 < Ce®||fl|srace for alle € (0,1) and f € H_x-

Proof. (i) Set g(u) = min(u”,u™") for u > 0 and observe that for 0 < a < z < 2a we have
o(z) < 2%p(a). We show that for all £ > 0, 7 > 0 and f € H_, one has

|Ea(T)p(eA) f]| < 2" max(1,2%)(e7)%o(eT)||Ea(T)f]]- (2.3)

Indeed, we have by hypothesis |¢(z)| < c|z|%o(|z|) and, if we denote by x the characteristic
function of the set [—2,—1] U[1, 2], then the Lh.s. of (2.3) can be estimated as follows

A/ fI] < ellx(A/m)leAl o(el A
< cmax(1,2%)(er)°l[X(4/7)e(elAD I
< emax(1,2%)(er)® sup_o(ex)]x(4/7)/]

which clearly implies (2.3).

(il) Let us set Cy = ¢2” max(1,2%). Then from (2.1) and (2.3) we get
le0leA) Nl = [1Ea(-2, el A)fll + [ Ir* Ba(r)e=cA)llr~"dr
< 1Ea(-2. 20 (eS| + Gy [ elen)lirEa(r)flirdr
= |1Ea(l=2,2)e™ 0 (cA)fIl + G [ eMlbxa(r/e)(r/e)**Ea(r/e)flirdr

where x; is the characteristic function of the interval (1,oc). Now observe that if g is a
positive Borel function on (0, 00) then for 7 > 1 we have
1/p

L/OIQ(T/E)%_IdE] _ -/Toc 9(0)pa‘1dg} 1/p < {/loog(a)pa_lda] 1/10'

Since [3° o(7)77 dr = 2/v we see that the Lh.s. of (2.2) is smaller than

[ 12 2eple) fipetae] 4200 [ [ llo**=Eato)fiPoda]
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If a < 0 then our hypotheses imply that ¢ is a bounded function and, by using the inequality
(1 —ap)~? < 1, we see that the first term above is bounded by sup |¢| - ||Ea([=2, 2])f]|. If
a > 0 we use the inequality |p(z)| < ¢|z|*™ and we bound this term by

1 1/p
et [./o e Ea([=2,2)) fIPe™'de| < c2%**(1 + vp)™7|| Ea([-2.2])f]]. O

2.3

Let s be a strictly positive real number and p € [1, c0]. We say that an operator S € B(H)
is of class C*?(A), and we write S € C*P(A), if the map 7 — S(7) = W*SW, € B(H) is of
class AP, We set C*(A) = C>*°(A). It is clear that C*P(A) is a full involutive subalgebra of
B(H) (a subalgebra C of B(H) is full if each invertible in B(H) operator S from C has the
property S~! € C).Moreover, one has C*P(4) C C*9(A) if s > t or if s = ¢ but p < g.

Now let & > 1 be an integer. We say that S € B(H) is of class C*(A) if the map
S(+) : R — B(H) (defined above) is of class Lip*). This is equivalent with asking that
S(-) be strongly of class C*; if this map is norm C* we say that S is of class C¥(A) (this
makes sense and is not trivial even if £ = 0; on the other hand C°(A) = B(H)). We have
CHY(A) C CH(A) c C*(A) C CF(A) and, if A is not bounded, these embeddings are strict
and optimal on the scale C*P(A4) (i.e. the spaces C*? with 1 < p < co are not comparable
with C¥(A) and C*(A)). Clearly C*(A) and C*(A) are full involutive subalgebras of B(H)
and CY(A) is a C*-subalgebra of B(H). We set C®(A) = NienC*(A).

For each S € B(H) we define a continuous sesquilinear form ad¥, S on H;. (or, equivalently,
a continuous operator Hy — H_, = H;) by induction over k: ad} S = S, ads S = [4, 5] =
AS — SA and ad%t' S = ad4 ad% S. One has for all f, g € H; = D(AF):

(. 0 = ¥ B g sasg). 2.4

We have S € C*(A) if and only if the sesquilinear form ad¥ S is continuous for the topology
induced by H on Hy. In this case, and if we denote by A*[S] = A*S the unique operator
in B(H) such that (f, (A*S)g) = (=1)*(f, (ad% S)g) for all f,g € H, then we have A*S =
(—id/dr)*S(7)|;=0 (the rather pedantic notation A*S is convenient for later purposes). Now
assume that s = k + o with & > 1 integer and ¢ > 0. Then one has S € C5P(A) if and only
if S € C*(A) and A*S € C7P(A).

Let S € C*P(A) for some @ > 0, p € [1,00]. Then S leaves H,, invariant and has a
canonical extension to a continuous operator S : H_qpy — H_ap (if 1 < p < 0o then the
extension is uniquely determined by its continuity; if p = 1 we have to require it to be weak*
continuous, H_, « being considered as the adjoint of H, ;). This extension has the property
SHiq CHigif —a<t<aandl1 <g<oo,orift=aandp<qg< oo (note that under
these conditions and if ¢ # 0, we have C*? C C!*"9). Now we prove that the part of S which
is off-diagonal relatively to A has better properties.
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Theorem 2.2 Let us set I1y = E4([0,00)) and [I_ = E4((—00,0]). If S € C*P(A) for some
real o > 0 and some p € [1,00], then Iz STI.H C Hyp. In particular, if S € C*%(A) then
[I:STly € B(Hs; Hsta) for all real s such that —a < s < 0.

Proof. (i) We first prove a weak-type estimate, namely we show that Sy = II_SII. sends
H into Hme if S € C™(A) for some integer m > 1. Let x be the characteristic function
of the real set defined by 1 < |z| < 2. Then it suffices to show that ||x(¢A4)So|| < Ce™
for some constant C and all 0 < € < 1. Set S; = exp(7A)Spexp(—7A) for 7 > 0. Then
7 — S; is strongly of class C™ on [0, c0) and its k-th order derivative (0 < k < m) is equal
to ad% S; = exp(TA)II_(adX S)II, exp(—7A). By making a Taylor expansion up to order m
we get :

m—1 k m
_ (_1) k ("_1) ! m m—1
- ;} S+ 1)1/0 ad? S, - 7™ 1dr,

The operators adi S clearly send H_. into H..«, so it suffices to consider the contribution
of the integral term. We have:

L i
| lix(eA) ad Sl < [ ad% Soll [ IIx(e A€ [~ dr
1
< ||ad™ S| / sup xleale==r" gy
0 z>0
1
= |Jadg Soll [ e/ermldr < Ce™,
0

which is the desired estimate.

(ii) Let P : B(H) — B(H) be the linear continuous operator given by PS = II_SII,.
Then ||P|| = 1 and PC™(A) C B(H; Hm.o) (by what we have shown above and the closed
graph theorem). On the space C™(A) there is a natural Banach space structure such that
the embedding C™(A) C B(H) be continuous. Then one can obtain the spaces C*?(A) by
real interpolation: C*? = (C™(A), B(H))sp with 8 =1 —a/m if 0 < o < m (see (5.2.22)
in [ABG]). Similarly (Hm,c, H)op = Hap Now fix a vector f € H and consider the map
S — P(S)f. It sends B(H) into H continuously and C™(A) into Hme continuously. By
interpolation it will send C*? into H,,. For the last assertion of the theorem note that S*
is of the same class as S.

2.4

We shall denote by A the operator acting in the Banach space B(H) according to the
following rule: an element S € B(H) belongs to the domain of A if and only if the sesquilinear
form (f,SAg) — (Af, Sg) (with domain D(A)) is continuous for the topology induced by H;
and then A[S] = AS is the unique element of B(H) such that (f, A[S]g) = (f, SAg) —
(Af,Sg) for all f,g € D(A). Clearly C*(A) coincides with the domain of the power A* of
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A, for each k € N. Moreover, the following identity holds in B(Hx; H_x):

! . .
AM[S = AFS = (—1)Fadi S = S R C1yiaigal (2.5)

=
21!

The operator A can be interpreted as the infinitesimal generator of a one-parameter group
of automorphisms of B(H). For each real 7 we define W, : B(H) — B(H) by W,[S] =
W.S = W*SW,. Then Wy = 1, Wrro = W, W, for all 7,0 € R, and the function 7 —
W:S € B(H) is strongly continuous (but not norm continuous in general). For S € B(H)
we have S € C1(A) (= domain of A) if and only if lim._o(ig) "} (W, — 1)S exists in B(H)
in the ultraweak (or weak, or strong) operator topology, and then the limit is just AS and
one has W, S = S + i [f W,ASdo for all - € R. So A is the infinitesimal generator of
the “weak” one-parameter group {W;}.er in the Banach space B(H) and this justifies the
notation W, = exp(i7.A) (the notion of weak semigroup is introduced in [BuB]; note that
B('H) is identified with the adjoint of the space of trace class operators).

We shall define a functional calculus for the operator A with the help of the group
{Wr}rer. Let M = M(R) be the unital subalgebra of the algebra BC(R) (bounded con-
tinuous complex functions on R) consisting of Fourier transforms of bounded Borel mea-
sures. The algebraic operations in M are those inherited from the embedding M C BC(R),
but we take as norm in M of p(t) = [ze® u(dr) the total variation of the measure
p.  This makes M an abelian Banach algebra with unit. If ¢ is given by the preced-
ing expression we define a linear continuous operator ¢(A) : B(H) — B(H) by setting
e(A)S = ¢(A)[S] = [ WrSW,u(dr); the integral exists in the strong operator topol-
ogy. Observe that the notation W, = ™7 is consistent with the functional calculus, i.e.
¢(A) = W, if ¢ is the function p(t) = €7, It is easily checked that the map ¢ — ¢(A) is
a unital homomorphism such that (¢(A)[S])* = ¢ (A)[S*] if ©T(t) = ¢(-t), and that the
norm of the operator ¢(.A) (acting in the Banach space B(H)) is < ||¢]|m-

It is clear that ¢(A) commutes with A4, in fact if ¥ € N then ¢(A)C*(A) € C*(A) and
AFo(A)S = p(A)A*S for S € CK(A). On the other hand, if ¢ decays at infinity then it
improves regularity with respect to \A. For m > 1 integer we define ¢(m) by wm)(z) =
z™p(z). Then if ¢ € M and pm) € M, we have p(A)C*(A) C C**™(A) for all k € N and
AM¢(A) = gm)(A). In particular, if ¢ € C§°(R) then ¢(A)B(H) C C=(A).

The main purpose of the functional calculus introduced above is to allow us to construct
operators of class C*(A) which approximate a given operator S € B(H) rapidly enough, in
a sense that we shall make precise below.

Note first that if ¢ € M and € € R then the function z — (ex), denoted ¢°, belongs
to M and ||¢°||m < |l¢llm (the equality holds if £ # 0). We set ¢(e.A) = ¢*(A), in other
terms p(eA)S = [z W2 SWerp(dr). So for each S € B(H) the map € — p(cA)S € B(H) is
strongly continuous and ¢(0.A4)S = ¢(0)S. In particular, if ¢(0) = 1 and ¢m) € M for some
integer m > 1, then by what we have seen before we have p(£.A4)S € C™(A) for € # 0 and
©0(zA)S — S in the strong operator topology as ¢ — 0. Operators of the form S, = ¢(c.A)S
with ¢ € C§°(R) and ¢(0) = 1 will be called regularizations of S (¢ # 0).
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The rapidity of the convergence of S. to S is determined by the degree of regularity of
S with respect to A. We explain this fact in rather rough terms. Assume that S € C*(A)
for some integer & > 1 and let » € M be of the form ¢(z) = 1 + z*n(z) for some n € M.
Then ¢(eA)S = § + fFA*n(cA)S = S + &*n(c A)A*S for £ # 0 hence ||p(eA)S — S| <
le|*] Il m||A*S]|. So if ¢ € CP(R) and ¢(z) —1 = O(2*) as * — 0, then for each S € C*(A)
we have ||p(e.A)S—S|| = O(g*) as ¢ — 0. The case p = oo of the next theorem says that this
behaviour characterizes the class of operators C¥(A), which is slightly larger than C*(A).

Theorem 2.3 Let S € B(H), s a strictly positive real number, and p € [1,00]. If there is a
function 8 € M(R), which is not identically zero on (0,00) and on (—c0,0), such that

11/p

Uol lle™°0(cA)S|Pe de] < o0 (2.6)

then S € C3P(A). Reciprocally, if S € C°? and if m > s is an integer, then (2.6) holds for
each 0 such that 0 € M(R) for 0 <k <m and 8(0) =0 for 0 <k <m—1.

For the proof, see (BG3].

This theorem characterizes the property S € C*?(A) in terms of the rapidity of the
convergence of the regularizations S. of S. Let us say that an operator T € B(H) has
A-exponential type less than r if there is a holomorphic function 7(-) : C — B(H) such
that T(7) = WXTW., for 7 € R and, moreover, there is a constant C such that ||T(¢)|| <
Cexp(r|¢|) for all ( € C. One may show that 7" has this property if and only if ¢(A)T =T
for all ¢ € M such that ¢(z) = 1 on a neighbourhood of the interval [z| < r. Hence
Theorem 2.3 is an extension of classical results of Jackson and Zygmund concerning the
best approximation of Holder-Zygmund functions by trigonometric polynomials. Note also
that by taking f(z) = (e®* — 1)™ we get that § € C*P(A) if and only if [f [|e~*(W: —
1)"S|[Pe~1de]MP < oc.

3 Resolvent Families and Mourre Estimates

3.1

A family {R(z) | 2 € C\ R} of bounded operators in the Hilbert space H will be called a
(self-adjoint) resolvent family if the following two conditions are satisfled: R(z;) — R(22) =
(21 — 29)R(z1)R(22) (first resolvent identity) and R(z)* = R(Z) for all z;,20,2 € C\ R. It
follows easily from these relations that the map R(-) : C\ R — B(H) is holomorphic and
(d/dz)*R(z) = k!'R(2)**'. The spectrum of the resolvent family is the set of real numbers
A such that the function R(-) has no holomorphic extension to any neighbourhood of A.
Clearly, the first resolvent identity holds for all complex numbers z;, 25 not in the spectrum
of the resolvent family. Note also that we have ||R(z)|| < |Im z|™! as a consequence of this
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identity; moreover, one has lim._q ||R(A +1i£)|| = oo if and only if A belongs to the spectrum

of {R(z)}.

It is most convenient to think of resolvent families in terms of possibly non-densely
defined self-adjoint operators in H. To be precise, we shall work with a slight extension
of the standard notion of self-adjoint operator: for us a self-adjoint operator in H is a
linear operator H defined on a linear subspace D(H) of H with values in H, such that
HD(H) ¢ D(H) (= closure of D(H) in H) and such that, when considered as operator
in the Hilbert space D(H), H is self-adjoint in the usual sense (so a densely defined self-
adjoint operator is a “usual” self-adjoint operator). Note that H — z : D(H) — D(H) is
bijective if Imz 5% 0. The resolvent family associated to such an operator is defined by
R(z)f = (H—-2)"'fif f € D(H) and R(z)f = 0 if f is orthogonal to D(H). Reciprocally, if
{R(2)} is a resolvent family then there is a unique self-adjoint operator H such that R(z) be
of the above form for 2 € C\ R. Note that the spectrum of the densely defined self-adjoint
operator H in the Hilbert space D(H) coincides with the spectrum of the resolvent family

{R(2)}.

If ¢ is a complex continuous function on R which tends to zero at infinity, then ¢(H) is a
well-defined bounded operator in D(H) (by the functional calculus associated to the densely
defined selfadjoint operator H in D(H)). We extend (H) to a bounded operator on H by
setting w(H)f = 0 if f is orthogonal to D(H). Then clearly we have

o(H) = wrlim -71; [ o(0) Im R + i) (3.1)
where the integral exists in the weak topology. This formula expresses ¢(H) directly in
terms of the resolvent family but is not convenient for our purposes here. A more useful
representation for ¢(H) can, however, be easily deduced from (3.1). Let r be a strictly
positive number. We shall use Taylor’s formula for the function yt — R(A+ix) on the interval
[e,7] with 0 < & < 7. Since, by holomorphy, we have (d/du)R(\ + i) = i(d/dN)R(A + ip),
we get for any integer m > 1 (with 9y = d/d\):

,_¢

= (r—e)k

R(A + ig) (=i0))*R(\ + ir)

e

k=0

+

ﬁ f:(qu)mR(A i) (i — €)™ L.

So if ¢ is of class CJ*(R) we get after an integration by parts:

m-— 1

/R(,o(,\)R(,\Hs Z r =) /z ‘oM R( + ir)dA
k=0
+ A/ M NR(N + i)™ tdud.

Since ||R(A+14u)|| < |u|~! the double integral exists in norm for m > 2 even if ¢ = 0. Hence
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for each m > 2 we have (cf. [BG1] and [ABG])

o(H rk',/Lp A) Im|(r) R(A+zr)}d)\+——/[ o™ () Im[i™ R(A + i) ]du™d,

mm!
(3:2)
where the integrals exist in norm and du™ = mu™ 'du. This representation of p(H) is
similar to the Helffer-Sjéstrand formula (see [D] and references therein).

Assume now that a densely defined self-adjoint operator A is given in H and let {R(z)}
be the resolvent family associated to a self-adjoint operator H. We shall say that {R(z)} (or
H) is of class C*(A), C¥(A), or C*P(A), if there is a complex number z; outside the spectrum
of H such that the bounded operator R(z) is of class C¥(A4), C*(A), or C¥P(A) respectively.
Note that if this property holds for some 2y then it holds for all complex numbers z outside
the spectrum of H. Indeed, the operator 1 — (z — z9) R(zp) will then be invertible in H with
inverse equal to 1+ (z—2p) R(z). Hence the assertion follows from the fact that C*(A), CX(A)
and C*P(A) are full subalgebras of B(H).

The following property is a straightforward consequence of (3.2): if ¢ € C§°(R) and
H is of class C*(A), CE(A), or C*P(A), then @(H) is of class C*(A), C¥(A), or C*P(A)
respectively. We mention the following example. Let H = L*(R), A = id/dz and let H
be the operator of multiplication by the function h : Q@ — R, where € is an open real set
(think that h(z) = cc if z ¢ Q). If h is a rational function and Q is the complement of the
set of poles of h, then H is of class C®°(A). If h: Q@ — R is of class C* and proper (i.e.
|h(z)| diverges when x approaches the boundary of Q) then ¢(H) is of class C*®(A), for all
¢ € C§°(R). In connection with a question left open in §6.2.1 of [ABG] (see the discussion
before Example 6.2.8) consider now the function A(z) = z7! (so Q = R\ {0}). We clearly
get a densely defined self-adjoint operator H of class C*°(A) such that p(H) € C'(A) if
@ : R — C is a function of class C* which has finite but distinct limits at +o0 and —oo0.

3.2

We now show that if H is of class C'(A) then one can give a meaning to the commutator
[H, A] as a continuous sesquilinear form on the domain D(H) of H endowed with the graph
topology, i.e. the topology associated to the norm ||f]|x = (||f]® + ||Hf||*)Y2.

Proposition 3.1 Let A, H be selfadjoint operators in H such that A is densely defined and
H is of class C*(A). Then D(A)ND(H) is a dense subspace of D(H) (for the graph topology)
and there s a constant C < oo such that

[(Hf,Ag) — (Af. Hg)| < Cl|fllullgllz Vf,g € D(A)ND(H). (3.3)

Proof. (i) Let D be the set of f € D(A)ND(H) such that Hf € D(A). Each bounded oper-
ator of class C*(A) leaves D(A) invariant, hence for any z € C\ o(H) one has R(z)?D(A) C
D C R(z)D(A) (note that D = R(z)D(A) if H is densely defined; moreover, it follows from
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the first resolvent identity that the spaces R(z)2D(A) and R(z)D(A) are independent of the
choice of z). The operator R(z)? is a continuous surjective map of H onto D(H?) (equipped

with its graph topology), so it sends a dense subspace (e.g. D(A)) of H onto a dense subspace
of D(H?). Hence R(z)?D(A) is a dense subspace of D(H?), and so of D(H). In particular
D is dense in D(H).

(2)(H - z)g) (3.4)

By taking z = ¢ we get

[(H f, Ag) — (Af, Hg)| < AR - | £l zllgl |- (3.5)
Our purpose is to show that this remains true for f,g € D(A)N D(H).

(iii) We now point out two relations that will be needed below. If z;,25 € C\ ¢(H) then
by applying .A to the first resolvent identity we get

A[R(Zl)]{l + (32 — Zl)R(Zg)} = {1 -} (21 - Zg)R(Zl)}A{R(ZQ)] (36)
On the other hand, we clearly have {1+ (22 — z;)R(22)} - {1 + (21 — 22)R(21)} = 1. Hence
AlR(z2)] = {1+ (22 — 21) R(22) YA[R(2) {1 + (22 — 21) R(22) }. (3.7)

(iv) For real € # 0 we set R, = (i) "*R(i/¢) = (1 +icH)~ ! P, where P is the orthogonal

projection of H onto D(H). By using (3.6) and (3.7) we get

.A[RE]Rl = {1 + (E 22 I)RE}A[Rl]RE,
EA[RS] = {1 + (5 - I)RE}A[RI]{l + (5 - 1)35}'

When £ — 0 the operator R, converges strongly to P. Hence

s-lim A[R:] R, = P~ A[Ri]P. (3.8)
s-lim A[R,] = P A[R,|P+. (3.9)

Now set S, = (1 +1icA)~! for e € R. Then for each f € H one has
(f. [Ses Balf) = (S:f, RyizAS.f) + (i AS? £, RS2 f),
and this clearly implies

[S., Ry] = ieS. A[Ry)S.. (3.10)

(v) Finally, set J. = R2S, for € # 0, let f € D(A) N D(H) and denote f; =i(H —i)f €
D(H), so that f = R;f;. We have s—liron Je = P and (3.10) gives

(H - i)JEf = (H - i)Jelel
= (H —i)RyJ.fi +ie(H — i) Re - ReSeA[Re)S: f1-
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When ¢ — 0 the operator ie(H —¢)R. = {1+ (¢ — 1)R.} P converges to zero and J.fi — f1,
nence (H —i)J.f — (H —9)Rfi = (H—-14)f. So J.f — f in D(H). On the other hand
:he bounded operator J. is clearly of class C'(A) and A[J.] = A[R?]S:, hence AJ.f =
J.Af — A[R?]S.f. By using (3.10) again we obtain

A[R?]SsRl == A[R?]RlSE + A[Rg]ZESEA[Rl]SE
= A[R.]R\R.S. + R.A[R.]R,S.
+e A[R.)R.iS- A[Ry)S: + R.cA[R.]iS. A[R]S-.

Now we use (3.8), (3.9) and the relations R, — P, S. — 1 strongly as ¢ — 0; we get
s-lim A[R?]S:R, = P A[R;]P. Hence we get

s-lim AJ.f = PAf — PYA[R()(H - 1),

in particular ||PAJ.f — PAf|| — 0.

(vi) We can now prove the validity of (3.5) for all f,g € D(A) N D(H). (3.5) holds if
f.g are replaced by f. = J.f and g. = J.g (because f;, g. belong to D). In the inequality
obtained in this way we make ¢ — 0 and take into account that by what we have proved at
step (v) we have:

<Hfs:Ags> = (HfE:PAgs> - (Hf: PAQ) = (Hf,Ag). ¢

If H is a selfadjoint operator of class C*(A) we shall denote by A[H| the unique continuous
sesquilinear form on D(H) such that (f, A[H]g) = (Hf, Ag) — (Af, Hg) for all f,g € D(A)N
D(H). If ST € B(H) and their ranges are contained in D(H) then S*A[H|T will be
\dentified with a bounded operator in H by using Riesz lemma. It follows easily from (3.4)
and from the argument at step (vi) of the preceding proof that

A[R(2)] = —=R(2)A[H|R(z) if z € C\ o(H). (3.11)

Now let v, % € C§°(R) real and such that z¢(z) = ¥ (z)¢(z) for all real z. Then p(H) €
C1(A), hence for f € D(A) we have o(H)f € D(A)N D(H) and

(p(H)f iA[Hlp(H)f) = 2Re(Hp(H)f,iAp(H))
=2Re(¥(H)p(H)f,iAp(H)f)
= (p(H)f, 1t AL(H)p(H)f).

Note that ¥(H) € C*(A). So we have (H)A[H|¢(H) = ¢(H)A[W(H)]p(H).

We now define the strict Mourre set p(H) of H with respect to A as the set of real
numbers A such that there are a real function ¢ € C$P(R) with ¢(\) # 0 and a strictly
positive real number a such that ¢(H)iA[H]p(H) > ap(H)?. This is clearly an open subset
of R.
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In non-trivial practical situations it is impossible to find explicitly the set u4(H). For
this reason it is useful to introduce the Mourre set i*(H) of H with respect to A, de-
fined as the set of real numbers A for which there are a real function ¢ € C°(R) with
©(A) # 0, a strictly positive real number a, and a compact operator K in H, such that
C(H)iIAH)o(H) > ap(H)? + K. It turns out that in many interesting cases one can de-
scribe i (H) rather explicitly (this is related to the following invariance property: if H, Hy
are self-adjoint operators of class C}(A) and if (H +¢)™' — (Hy +4)~! is compact, then
pA(H) = " (H,); see Theorem 7.2.9 in [ABG]). For this reason the next result is important.
Note that 7i*(H) is an open set and p*(H) C i*(H).

Proposition 3.2 The set f4(H) \ u*(H) does not have accumulation points inside i (H)
and it consists of eigenvalues of H of finite multiplicity. The spectrum of H in pu(H) is
purely continuous.

Proof. The assertions of the proposition follow easily (see [M1]) once we have shown that the
virial theorem is valid, namely that if f € D(H) is an eigenvector of H then (f, A[H|f) = 0.
Let ¢, ¥ € C§°(R) be real functions such that zp(z) = ¥(z)p(z) and ¢(A) = 1, where A € R
is such that Hf = Af. Then

We shall say that the self-adjoint operator H (or the resolvent family {R(z)} associated
to it) has a spectral gap if its spectrum is not equal to R. Fix such an H, let \g be a real
number outside the spectrum of H, and set R = —R()\g). Then R is a bounded self-adjoint
operator R: H — H and for Imz # 0:

R(z)= (A =2)"'R[R— (M — 27" (3.12)

Proposition 3.3 H is of class C'(A) if and only if R is of class C'(A). A real number
A # Ao belongs to u(H) (resp. i*(H)) if and only if (\g — A\)™! belongs to u“(R) (resp.
~A

pi(R)).

The proof of this result is straightforward and will not be given; see Proposition 8.3.4
in [ABG] and note that in our context one can replace the class C} by the class C* (cf.
Propositions 7.2.5 and 7.2.7 of [ABG] for the case of densely defined operators).
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4 The Twisted Hamiltonian

The main technical estimates of this article will be derived in this section. We consider
a bounded everywhere defined self-adjoint operator H in H, we denote by E its spectral
measure, and we assume that H is of class C'(A). Furthermore, we fiz a real open set J
and a real number a > 0 such that the following condition is satisfied: there is an open set
Jo with dist(J,R\ Jo) = inf{lz —y| |z € J,y & Jo} = & > 0 and there is a number ag > a
such that E(Jo)ZA[H]E(JO) Z aoE(Jo).

We shall need a version of the so-called quadratic estimate of Mourre. The proof of the
next proposition can be found in §4.4 of [BG3|; see [M1], [ABG] for similar results.

Proposition 4.1 Let {H.}.>0 be a family of bounded operators in ‘H such that Hy = H,
||He — H|| — 0 and ||~ Im H. + iA[H]|| — 0 as € — 0. Then there are strictly positive
numbers €g, b such that, for each € € [0,e0] and each z € C with Rez € J and Im z > —ae,
the operator H, — z : H — H 1is bijective and its inverse G. = G.(z) = (H. — z)~! € B(H)
satisfies the estimates

1 be

o) | L e — - . 4.1
|| £ f” —_ a,E-}-ImZ m(f!GEf)+(aE+Ilnz)[o'2+(Imz)Q]HfH ( )
for all f € H. We have set G\Y) = G., G\~ = G*. In particular, one has
1 be 1/2
1G.()ll < (42)

se+Tmz | (et M2 + Amz)d]

The following consequences of the inequalities (4.1) and (4.2) will be especially useful
later on: if Im z > 0 then for 0 < € < gy one has

( LR b
IGEfII? < £—Im(f, Gef) + aéngII"‘, (4.3)
b \1/2
G|l < ai€+ (55) e (4.4)

Now let us assume that the family {H.} from Proposition 4.1 has two more properties:
(1) H, is of class C'(A) if 0 < & < &g;

(2) the map ¢ — H. € B(H) is strongly C' on (0, ).
Let z be a complex number with Rez € J and Imz > 0 and let 0 < £ < €o- Then
G. € C}A) and A[G.] = —G.A[H.]G.. Indeed, if for 7 # 0 we set A, = (it) 7} (e — 1)
then we clearly have [A,, G| = G.[H., A;]G. and the result follows by taking the limit
as 7 — 0 and by using, for example, the fact that [H., A;] — A[H.] strongly as 7 — 0.
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Furthermore, the map ¢ — G. € B(H) is strongly C! on (0,50) and its derivative is given

by G. = f;G's = —G H.G,. (this is an easy consequence of (4.4)). In particular we get
G; = AlG.] + G(A[H,] - H,)G.. (4.5)
This equation plays a fundamental role in the theory.

In this paper we shall choose H, (for £ € R) of the form H, = &(c¢ A)H, where € is a
function of the form &(z) = e*8(x) with § € C§°(R) real even and such that 6(z) = 1 on a
neighbourhood of zero (a rather detailed motivation of this choice can be found in [BGSa2]).
Note that the operator H, is not self-adjoint in general and that we have H = H_.. We shall
also need the function 7 given by n(z) = z({(z)—€'(z)) = —e*zf'(z), so that n € C(R\{0}).
Formally, (4.5) becomes:

G. = A[G] + e 'Gen(e A)[H]G.. (4.6)

It is not yet clear whether the so-defined family {H.} satisfies or not the hypotheses
of Proposition 4.1. In fact it does not if H is only of class C'(A), as we explain in the
Proposition 4.2. We first state a lemma which can be proven without difficulty and which
will be needed below.

Lemma. Let ¢ € M be a function of class C' and such that its derivative ¢ and the function
o(z) = z¢'(z) belong to M. Then for each S € B(H) the map € — ¢(eA)S € B(H) is
strongly C* on R\ {0}, for € # 0 the operator ¢'(¢A)S is of class C1(A), and we have
(d/de)p(e A)S = e~ 13(e A)S = A¢'(eA)S. In particular, if ¢ € C(R) then ¢ (eA)S €
C(A) ife #0 and k € N, the map ¢ — ¢(cA)S € B(H) is of class C™ on R\ {0} and we
have (d/de)*p(eA)S = AFp*) (e A)S.

Proposition 4.2 The family {H,}.cx defined above satisfies the hypotheses of Proposition
4.1 if and only if the operator H is of class C}(A). Assume that H € C}(A) and let z € C
with Rez € J and Im z > 0.

(a) For 0 < e < g¢ one has G, € Cl(A) and A[G.] = -G A[H]G:; if0 < € < g then
Ge € C®(A).

(b) The map € — H, is of class C' in norm on R and is of class C™® on R\ {0}. The
map € — G, 1s of class C* in norm on the closed interval [0, £o], where its derivative is given
by G, = —G.H.G., and is of class C* on (0, o).

(c) Set K. = e 'n(c A)H fore # 0, where n € CF(R\ {0}) is given by n(z) = —e*zd'(z).
Then K. € C®(A), e — K. is of class C*® on R\ {0}, and for 0 < ¢ < g one has

G. = A[G.] + G.K.G.. (4.7)

(d) Set KY¥) = (d/de)'K. and let « > —1 real and p € [1,00]. Then H is of class
CH*aP(A) if and only if the condition

1 Y 1/p
/ |le=H KD |Pelde| < oo (4.8)
0
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holds for j = 0. If this is the case then (4.8) holds for each integer j > Q.

Proof. We define a real even function ¢ € C°(R) by ¢(0) = 1 and g(z) = z™*shz - §(z)
if £ # 0. Then for an arbitrary bounded self-adjoint operator H we have ¢~!Im H} =
iAp(e A)H = S.. Assume first that lim._.S: exists in norm in B(H) and denote by S the
limit. Since C*°(A) is a subspace of the norm-closed space C2(A) and S. € C®°(A) if € # 0,
we get S € CY(A). For f € D(A) we have

(£, S:f) = (f,lo(e A)H,1A]f) = 2Re((0(c A)H) [, iAf)

which converges to 2Re(H f,iAf) as € — 0. So we have 2Re(Hf,iAf) = (f,Sf) for
f € D(A), ie. iAH = S € C%(A). This clearly means H € C!(A). Reciprocally, if
H € C(A) then H is of class C2(A) hence ||H. — H|| — 0 as € — 0. Moreover, we shall also
have S. = t9(cA)AH and AH € CY(A), so ||S: — iAH|| — 0 as ¢ — 0. Hence the family
{H:}e>0 satisfies the hypotheses of Proposition 4.1.

The proof of the assertions (a), (b) and (c) is easy, see the Lemma stated before Propo-
sition 4.2. For part (d) we use the Theorem 2.3. Observe that n € C§°(R \ {0}) is not
identically zero on (—oc0,0) and on (0, 00), so if (4.8) holds with 7 = 0 then H € C'**P(A).
Reciprocally, if H has this property then we have (4.8) for all j because e K¢ = n;(c A)H
for some n; € C§°(R\ {0}). ¢

We denote by ||| - ||| either the norm in the Banach space X = H,s,; or the norm
associated to it in B(K; K*), and we recall that we have continuous embeddings £ C H C K*
and B(H) C B(K;K*). From now on we assume that H is (at least) of class C1*(A). We
write z = A + i and the numbers ¢, \, 1 are supposed to verify 0 < e < eg, A € J, u > 0.
One should think of yx rather as a parameter, but it is important that the various constants
that appear below are independent of x. If F is a function of (A, &) € J x (0,&0) we denote
by F*m = g¥9mF its derivative of order & with respect to A and of order m with respect
to £. We also set F™ = FOm) The operator G. = G.(z) = G¢(\ + iu) will be considered
as a function of (A, &) € J x (0, &p); we clearly have for k € N:

GO = §EG (X +ip) = kIGEL, (4.9)

Proposition 4.3 If H is of class CY*(A) then for each k,m € N there is a number C < o0,
independent of € € (0,&), A € J and p > 0, such that

NGE™ < Cetm, (4.10)

IGE™ ety + [|GE™ | Jpye < CeTFT7H2, (4.11)

Proof. (i) We first prove (4.10), (4.11) in the case k = m = 0. Fix a number ¢; € [0,&0) and

a family {fc}c,<e<co of vectors in D(A) such that the function ¢ — f, € H is of class o,
We set I, = (f.,G.f) for &, < € < gy and we get by using (4.7):

Fi={fi= Afe, Gefo) + (G fe, fo + Afe) + (G fe, KGe fe).
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Denote Z. = || f.|| + ||Afe||.- Then (4.3) implies

[Eel S L(IGefell + NIG2fell) + LKl - [|Gefell - [|GE £l
< 260”2 (TR + 026 L)) + | Kella T (€7 el + 067 el )

So there is a constant ¢ > 0, depending only on a, b and d, such that for ¢, < & < &:
C_llFs’| S Le|fell + |1 K] - ||fe||2 + gef—l/Q‘Fslllz + || Kelle™ | Fel.
According to Lemma 7.A.1 from [ABG] the preceding estimate implies
€0 2 £0
] fT‘T‘_l/sz} }exp/ c|| K- |7~ dr.
1 l (4.12)
By Proposition 4.2 (d) we have [5° ||K.||7~'dr if and only if H € C1"!(A). Now let f € H;/2,

and f. = 6((e — &1)A)f, with the same function @ as in the definition of H,. If we set
6(z) = z6'(z) and 6(1y(z) = z6(z), then

€0
1Bl < 2{ Bl e [N+ N 5P+ 2

. o1 do
/ﬂ or wdT:/O (I8(e A 711 + 1160y (@A) 1)~

clo+e)?
< Ifllrtyyan = IS

where ¢’ is a finite constant depending only on &9 and 6. Now by using (4.12) we easily see
that there is a constant ¢’ < oo such that |(f, G.f)| < ||| f|[|? for 0 < e <ep, A€ J, p >0
and f € K. The polarization identity will then give |||Gc||| < const. Finally, the estimate
(4.11) with £ = m = 0 is an immediate consequence of the preceding one and of (4.3).

(ii) Now we treat the case where one of the numbers k,m is not zero. If m = 0 then
the estimates follow easily from those with & = m = 0 by taking into account (4.4) and
(4.9), so we can assume m > 1. Then by Proposition 4.2 (b) the operator G{™ is a linear
combination of terms of the form GEHE('”‘)GEH_S’"?) e GEHgm“) with my,...,my > 1 integers
and m; +...+m, = m. So from (4.9) it follows that G*™ is a linear combination of terms

k()+1 m k +1 ma k2+1 Tin kn +1
G‘_. H‘S I)Gfl 'H'E( )GE Lt H§1 )G‘.

with my,...,m, as above and ko, k1, ..., k, € N such that kg + &k + ...+ k, = k. The norm
in B(K; K*) of such a term is bounded by

|Gellrmrce [|Gel R HHI )| - [IGel [+ B IGel ™1 Gellic—e
< const. g~ Y2. g7ko|| gim)|| . ghaml ||| Himn)||g=hn L gm1/2

where we have used (4.11) with &k = m = 0 and (4.4). Similarly, the norm in B(K;H) is
bounded by

Gl H I Gl HE - 1Gel ] Gel Jer
< const.e ™07 [HI|| R [[BE™| £ eV
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We see that the assertions of the proposition are a consequence of the estimate ||H{™|| <
cm€l™™ for m > 1 integer and € > 0. But we have

H™ = gré(e A)H = A™E™ (e A H = e ™A™ M (e A)AH = "™ (e A)AH.
where ¢(z) = 2™~ 1M (z) is a function of class CS°(R). Hence

LHEM] < €7l al LA &

Lemma 4.4 Set és = G.K.G., where K. is as in Proposition 4.2 (c). Then for each
k,m € N there is a finite constant C, independent of €, \, u, such that

Glm)| || < Cg=k-m-1 3 e KD (4.13)
. : e

j=0

In particular, if H € C**%(A) for some > 0, then we have |||GHE™||| < ce@k-m-1,

Proof. By Leibniz formula, and since X, does not depend on A, égk'm) is a linear combination
of terms of the form G¥ K® GOV with a,b,u,v,w € Nanda+b =k, u+v+w = n.
Then Proposition 4.3 implies

NGV KEIGEN|| < |G o 1L - IGE e

< const.e‘“‘““1/2||KE(W)|| o gmb-v-1/2
= const.e ¥ |eP KW)||. &

For the proof of the next estimates we need a generalization of the identity (4.7). Assume
that we are under the hypotheses of Proposition 4.2 and let G. = G.K.G.. Then for all
ke Nwithk>1andalle€(0,e), 2=A+1iu, A€ J, >0 we have

k—1
GER = B AF[GEY + > AFTTHGEN). (4.14)
r=0

If £ =0, k =1 this is just (4.7). (4.14) follows from this special case by taking successively
derivatives with respect to € and A and by using the following simple result: Let [a, b] be a real
interval and {S; }a<e<s @ family of bounded operators on H having the following properties:

(i) z — S, € B(H) is strongly of class C*, with derwative S, = 0;Sz;
(ii) Sy and S, are of class C*'(A) for all z € [a, b];

(ili) z — AS, € B(H) is strongly continuous.
Then the map x — AS, € B(H) is strongly C* and its derivative 1s giwen by 0,AS, = AS,,.

Now let us fix two functions ¢,% € S(R) and let us define the operator L. = L¢(z) :
H—oo — H+oo by
L. (2) = ¢(eA)Ge(2)Y(cA) (4.15)
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for 0 < e <epand z=N+iu with A € Jand ¢ > 0. Let {,m € N. By using Leibnitz
formula and by taking into account the relation dip(cA) = Aip®W(cA) = e7ip;(cA) with
wi(z) = ' (x) we obtain

|
&m) _ Z m. k- _ ek). ),
i+j+k=m “J

where the indices ¢, 7, & run over N. If we use (4.14) the expression in the r.h.s. above becomes

I
Lem — - ¢im! ek, (e A) AF[GE by (e A)

Erbam TR
m! SOy
+ > i!j!klgk @i(eA) A G, (e A).
i+j+hk=m

k>1, n+r=k-1

Then by taking into account the identity (2.5) we get

/'m! o ‘ .
= T (e AP A O A e O (e (4.16)
i+j+ptq=m L J-P-4-

ml(p + q)!(—1)Pe"!

i+j+p+g+r=m—1 iylplgl(m — i — j)!

em Lg@,m)

+ (eA) P (cA)GE (e A)T 1D (e A).

Proposition 4.5 Let ¢, € S(R) and let L. = L.(z) be defined by L. = (e A)G(cA).
Then for each €,m € N there 1s a constant C, independent of €, \, u, such that for all
fs §€ R

g, e LEMHI<C 3 llwialeAglll - llwssleA) Sl (4.17)

a+b=m
0<i<a,0<5<b

+C 3 llealeA)glll - sl AV FIIT - e K],

a+b+c<m—1
0<i<a,0<j<b

Here the functions ¢;, and v are defined by @; o(z) = %9 (z) and Y;5(z) = 2Py ().

Proof. We use (4.16) and the estimates

lle‘GEIl < C(g) and |le*™1GED|II < C(er) 3o e K|

0<c<lr
which have been obtained in Proposition 4.3 and Lemma 4.4. {
It is clear that the first sum from (4.16) becomes much simpler if ¢ is a function such

that ©(z) = (z) for all z. But the only function which has this property is ¢(z) = €*
and it does not belong to S(R). However, one can circumvent this difficulty if in place of L.
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one considers the operator II_L,, where II_ = E4((—00,0]) is the spectral projection of A
associated with the interval (—co, 0]. Then we take a function ¢ € S(R) such that ¢(z) = €*
if £ < 0. Observe that for j, ¢ fixed withn = m—j—q > 0 one has 34, (¢'p!) "' (—z)Pz* = 0.
Hence, after left multiplication by II_ of (4.16), in the first sum on the r.h.s. will remain
only terms with j + ¢ =m, so i = p = 0. On the other hand:

> T e () = z™(1+ i)mw(:c) = ((z). (4.18)

g A dz
Hence we obtain:
™. L™ = AT1_e*AGH ¢ (eA)
m!(p + q)!(=1)Pe"™!

+ 1qlnlal ) !
i+j4pigrr=m—1 ©J'PlgH(m — i —j)!

II_(eA)*PefAGEN (e A)Y T+ (e A).

By the same argument as in the proof of Proposition 4.5 we get, with a slight change of
notation:

Proposition 4.6 Let ¢ € S(R), define ¢ by (4.18), and set L. = I_e*AG.¢(eA). Then for
each £, m € N there is a constant C, independent of €, A\, i, such that for all f,g € H_x:

{9, ™ LE™) £ < ClIT-eglll - 1< (A) FIl] | (4.19)
+C Y (T-(eA)%eglll - (e A) D (A FIl - [l K.
a+b+c<m-—1
0<j<b

This estimate can be further simplified by a special choice of 1. Note that if ¢(z) = e™*
then ¢ = 0. Of course this choice is not allowed by the condition 3 € S(R). However, if
we take 9 of class S(R) and such that ¢(z) = e™® if z > 0, then II.{(¢A)f = 0 for each
f € H_oo. Hence Proposition 4.6 immediately implies the next one. Here II; = E4([0, 00)).

Proposition 4.7 Let L. = [I_e**G.e **I1,. Then for each £,m € N with m > 1 there is
C < oo, independent of €, A, i, such that for all f,g € H_oo:

(g, e LEMHI<C 3 IT-(eA) e “glll - [T (eA) e F|I| - [l K| (4.20)

a+b+e<m-~1

5 Boundary Values of Resolvent Families

5.1

Throughout this section {R(z)} is a resolvent family on the Hilbert space H, we denote by
H the self-adjoint operator associated to it, and we assume that H has a spectral gap (its
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spectrum o (H) is not the whole real line). We shall make several hypotheses concerning the
regularity class of H with respect to A, but these hypotheses will always imply that H is
A-regular (i.e. of class C1(A)). In particular the open real set u(H) is well defined and
contains R\ o(H). If f € H then z — (f, R(2)f) is a well defined holomorphic map on the
open complex set C\ ¢(H) and this set contains the upper (C,) and lower (C_) half-planes
(we set Co = {z € C | £Imz > 0}). Our first purpose is to prove the existence of the
limits lim, _.+o(f, R(N+ip) f) = (f, R(A£i0)f) for A € u(H) and to discuss the continuity
and differentiability properties of the maps A — (f, R(A £40)f) in terms of the regularity
properties of A and f with respect to A. Due to the relation (f, R(A+iu) f)* = (f, R(A—in) f)
we may restrict ourselves to the case p — +0. Note also that, due to the polarization identity,
it is not necessary to consider the case of (g, R(z)f) with g # f.

Theorem 5.1 Assume that H is of class C*+%1(A) for some integer £ > 0 and set s = £+1/2.
Then for each f € H,, the holomorphic map Cy 3 z— (f, R(z)f) extends to a function of
class C* on Cy U puA(H), i.e. for each integer 0 < k < £ the holomorphic function on C,
gwen by (d/dz)*{f, R(2)f) = {f, k'R(2)**'f) has a continuous extension to C, U u(H).
The limit lim,— o (f, RO\ +ip) f) = (f, R(A +10) f) exists locally uniformly in X € p(H),
the boundary value function \ — {f, R(\+140)f) is of class C* on p*(H), and for 0 < k < ¢

integer one has
k

Ak
locally uniformly in A € u?(H).

(f,RIAN+140)f) = uh_gO( fo KR\ + )5t f) (5.1)

Proof. (i) We first show that it suffices to prove the theorem under the assumption that
H is a bounded everywhere defined operator. For this we use the identity (3.12) which can
be written (f, R(2)f) = ¢{f,(R — {)"'Rf), where ( = (A — 2)"!. The map 2z — ( is a
holomorphic diffeomorphism of C\ {\¢} onto C\ {0} which leaves C, (and C_) invariant
and, by Proposition 3.3, restricts to a C* diffeomorphism of x4 (H)\ {\o} onto u*(R)\ {0}.
The operator R belongs to C1*%!(A), hence Rf € H,, (see the discussion before Theorem
2.2). So, by taking into account the polarization identity, it suffices to prove the theorem
with H replaced by R, which is bounded.

(ii) From now on we assume that H is a bounded (everywhere defined) operator. By
considering a small enough neighbourhood J of a point from p(H), we may assume that
the hypotheses made at the beginning of Section 4 are satisfied. For the rest of the proof we
use the notations and the results of Section 4. Let L. = L.(z) = ¢(eA)G:(2)p(cA) where ¢
is a function in S(R) with ¢(0) =1 and 0 < e < g, 2= A +ipu with A € J, p > 0. Clearly

L = B4L, = (%)Eso(sA)Gs(z)sa(aA) = @(eA)lIG(2) (e A). 32)

Note that by Proposition 4.2 (b) the map ¢ — L% € B(H) is strongly C! on the closed
interval [0, go] and LY? = §¢R(2) = OIR(z)¢.
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Now let us fix f € H,, and define h(e) = (f, LI%9 f) for 0 < & < &;. Then for € > 0 and
m > 0 integer we have K™ (g) = (f, L{*™ f) which can be estimated as in (4.17). So there
s C' < oo, independent of €, A, 4 and f, such that

™M EN < C Y e llpiale A esale D FNFCIIANIR > el KP]. (5.3)

a+b=m 0<j<m-1
i<a,j<b
By Proposition 4.2 (d) the condition H € C'T4}(A) is equivalent to the integrability with
respect to the measure e~'de on (0,&¢) of the second term in the r.h.s. of (5.3). We claim
that if m > 2¢ then each term of the first sum from (5.3) is also integrable (with respect to
the same measure). Indeed, if a +b = m then either @ > € or b > £. In the first case we have

[ e liesalca Al lessleAlfllle™dz < CUAN [ e ora(eA) fllyaacde
< G- 11l

due to the Theorem 2.1 (observe that ;. has a zero of order > a > £ at the origin).

Let us fix an integer m > 2¢. We have seen that there is a function x : (0,&0) — R,
independent of A and g, such that [e™h™)(g)] < x(g) and [§° x(¢)e~1de < co. So we can
apply Lemma 5.2 (see below) and thus obtain

(=1

(£ g S

According to Proposition 4.1, for each £ € [0,&o) the function z — G.(z) = (H: — 2z)™' is
holomorphic in the region A € J, u > —ag, where a > 0. So each term in the sum from
(5.4) extends to a holomorphic function of z below the real axis if Rez € J (see (4.16) for
example). For the integral in (5.4) we can use the dominated convergence theorem in order
to deduce that its limit as u — 40 exists uniformly in A € J.

(f,LE f) + [ e pentide. (5.4)

We have shown that lim,_.o(f, 8R(z)f) exists uniformly in A € J. Clearly the arguments
still work if £ is replaced by a smaller integer. {

In the preceding proof we used the following elementary fact:

Lemma 5.2 Let h: (0,e0] — C be a function of class C™ for some integer m > 1 and some
real €9 > 0. Assume that [3° [e™ 1h™(g)|de < oo. Then lim._qh(e) = h(0) ezists and

'Z: Al. (€0) %fosoh(m’(e)f’”‘lda (5.5)

It is convenient to reformulate Theorem 5.1 in slightly different terms. For an arbitrary
self-adjoint operator H the map z — R(z) € B(H) is holomorphic on C,. Recall that we
have continuous embeddings

B(H) C BIGK") © B(Hs 15 Hoson) (5.6)
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if s > 1/2. So, for example, z — R(z) € B(K;K*) is a holomorphic map on C,. Now assume
that H € CM(A), i.e. the hypothesis of Theorem 5.1 holds with £ = 0. Then the theorem
says that the preceding function extends to a weak* continuous function on C, U u4(H), in
fact lim, 4o R(A + ip) = R(A +10) € B(K;K*) exists in the weak™* topology of B(K; K*),
locally uniformly in A € u(H). So the boundary value function A — R(A+i0) € B(K; K*) is
well defined and weak* continuous on p#(H). According to (5.6), we may consider the map
A= R(A+10) € B(Hs1; Hoso) for each s > 1/2; clearly it is a weak™® continuous function
(recall that H_s = Hj,, which defines the weak™ topology of the preceding space). Now
assume that H € C'*%1(A) for some integer £ > 1. Then the Theorem 5.1 says that the map
A R(A+10) € B(Hs1; H-s00) is of class C¢ on pu*(H) in the weak* topology if s = £+1/2.
Moreover its weak* derivatives are given by
dk

e in) = 1 A s oVk+D — ) pA+L .
dAkR(/\HO) HE.YEOA'R(’\J””) = kIR*()\ +10) (5.7)

where the limit exists in the weak* topology of B(Hs1;H-s00), locally uniformly in A €
A
u(H).

Our next purpose is to describe the regularity properties of the function A — R(A + i0)

in terms of the classes A®. For the proof of the next result we need the following lemma
(proved in [BG3]):

Lemma 5.3 Let J C R be an open set, gg > 0 a real number and J = {(\,e) € R? |
A€ J0< e < e} LetF: J — C be a function of class C™ for some integer m > 1
and assume that there are real numbers o, M, with 0 < ¢ < m and M > 0, such that
Spakem | F(N €)| < Me®™™ on J. Then the limit lim_o F(\, €) = Fy(\) ezists uni-
formly in A\ € J and the function Fy : J — C is locally of class A°. Moreover, there is a
constant C,, (depending only on m) such that

(T, - )" F)(N)] € CruMa™ |7 (5.8)

if A € J and v € R have the properties |v| < eg and A +tv € J for allt € [0,m]. In (5.8)
the translation operator T, acts according to (T,g)(A) = g(A + v).

Moreover, we shall need the following particular case of the Theorem 2.1: if x : R — C
is a bounded Borel function and s = a + 1/2 is a real number > 1/2, and if x has a zero of
order > « at the origin (i.e. |x(z)| < c|z|? for some B > @), then there is a constant C' < o
such that for all € > O:

X (€A s 02170 + [IX(€A) Iy jp 0 —ttens S CET (5.9)

Theorem 5.4 Let H be of class C***(A) for some real o > 0 and let us set s = a + 1/2.
Then the function
pA(H) 2 XA = R(A +140) € B(Hs00; Hos1) (5.10)

is locally of class A%.
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Proof. (i) As explained in the first part of the proof of Theorem 5.1 it is sufficient to consider
the case when H is a bounded (everywhere defined) operator. From now on we keep the
notations and assumptions of the part (ii) of the proof of Theorem 5.1. We first prove that
for each ¢, m € N with m > 2a we have

HLE™ I3t oty < C(6,m)e™47™ (5.11)

for a number C(¢, m) < oo independent of € € (0,&g), A € J and p > 0. For this purpose we
use the Proposition 4.5. Note that for each term of the first sum on the r.h.s. of (4.17) we
have either a > a or b > a. If, for example a > «, we use the estimate (5.9) with ¢ = ¢;,
and get that the corresponding term is bounded by a constant times €%||g||s.col||f]]|, and this
is better than needed (because s > 1/2). A typical term of the second sum on the r.h.s. of
(4.17) is dominated by const - |||g||| - ||| f]|| - ||e°K ?|| and now we may use Proposition 4.2

(d).
(ii) Now let f € Hs o0 and F(N,€) = (f, Le(A + i) f). Then (5.11) gives
|50 F(X, €)] < (€, m)l| £l 0™ (5.12)

This implies the hypothesis of Lemma 5.3, namely |0{05F(\, €)| < Me* ™ if {+k = m, with
M = const.||f||? . Indeed, if £ = 0 this is a particular case of (5.12). If £ > 1 we integrate
(5.12) ¢ times with respect to € over an interval of the form (7,&¢) with 0 < 7 < €p; since
a —m < 0 we shall get |90m~¢F()\,7)| < M7*™™, which is the estimate we were looking
for. Now we use Lemma 5.3. Since Fy = (f, R(z)f) and H; 0 = (H-s1), the estimate (5.8)
implies the assertion of the theorem. {

5.2

K* = H_1/2, is the smallest space in the Besov scale associated to A which contains the set
R(A+10)Hs (if A € J is a spectral value of H). We show now that the operator II_ R(\+10)
behaves much better (similar assertions hold for IT. R(A — 70)). Here II. = E4((—o0,0])
extends to a continuous operator in H_., which leaves invariant each H,,; hence the product
[I_R(\ + 20) is well defined and belongs to B(K;K*). Note that under the conditions of
Theorem 5.5 we have R(2)Hsp C Hsp, hence the r.h.s. of (5.13) makes sense.

Theorem 5.5 Assume that H is of class C*tY/*P(A) for some real number s > 1/2 and
some p € [1,00]. Then for all A € p(H) one has II_R(A + i0)Hsp C Hs—1,p. Let £ >0 be
an integer such that £ < s — 1/2. Then for each f € Hsp and g € Hey1-sp the function
A= (g, TI_R(X +i0)f) is of class C* on u*(H) and one has

de

W(g, II_R(\+140)f) = #1L1110(H_g, DR + i)t f) (5.13)

where the limit ezists locally uniformly in \ € u(H).
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Proof. Exactly as in the proof of Theorem 5.1 it suffices to consider the case where H is
a bounded operator. Then, J being chosen as in (ii) of the proof of Theorem 5.1, we may
assume that the assumptions of Section 4 are satisfied. Let L. be the operator introduced in
Proposition 4.6, where 1 is assumed to have the property ¥(0) = 1. We set h(e) = (g, L{%0 f)
for 0 < &€ < g and some given vectors f € H;, and g € Hy4s—s,». Here p’ is defined by
1/p+1/p' = 1. Then (4.19) gives

™™ (0)] < Ce~lIT-e] || |llg(A) Il o (5.14)
OIS eI (eAYegll] - | K|
i+j<m-—1

where C is a constant independent of €, A, i, f and g. We choose m > o = s — 1/2. Then
the integral over the interval (0, 1) with respect to the measure e~'de of the first term on
the r.h.s. of (5.14) is bounded by

11/p

! a-{ cA ! -1 ad ! —-a —1 /
c [ Meem-egliiede| | [ lleteafilire™de] < Cliglhyz-asew 1 flli/2vep

We have used the Theorem 2.1 which is allowed by the fact that « — £ > 0, 0 < @ < m and
{(z) = O(z™) as 2 — 0. The integral over (0,1) with respect to e~'de of a typical term of
the sum in the r.h.s. of (5.14) is similarly bounded by

1/p

1 g s - 1/p' 1 o) " 7 )
CIIAIN | [ e T (eayetglPetde | [ [l kO Petde| < ClIAIHIglhamave

The rest of the proof is similar to that of Theorem 5.1. The conclusion is that the function
z— (II_g, R(z) f), which is holomorphic on C,, extends to a function of class C¢ on C, U J
(in a sense explained in the statement of Theorem 5.1). In particular, if we take { = 0
we see that lim,_o(TI_g, R(A + iu)f) exists (uniformly in A € J) for each f € H,, and
9 € Hi—sp. Now recall that H,_1, = (H1_sp)" if 1 < p € 00 and Hs_11 = (H)_so0)*
Hence for each f € H;, the limit lim,_.oI_R(\ + ix)f exists in the weak™ topology of
He1p 50 IILR(A+10)Hsp C Homrp. €

We define the w-topology on the space B(H;p;H;4) as the topology associated to the
family of seminorms S — (g, Sf)| with f € Hs, and ¢ € H_; . Then the second part of
Theorem 5.5 can be expressed as follows: the map A — [I_R(A +10) € B(Hsp; Hs—e-1,p) is
of class C* in the w-topology.

Theorem 5.6 Let s, a be real numbers such that 0 < o < s — 1/2 and assume that H is of
class C5TY/2(A). Then the map

$A(H) 3 A= T_R(A +10) € B(Hq 003 Ham1-a1) (5.15)

18 locally of class A*.

Proof. (i) We keep the assumptions and notations of the proof of Theorem 5.5. We first show
that the operator L. satisfies the following estimates: for each {,m € Nwithm > s-1/2=0
there is a number C(¢,m), independent of €, A, i, such that

LE™ e —ttam1an < C(€,m)E™™, (5.16)
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We use Proposition 4.6. Then (5.9) with x = ¢ (which vanishes of order m > [ at the origin,
see (4.18)) implies |[|C(eA)f|| € C'€?||f|ls,c0- On the other hand the Theorem 2.1 implies
for 3 —a > 0:

7 IM-egll] < C"llglh/2-p+a00 = C"llgll1-st+aco- (5.17)

Hence the first term on the r.h.s. of (4.19) is bounded by a constant times £%||g||1-s+a,c0l| f]ls,00-
Now we bound the terms of the sum from (4.19) by using |||(cA)*¥D (cA)f||| < C'||If]]] <
C"||flls.co and Proposition 4.2 (d). We shall get terms of the form C"&?|||TI_(eA)%4g]|| -
|| flls.cc- By an estimate similar to (5.17) (use the Theorem 2.1 again) we finally obtain

I(QyEHnge'm)f)l & Cfa||g“1~s+a,oo“f||s,oo-
This implies (5.16) because H_siq00 = (Hs—1—a1)*-

| (ii) Let F(N &) = (g,Le(N +ip)f) with f € Hsoo and g € Hita—sco- If €¢,m > 0 are
integers and m > ( then (5.16) gives

8507 F(A, ) < CLlm)||fllscollllsarsees

Now the proof can be finished as in the case of Theorem 5.4. {

5.3

If f ¢ Hijo, then II_R(A +40)f has no meaning in general. However, one can give a sense
to this expression if F4((—00,a))f = 0 for some a € R.

Theorem 5.7 Assume that H is of class C*%"(A) with & > 0 real and r € [1,00]. Let
e N with £ < a, let s be a real number such that 1/2 — (a—{) < s < 1/2, and let us denote
t=s—-14+(a—20), sothat —-1/2<t < -1/2+ (a—¥{). Finally, let f € Hsp and g € H_s ¢
where p, q € [1, 00| are such that

(i) ifs=1/2— (a—¥¢) thenp=1'" and q = oo,
(i) ifé=1/3 then p=1 and g =7;

(iii) if 1/2 — (a — €) < s < 1/2 then p,q are related by 1/qg=1/p+ 1/7.
Then the holomorphic map C.. 3 z — (II_g, R(2)II. f) extends to a function of class C* on
Cy Uu?(H) and one has
de

—(TI_g, RO\ +40)I1. f) = lim (TI_g, £!R(\ + ip)* L, f) (5.18)
dX\¢ pu—+0

where the limit exists locally uniformly in \ € u(H).

Proof. (i) As usual we reduce ourselves to the case when H is a bounded operator, but this
time the argument is slightly more involved. With the notations of part (i) of the proof of
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Theorem 5.1, we write

(H—gw R(Z)H-f-f) = C(H—gv (R - ()_IRH-{-f)
= ({Tl_g, (R = ()" RIL, ) + ({TL_g, (R — {)"'TL_RIL, ).
The first term in the last member here is easy to treat (because RII4 f € Hs oo if f € H00)-
For the last term we first use Theorem 2.2, which gives II_RII.f € Hyig/2 if f € H; 0.

In conclusion, for the rest of the proof we can assume that H is bounded and that the
hypotheses of Section 4 are fulfilled.

(ii) Let L. be as in Proposition 4.7 and let us set h(e) = (g, LY f) with f € H,, and
g9 € H_; 4. Then, according to (4.20), for each integer m > 1 (in fact this time one can take
m = 1, which simplifies the proof, but not significantly) we have

™A™ ()| < C Y |l T (eA) e gll] - || ML (eA) e A f])] - |le T K|,
a+b+c<m-1
(5.19)
where ¢ is the real number defined by s = 1/2 — ¢, sothat 0 <o < a—{. If 0 =0 (case

(ii) of the theorem) then we bound a term in the sum from (5.19) by
C'|l|e*= TI- (e A)*e A gll| - [IIF1I] - lle~oF K.

Then by using Theorem 2.1 we obtain [¢™h(™(¢)| < x(g), where x(¢) is independent of \

and u, and
o0
/0 x(e)le™ de < CIIfIIl - llglh/z-aser-

If o = a—¢ (case (i) of the theorem) we estimate a typical term in the r.h.s. of (5.19) by

gl - lle® (A=A S| - le K.

Then as above we get

€0
L xt@)le e < gl - lgllyjz-aver

Finally, if 0 < ¢ < a — £ we can use Theorem 2.1 for each of the factors in (5.19) which
contains f or g. So the relation 1/¢' + 1/p+ 1/r = 1 and the Holder inequality with three
factors will give

€0
| €)™ de < C'llglh2-asesaa 1 Flly/2-ap

Since 1/2—a+f+0=1—-s—(a—¥{) = —t, we can finish the proof as usual (see the proof
of Theorem 5.1). &

We shall reformulate Theorem 5.7 as follows. We know that for each real s with |s| < 1+«
and each p € [1,00] the operator R(z) has a canonical extension to a bounded operator in
Hsp if z € C4, and the map z — R(z) € B(H,,) is holomorphic. If s,p,t,q are as in
Theorem 5.7 then t < s, so we have a holomorphic map

C, 52— I_R(2)[I; € B(Hsp; Heg)- (5.20)



Boutet de Monvel, Georgescu and Sahbani 551

Now the theorem says that if we equip B(H,p; Heq) with the w-topology then (5.20) extends
to a map of class C® on C, U u?(H). If X € u*(H) then the operator II_R()\ + i0)II, is
a well defined element of B(K;K*) (by Theorem 5.1). Hence, according to Theorem 5.7,
this operator sends H;/9, into H_, /914, and, more generally, induces a continuous operator
Hsp — Hiq (with s,p,t, ¢ as in the theorem). Moreover, the map

pA(H) 3 A= I_R(\+i0)1; € B(H,p; Hey) (5.21)

is of class C* in the w-topology.

Theorem 5.8 Assume that H is of class C'*®(A) for some o > 0. Let 3, s,t be real numbers
suchthat 0 < <, 1/2—(a—0F)<s<1/2andt=s—1+(a—0), so that —1/2 <t <
—1/2 + (a— B). Finally, let p,q € [1,00] be such that

(i) ifs=1/2 — (a = B) thenp = ¢ = o0;
(ii) if s=1/2 thenp=q =1,

(iii) if1/2 - (a—B) <8< 1/2 thenp=o00, g=1.
Then the map (5.21) is locally of class AP.

Proof. Asusual, we may assume that we are in the context of part (ii) of the proof of Theorem
5.7. We use Lemma 5.3 with F(\,¢) = (g, L(A+1u) f) where L, is as in Proposition 4.7 and
f € Hspy 9 € H_ty. As in the proof of Theorems 5.4 and 5.6 we shall need the following
estimate: for £,m € N there is a constant C(¢,m), independent of ¢ € (0,&p), A € J and

@ > 0, such that
| L.‘ge,m)llﬁs,p—’ﬁt,q S C(gﬁ m)E‘B—E_m_ (522)

In order to prove this we use the inequality established in Proposition 4.7. Each term in the
r.h.s. of (4.20) is of the form |||o(cA)g||| - [|[¥(cA)fl]] - [|e¢K(¥|| where ¢, ¥ € S(R) but do
not vanish at zero in general. By Proposition 4.2 (d) such a term is bounded by a constant
times

e*Ille(eA)glll - llw(eA)flll = °[lle® =7 w(eA)gll] - lllew (e A)1I] (5.23)

where ¢ could be an arbitrary real number. If 0 < ¢ < a — 3 then the r.h.s. of (5.23)
can be estimated with the help of Theorem 2.1. We clearly get a bound of the form
ce?||9]]1/2-a++0.00l [ fll1/2-0.00- We set s = 1/2 — o and we obtain (5.22) by a simple ar-
gument. The limit cases ¢ = 0 and ¢ = o — § are treated similarly. ¢
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