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Nonlinear Electrodynamics with Singularities
(Modernized Born-Infeld Electrodynamics)

By Alexander A. Chernitskii !

Department of Physical Electronics, St.Petersburg Electrotechnical University,
Prof. Popov str. 5, St.Petersburg 197376, Russia

(8.VII.1997)

Abstract. Born-Infeld nonlinear electrodynamics are considered. Main attention is given to
existence of singular point at static field configuration that M.Born and L.Infeld are considered
as a model of electron. It is shown that such singularities are forbidden within the framework of
the Born-Infeld model. It is proposed a modernized action that make possible an existence of the
singularities. It is obtained main relations in view of the singularities. In initial approximation this
model gives the usual linear electrodynamics with point charged particles.

1 Introduction

In the article by M.Born and L.Infeld [1] a model for nonlinear electrodynamics was con-
sidered. This model is named now as Born-Infeld electrodynamics. The article [1] contain
some arguments about the necessity for nonlinear generalization of electrodynamics and
possible connection between the such theories and quantum mechanics. At the present time
the interest to similar models continues. In this connection it should be noted a series of
articles by A.O. Barut about connection between classical particle-like field configurations,
real particles and quantum theory. For example, see the articles [2, 3] by A.O. Barut and
the article [4] by A.O. Barut and A.J. Bracken. In this cited articles the authors consider
a linear theory of field but the stated ideas may be used also for nonlinear models. More-
over, nonlinearity create interactions of various types between particle-like solutions when
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we use a perturbation method. Thus there is a possibility of description of real interaction
of particles with help of the such models.

The Born-Infeld model has some attractive properties. In particular, a field configuration
that appropriate to the electron has a finite energy in framework of Born-Infeld electrody-
namics, in contrast to the case of usual linear electrodynamics. But the components of
electromagnetic field of this configuration has a discontinuity at a point for Born-Infeld
model, the four-vector potential being everywhere continuous. However, the field configu-
ration at the singular point is not solution to the field equations which are in the article
[1]. In the present work we derive conditions for stationarity of the Born-Infeld action in
the case when the field may have singularities. It appears, that it is necessary to modernize
the Born-Infeld action in order that the model allowed the existence of such singularities
and, hence, could be suitable for the description of real particles. We propose a modernized
action and we obtain the main relations for particles-singularities.

2 Born-Infeld Electrodynamics

Let us state the main relations about the Born-Infeld standard model and introduce some
notations which we shall use. The Born-Infeld action has the following form [1, 5].

Spr = [[\/| det(guu+apuy)|—\/[det(g“,,)[] (@)= [(£-1) gl (@)*  (21)

0A, OJA , ;
where F,, = i 6:55 is electromagnetic field tensor components
9. 1s metric tensor components; the Greec indexes take value 0, 1, 2, 3
1 F 1
— . — . — == v nop
L=\|1-a?T-atJ?| ; I= s § = i 3 Euvop FHF
F=det(F,) ; g=det(gn) ; (dz)*=dz’dz'dr’da’

Ewap = Ey [19 | | here there is the LouP sign, if wop is SR

ghvop  —

9| permutation of indexes 0123

A condition for stationarity of the action (2.1) is the following Eulerian system of equations.

0
5on V19l F4 =0 (2.2)
where A . )
wo— 1 =2 (v _ % g pmvor 2.3
"= R sEA) " T (F g Tk ‘”’) (2:3)



276 Chemnitskii

The expression for the tensor components Fj, as functions of the tensor components f,,
has the following form.

1 B e op
Fpu — f fuu + ?Jspuo'pf (24)
where
(T = 1-2T-tT
_ 1 a = J
1T = 5 fw = _ (2.5)
. LL = 1472

\7 = gspuapfw}fap

In view of the electromagnetic tensor definition we have also the following relation.

oF,
uvop op =0
e = (2.6)
If we introduce the notations for space vectors of the field
(the latin indexes take values 1, 2, 3)

E, = Fy D' = f*

i — _1 ok _ 1 ik
B' = —3¢ Fi ; H, = 5 E0ijk f (2.7)
F; = eojB* f9 = —e"kH

then the system (2.2), (2.6) may be written in the following form.

f

- 1 0
O = —— 7= /lgl
( DivB = 0 g Jlg| Oz*
%B+RotE = 0 B = 3 g
$ ’ _ where 3 DivE = o8 (2.8)
B DvD = 0 (RotE)! = —e%k g, E;
k—80D+ROtH = 0 b
S

Here the definitions Div and Rot (2.8) include \/H for the space-time in contrast to the
usual definitions div and rot for the space. It is evident that these definitions coincide
for the case with |gog] = 1 and go; = 0. If in addition we have g # g(z°) then the
system of equations (2.8) has the form of the usual Maxwell’s system of equations. It should
be noted that it is for the definitions (2.7) that we have the form of equations system
(2.8), the distinction of the top and bottom indexes being essential. The forms of the
definitions (2.7) and equations system (2.8) does not depend on the form of dependence
between tensor components f* and F?” (2.3). Thus the foregoing is right also for usual
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linear electrodynamics that we have through linearization the relations (2.3): f# = F# .
The system of equations (2.8) is right for any space-time metric.

According to formulas (2.3), (2.7) the components of the vectors D, H and E, B are
interconnected by means of the following formulas.

Di = E [(90] 910 _ gOO gz]) Ej i gUJ gip E0jpk Bk + C£2 JBzJ
2
1 1 it Lk m 1 il kO i0 ki 2 ( 9)
H;, = z [EEOiijJ 9" €oipm B™ + 5 Eoijk (99 g —g"g ) E+a JEi]

If we substitute & =0, £ =1 in (2.9) we have the appropriate expressions for the case of
the linear electrodynamics.

The electromagnetic invariant are expressed through the field space vectors components
with the following formulas.

1 o
1 = (Q’ko g% — g* 900) Ey E, + 5 Eoijk g™ g™ €omm B* B! —

| P _ e
— Eoijk [5 (gaz gi0 — g0 gzl) — gt 903] E, B*

(2.10)
J = E;B

If |g°°| =1 and g% = 0 we have the simple relations interconnecting the vectors D, H
and E, B.

1
D = %(E+a2jB) E = =(D-o?JH)
: : £ (2.11)
H = Z(B—asz) B = f(H-i-asz)
In this case the expressions for the electromagnetic invariants have the following form.
Z = E-E-B-B Z = HH-D-D
: _ (2.12)

(Expressions for J and 7 in the case of general metric are the same).

A little more about the linear electrodynamics. If we take a variational principle as the
basis of the model, then the usual relations for the linear electrodynamics D =E, H=B
are right provided we have |go| =1 and g,, =0 for p # v. In the case of general metric
we must take the relations (2.9) (with &« =0, £ =1 in this case).

In the article [1] it is proposed the following spherically symmetrical field configuration
as a solution to the model that appropriate to electron.

€ e
e = W 5 bl = T_2 (2.13)

where r is the radial coordinate, and the index r denote the radial component of vector.
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As we see, the vector E has discontinuity in the beginning of coordinates. But the
function Ag(z) is continuous everywhere and the action is finite. It is obvious that (2.13) is
a solution to the system of equations (2.8) everywhere except the coordinate center. In the
beginning of coordinates divD is infinity for the field configuration (2.13).

With Lorentz transformations we have the appropriate to (2.13) moved field configura-
tion, that has the following form in a cartesian system of coordinates.

Fu = (L5 - LOL)Ei(r) 5 r=yyy ; o' =L (2a! - Via) (2.14)

Here E; is the cartesian components appropriate to (2.13), {y'} is own cartesian coordinate
system of the singularity moving with it together, V7 is components of velocity of the
singularity, ||L,.|| is matrix of Lorentz transformations appropriate to boost:

i 1 ViV
Ly=——=—; Li=Lg= - 4 — 1) 2 (2.15)

Vi gy [
Ji-ve Ji-v2 J+(\/1~V2 Ve

We use a metric with the signature {—+ ++}.

1

Because J = 0 for the field configuration (2.14), it satisfies (out of the singularity) also
a more simple system of equation then (2.8), (2.9) or (2.8), (2.11). We obtain this system if

substitute J = 0 into relations (2.9), (2.11) and take £L=/|1 -a?Z|, L=/|1-a?T]|.

An action has the following form [1] for this case.

(dz)* (2.16)

Sor = [ | VIdet(gm + aF) = det(aFu)] - /I det(g,)]

3 Conditions for Stationarity of the Action
with Singular Points of Field

Let the functions A,(z¥) that give stationarity to the action functional (2.1) or (2.16) be
continuous and have NN singular points as discontinuity of derivatives on the coordinates.
We assume that the singularities exist for all time. We do not consider here a possible process
of birth-destruction of the singularities. Thus in any moment of time each n-th singularity
has certain space coordinates. We shall use the notation a‘(z°) for it. Let us enclose each
singularity in a small closed surface moving with the singularity together. Subsequently we
shall contract these surfaces to the points. Let us consider the following action.

By = fd:rof(ﬁ— 1)+/lgl (dz)® (3.1)

where (dz)® = dz'dz?dz®, Q is the all three-dimensional space with the excluded regions
bounded by the surfaces which enclose the singular points.
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We shall make a variation of the functional (3.1) through variations of the field functions
A,(z) and trajectories of the singularities. Here we have a moving boundary variational
problem with free variation on the boundary [6]. As it is usual, we shall replace A,(z) —

A, (z) + €6A,(z) and a'(z?) — a'(2®) + £6a'(z°) in the action (3.1), considering that
§A,(z) =0 and §a'(z°) = 0 at infinity. We differentiate the action on ¢ and take ¢ = 0.
Then we make the partial integration and obtain the following variation of the action (3.1).

+o0

By = / dz®{ —a? / a_ii (\/@ f‘“’) 5A, (dz)® — (3.2)
Q

—00

Ll N m n; . n
-3 |o? | [rveadd - [ oA Vias | + [(c-1)sk as,
n=1 n n n

Here ¢ is closed surface enclosing the n-th singularity, it make the integra-
tion on external (relative to the singular point) side of this surface

5, = + |g| dz?dz® where it take the sign ”"+”, if we have an
& = 4 dz'dg? acute angle between ¢-th coordinate axis (3.3)
iz N gl 3:1 xz and external normal to the surface ¢ and '
doy = +/|g|dz’dz it take sign ” =", if the angle is obtuse
with the differential form concept the following expression can be written
1 :

dg',' = 5 €0ijk dz? A d.’L‘k (34)
n,  dat

= dz° (3.5)

We have the last integral on the surfaces in (3.2) with differentiation of location of the
integration region border by ¢ [6].

When we contract the all surfaces & to the points we have Q@ — Q, where Q is the whole
three-dimensional space without the singular points. Replacement of € in § is similar to
partition of argument value interval of some function having discontinuity of derivative on two
intervals: at the right and at the left from the singularity. Exception of the singular points
means only that the infinite values of derivatives of the functions f*“(z) are not included
in the integral. Thus it is evident that if & — Q then Sg; — S and 655 — 655, .

The functions §A,(z) are continuous everywhere, hence, we can factor out these functions

from the integral on the surfaces o when we contract these surfaces to the points. Let us
introduce the following designation for charge and current of the singularity.

lim / fY45, . T= N - (f“ doy~ o &ida) (3.6)
4 3—)0 i
a ag
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According to the notations (2.7) we have the following expressions.

n n n 1 L1 n n
ezihm/D do ; JE—]im[[D(V-dd)—HXdO’] (3.7)
4 a0 -4 4m G0
where (Hng’)iEEgiijjdgk i (Hng’):= —EOiijjdg’k

It is clear that if we take a non-singular as n-th point then € =0, j=o0.
As result we have variation of the action (2.1) in the following form.

+00

§Spr = / dxo{—a2 / % (\/m f‘“’) §A, (dz)* + (3.8)
0

-0

4 n, n n; ;N
+ > [oﬂ 4 (2 §Ao(z°,3) + J' 6A1-(2:0,a)) ~ L /E 5a‘da,} }
n=1 o—=0 3,

According to the general principles of calculus of variations [6] we can take §A4,(z° a) = 0
and @' = 0 at first. Thus if S = 0 then the second term in (3.2) is zero. Hence, the field
satisfies the homogeneous system of equations (2.2) outside of the singular points. Now we
take da’ # 0. As result we have the following condition for each singularity.

lim fﬁ d& =0 (3.9)

n
o—0 3
c

As we see the field configuration (2.13), (2.14) satisfies this condition.

n.
Now if we take §A,(z°, 3) # 0 for any one n-th singularity then we have e =Ji =0
that are boundary natural conditions for this variational probiem. It is evident that these

conditions forbid existence of the solution (2.13), (2.14) for which € # 0, T =£ 0.

The same conclusion can be obtained if we consider 8, f**(z) as distributions or gener-
alized functions. As it is known, a partial integration is allowable for the class of generalized
functions. Thus if we have the stationary action (2.1) then the system of equations (2.2)
should be satisfied everywhere. On the other hand the field configuration (2.13), (2.14)
satisfies the system of equations (2.2) only outside of the singular point.

4 Modernized Action, Field Equations
and Charge Conservation

We can modernize the action (2.1) for the field configuration (2.13), (2.14) could be the
solution of model equations. Let us add to the action (2.1) the terms that compensate
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the terms with charges and currents of the singularities in the expression (3.8). Thus a
modernized action has the following form.

[n n. |n
S = /(ﬁ — 1) [g —dr o Z / (6 Ao +J' A,) dz° (4.1)
Here we introduce the following notation.

In n
A, = A4,(2%a) (4.2)

We can use Dirac d-function and write the action (4.1) in the following form.

= f (£ -1-4ra? A7) gl (do)’ (4.3)

where

We use the following definition for three-dimensional §-function.

[ £(x) 8(x - 8) (d)° = lim { = [1&) d{}} = <f(x)>n .18 = ]d3 (4.5)

- n
oc—0 |0'|n
a

n

Q

n
Here () is a region of the space {2 including the point x = a, do is an area element of the
n n 5 n ‘
surface 0, | o | is an area of the whole surface o. We suppose that function f(x) may

have discontinuity at the point x = a.

First we can consider €, J¢ and ' as some given functions of time. Then making a
variation of the field functions in the action (4.3) we obtain the following field equation.

B, " = dx g’ (4.6)
Then the system of equations for the field vectors E, B, D, H has the following form.

{ DivB = 0 { DivD = d4r}°

5 B+RotE = 0 ~3,D +RotH = 474 )

Let us act to the system of equations (4.6) by the operator 8, with convolution on the index
v: 0,0, f"* =4n 0,7 . Here left part is zero because f*” = — f“* and it is possible for
distribution to change an order of differentiation by different coordinates. Thus we have the

following conservation law. _

Substituting definition of 7 (4.4) into (4.8) we obtain the following relation.

Z [(g;) §(x — &) + (Sf ~ B 1?1') aii 5(x — 5)] =0 (4.9)

n=1
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Let us integrate this relation on a region of the space including only one n-th singularity in
some any moment of time. As result we obtain that the charge of an individual singularity
is conserved.
de n
o= 0 = e =const (4.10)

Substituting (4.10) into (4.9) we obtain

J= 2V (4.11)

Let us rewrite the action (4.1) in the following form using (4.10), (4.11).

N +o0 n.
n da* In o
5 = /(ﬁ = 1) lg —4r o g ofo ( + @ Ai) dx (4.12)

Introducing an integration on the trajectories of the singularities we can write the action
(4.12) in the following form.

5= f ~1) /gl (dz)* — 4r 02 i EfA,,dxﬂ (4.13)

n=1 =
7

where 7 is trajectory of n-th singularity.

5 Motion Equations of the Singularities

Let us make a variation of the action (4.3) on the functions a‘(z°). We suppose that the
condition (3.9) and the equation (4.6) are satisfied. Taking into account the definition (4.4)
and relation (4.11) we obtain the following condition.

Fo?+F;7=0 (5.1)

Let us integrate this condition on a region of the space including only one n-th singularity
in some any moment of time. As result we have the following conditions for each singularity.

(), + ), 7 =0

Here the angle brackets (...), is the averaging of function near the n-th singular point (see
definition of §-function (4.5)). Remember that the functions F),, have not single value at
the singular points. The condition (5.2) may be obtained also without using the § -function.
We can substitute the definition of §-function (4.5) into action (4.3) and derive the condition
(5.2) directly. jFrom (5.2), it is evident that

v <E°>n =0 (5.3)
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Using again the definitions of 4 -function (4.5) and current density (4.4), (4.11) we can pool
(5.2) and (5.3) to the following formula.

Foi=0 (5.4)

Using the definition (2.7), we can write the condition (5.2) in the following form.
<E> +V x <H> =0 (5.5)

We can search a solution with N singularity by a perturbation method. As initial
approximation we shall take a sum of the solutions with one singularity, the free parameters

of which being dependent from time. The components of velocity I?" are free parameters
for the solution of type (2.14). So, the initial approximation has the following form.

N n

): (5.6)
n) In

where A, is the solution with one singularity (not to be confused with A4, (4.2)).

n)
If A, correspond to the solutions of type (2.14) then

n)

Ay =10(%) ¢ () (5.7)

n
where ¢ (?) is zero component of the electromagnetic potential for the solution with one

rest singularity (2.13), 7 = VUi,

Pi=Ii[P-¥6] 5 ¥ =0+ [ V() a” (5.8)
0
2%+ 08¢ _n, dliny, n
= L Elotgm iV B

E“ is the Lorentz transformation matrix components (2.15) that include the velocity of
n-th singularity Vi=vyi (=",

Thus we have the following expression for initial approximation.

N ([, 8¢ ay’ IS »
0 0 ¢1 0 ¢t
n; [(L = - 1% 5 55 Fo + (6.6, -808,) =4 ) (5.10)
where f?‘,'g = E’,‘ = a¢ (511)

0y
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Let us consider a motion of one k-th singularity (n = k). Let us designate a field
connecting with all other singularities (n # k) as Fj,, . Thus we have

k . k . k
s k0 ayl kO a'yl 5 0 ¢ 0 gz dLOz k - -
F,uu — (Lu amp - L.p 6&7“ Ei + ((5;4, 6;: - 61/ 6,(1) dID ¢ + F}“-’ (312)

Let us average these functions F),, near the k-th singular point. It is evident that

k.
<%y,, Ei> =l ] <§5(?&)> = 400 ; <Fp> = £, (°, 8) (5.13)
T k k §

As can be shown (see also [1]), for used here system of designation we have the following
equality for the solution (2.13).

k 00 1 2
K & & [T
0) = — where (= / = ~ 1.8541 5.14
ARy Y Sl v e W (.14
Let us enter the folloving designation for rest mass of the singularity.
k Kk ¢ 2
m = —e ¢(0) =1 for the solution (2.13) (5.15)
o € |
Then we can write
kL kg
_ ogi g0\ MALy | & o k
<F#,,>k = — (5068 - 805%) T g e 8 (5.16)

Substituting (5.16) into the condition (5.5) with n = k we obtain the known Lorentz
equation for motion of k-th particle-singularity in initial approximation.

k
A\

V1-v2

At the singular point we have £ = 0 and f*” = oo for the solution (2.13), (2.14). But,
k
as we can show, if we take (de’i/dxo) =0 in (5.12) then £ =0, f* = oo for filed F,,

,%d% =z(ﬁ:+\"zxﬁ) (5.17)

: ; k ; : . .
(5.12) on a singular surface near to the point x = a. The term with derivative on time from

ko . = . k .
L% in (5.12) compensates the field F,, near to the point x = a according to (5.17), so we
have the singular point but not surface.

_ If other singularities (with n # k) are sufficiently distant from k-th one then the field
E, B satisfies to the linear Maxwell’s system of equations with n # k singularities as
sources. Thus we have the standard linear electrodynamics as initial approximation.
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The motion equation (5.17) can be also obtained with somewhat different way. Let us

k) -
substitute A, = A, + A, in the action (4.13) and make the trajectory variation of the
k -th singularity only. Thus, using (5.7), (2.15), (5.15), we obtain the following variational
principle that well known as one for motion of a point charge particle in electromagnetic

field.
Ko T -
é5f(Ap +AF) da* = 6(—7%] 1—\kfzd:c°+§/‘Audm“)
k —00 k

T

- 5[(- % ds+ & A,,dx“) 1 (5.18)
k

where ds = /|dz, dz¥|.

The approach that present here may be applied to any form of regular part of Lagrangian
(£ —1). In particular we can take the Lagrangian for linear theory o?Z. It is well known

k
that in the case of the linear electrodynamics we have a singular solution with | ¢(0)| = co.

Hence, in this case M = 0o and there is not an interaction between single-singular solutions
according to equation (5.17), that full conforms with superposition property of solutions for
linear theory. Thus we can consider the linear electrodynamics only as initial approximation
in a nonlinear theory pursuant to above-stated.

Because all observable charges in Nature multiple to the electron charge, it would appear

reasonable that 6 = + |the electron charge|. We can make an any value for the mass (5.15)
of the singularity with help of the model constant . But we assume that this mass is not
equal to the electron mass because a possible field configuration coincide to electron should
be a more complex then the solution (2.13). Thus we have the two model constants o and
e = |the electron charge|. But they are the dimensional constants and, hence, we can make
a = e = 1 for suitable dimensional system. Thus qualitative characteristics of the model
does not depend from sizes of these constants.

6 Conservation Laws for Energy-Impulse and Angular
Momentum

Here we shall use a cartesian system of coordinates with components of metric h, :
—hoo = hyy =hyps =hsz3 =1, hy, =0 for p#v.

Using the field equation (4.6), the current conservation (4.8) and the condition (5.4), we
can show that there is the following differential conservation law for canonical energy-impulse
tensor.

aly
o+

‘3:5 S (C-1) R+ am gt A (6.1)

=0 where T == (12
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Then we have a full canonical energy-impulse in the following form.

v = 1 Ov 0p h_Ou _ 3 - e Inu
P o fT (dz)® = f[f axu (£L—-1)| (dz) +nzzjle,4 (6.2)

As we see, the full canonical energy-impulse is divided into two parts. The first part has a
regular density and the second part has a singular density. This looks like a field and point
particles in the standard electrodynamics. According to relations (5.7), (2.15), (5.15) we have
an energy-impulse of n-th particle-singularity for initial approximation in the following form.

P ; P=-12 (6.3)

1- V2 Vi-ve
This expressions coincide with energy-impulse of point particle.

With direct verification we can show that there is the following differential conservation
law for angular momentum tensor.

aMﬁL/P [Ta— " i p 7
T 0 where My, ET s — Thme — Jo As + i Au (6.4)

Using the definition (6.1) we can write the following differential conservation law for
metric energy-impulse tensor.

aT" 1

63:: =0 where T, = T¢-9,(f*A) =f*F,— = (L—1) h*  (6.5)
In this case we have the full metric energy-impulse in the following form.
_ 1 hOu
P'=— :—/%" (£ -1)| (dz)? ‘
=/ |- G e @) (6.6)

As we see the full metric energy-impulse is expressed by a regular density in this case.

7 Conclusion

Thus we have presented an initial theory of nonlinear electrodynamics with singularities. The
main obtained relations do not depend on a form of relations between the tensor components
f* and F* . Hence, the results are sufficiently general.

The existence of the singularities in this theory is connected with addition the integrals on
the trajectories of the singularities (4.13) to the action (2.1) that provide also the stability of
the singular particle-like solutions. The singularity may be as positive as negative depending

on whether the sign before the k-th trajectory integral is minus (2 = e > 0) or plus

(6 = —e<0).
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Within the framework of the presented theory the canonical energy-impulse density is
naturally divided on two part: the regular part ("field”) and the singular part (”particles”).
The singular part of the energy for rest singularity is equal to the her rest mass that included
in Lorentz equation of motion of the singularity that we have in initial approximation.
However the metric energy-impulse density is regular.

In initial approximation this theory gives the usual linear electrodynamics with point
charged particles.

The obtained results can be used for search of the possible field configurations that could
describe the real particles.
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