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Non-Commutative Quantum Dynamics in
N Dimensions

By W-S. Chung

Department of Physics and Research Institute of Natural Science,
ayeongsang National University,
Jinju,660-701,Korea

(20.1II1.1996)

Abstract. In this paper the g-deformation of the N-dimensional quantum dynamics is described.
T'his theory is shown to be consistent only when the deformation parameters satisfy the special

-elation

Since the non-commutative plane ( so called quantum plane ) [1] was introduced to the
‘heoretical physics world , many theoretical physicists have been attempting to build up
bhysical models based on this type of non-commutative geometry. The reference [2],[3] and
4] governs one dimensional quantum dynamics only. In commutative plane we can easily
:xtend the results obtained in one dimension to more general cases - those in N dimensions.
Jowever it is not the case in quantum plane. In this paper we extend the result given in ref
4] to the N- dimensional case.

Now we build up the non-commutative quantum dynamics in N dimensions. Manin [5]
showed that the quantum space is defined as the quotient of a non-commutative algebra
sy the two sided ideal. Arafe'va and Volovich [2] introduced the non-commuting mass to
liscuss the one dimensional quantum dynamics.

Now we formulate the non-commutative quantum dynamics in N dimensions by means
»f the g-deformation of the algebra of observables; g-deformed algebra H is assumed to be a
quotient algebra of free algebra A by the two-sided ideal J;

H:A(Iymlﬁ'")IN,pli'",pN:Ala"'vAAhKl:"'7KN)
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where the two-sided ideal J is defined by the following Bethe ansatz

Tip; = ¢*pix; + ihgA? + )\Z;-V:,-szpj, (1)
Tip; = qpiTi, (1 # J) (2)
Tx; = q T, (4< ) (3)
pip; = qp;pi; (1<) (4)
T A; = &Mz, (5)
pilj = oi;A;pi, (6)
z;K; = 7;Kjx;, (7)
piK; = €;; K;pi, (8)
MK = n; KA, 9)
A = AjA, (10)
K:K; = K;K;, (11)

where A = ¢ — 1 and A, and K; are assumed to be additional hermitian generators of the
extended non-commutative algebra in N dimensions.

From eq.(5) and eq.(6) with j = 7, we have'
zihi = &Mz, (12)

pili = oiAipi. (13)
Multiplying eq.(13) by eq.(12), side by side, and using eq.(5) and eq.(6) leads to

fC«;PiA,'Z = (f«;Uz‘)2A?$iPi~ (14)
Similarly, Multiplying eq.(12) by eq.(13), side by side, and using eq.(5) and eq.(6) leads to
piziA] = (0:)*Alpiz. (15)

Subtracting eq.(15) multiplied by ¢? from eq.(14), we obtain the following two relations;
0 = 1, (16)

055 =1, (3 >1). (17)
Multipying eq.(6) by eq.(5), side by side , and using eq.(5) and eq.(6), we obtain

2piA; = (04;65)* Az, (18)

1Here we adopted the following notation; A;; = A;, for A=¢,0,7,¢ and 1.
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Piﬂfi/\? = (Uijfij)zA?Pixi;
Subtracting eq.(18) multiplied by ¢ from eq.(19), we get
0i;&i; = 1, (i # 7).
Then the eq.(16), eq.(17) and eq.(20) are expressed by the following one relation;

-1
ij -

G5 =
The next step is to determine 7;;, €;; and n;; in terms of §;;. From the two relations
wili = Ehamy

piK; = . Kip;,

we get the following two equations;
z,pi MK = A Kizaps,

p,‘.’L','KiAi = E,‘TiKiAip,'.’I?,'.

Subtracting eq.(23) multiplied by ¢* from eq.(22) and using A;K; = n: KA, we obtain

= \/ﬁ
1]3 = €;iTji, (_] > ?,)

From the two relations
el = il

pK; = 6 K;pi,
we have
M = V/&;5Tis)
s = e Thy (k> 1).

From the two relations
zih; = & Ay,

Pl = €:Kips,

we have

Bi = Ty (12 1)
Consider the following extended Hamiltonian
H= Zz=1p:2K12 + V(-Ily Kly Ala L IN, KN: AN)

Now we demand that all A;’s and K;’s are constant of motion;

. 1
A= E[H’ Ai] =0,

361

(19)

(20)

(21)

(22)

(23)
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i

K= ~[H, K] = 0. (31)
First let us restrict our concern to the free theory ( V' = 0 ).Then eq.(30) and eq.(31) give
oy = nji, for all j. (32)
€1 = | 8 fOT all ’L,] (33)
Therefore we get
ij =&, fori<j, (34)
§i =&, fori<y, (35)
T =1 =& (i <), (36)
Tii =T = ‘5;2» (1 <3), (37)
T]ijz j_la (?‘<J): (38)
77;':':'51‘_11 (i<j)’ (39)
If we summarize all the results , we obtain
.T,AJ = E,‘AJ'SE,', (40)
pil\; = &M A;pi, (41)
z:K; =& 2 Ky, (42)
piK; = K;p;, (43)
MK =& KA, (44)
K:K; = K;K;, (46)

Now let us cousider the general case with the non-vanishing potential term; Then | in
order to make A;’s and K,’s remain constant of motion, we demand that the potential V
should commute with A;’s and K;'s, which results in the following scale invariant properties
of the potential;

V(&iz, &K, Ay - 6o, Ee Ky Ak, - L ENEN ENEK N, AN)
= V’(‘Tll K11A11 e 1Ik7Kk1Ak: T JxNJKNiAN)r (47)

Vy(gimlaKl){:iAh e )Eimk:Kkag‘iAkv' T )éimN)KN7€iAN)
=V(zy, K1, Ay, - ok, Ky Ay sy, Ky An), foralli=1,2,--- N (48)

Finally we arrive at the Heisenberg equation of motion for non-commutative quantum
dynamics in N dimensions;

j?,‘ = %[H, .7,‘,']
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; ]
= [;;(EE‘ — q")pizi + g + E)piAl — M@ + 1)piE i1 TP K

h
1
+ Dk (& — )P KR, (49)
wvhere we damand? that i1
1 1
& = (I, &)W gwt=37), (50)

n order to impose the condition that
[V, I,‘] = ().

Similarly we can obtain the equation of motion for the momenta p;’s;

h .
Thi= [H, pi]

= Bl pi KR + V. pi)
= Sy PR KR, pi] + Sili [PEKR i) + [V, pi]
= (¢* - VpZilpi KR
+ (g7 = V)pZil i KGE + [Vopi) (51)

[f we use the following identity
hp; = ¢*Mpixlt + ihg(E2)" [ni](_q_)z,/\2

+ A[ni]qzz?‘_12j>imjpj, (52)

shen the commutator between potential and momentum p; is computed as

[Vs pz’]

= Pi{v(ql'l, e )qmi—laqzxia qTiy1," ", qu)

—V(Ily oy L1, T4, Ti1, 1TN)}
-thA’ZB V(& &Gio1Tio1, £224,qTit1, -+, QTN )
(-‘-)2 i
N ad
+ A2j=i+13’jpja_v($1, tt 3 Ti1y Tiy §Tit1, "+ GTN) (53)
q2I,'

where the derivation of eq.(53) is given in Appendix B and we write V' as follows;
V(I]." 3y Tyt 1T'N)

= V(.T]_,Kl,Aj,"',ﬂ':”_,Kn,An,'",J:N,KN,AN),

2The derivation of the condition (50) is given in Appendix A
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and the deformed partial derivative is given by

3]
akmiv(:rh“'vmh“'a'TN)
V(mly"'ykxiy"'axN)— V(IIT],"',.T,‘,"',J’TN)

- e . (54)

In this paper we discuss the N-dimensional quantum dynamics with some non-commuting
extended variables. In order to get the unitary time evolution of observables we deformed
the algebra of observables leaving Heisenberg equations as equations of motion unchanged.
In time evolution of position, we had to demand that the deformation parameters, &;’s, fulfill
the special relation given in eq.(50). We hope that this procedure will be connected with
the N-dimensional version of Arafe’va-Volovich model in the near future.

This paper was supported in part by NON DIRECTED RESEARCH FUND, Korea
Research Foundation ( 1995) and the Present Studies were supported in part by Basic Science
Research Program, Ministry of Education, 1996,(BSRI-96-2413).

Appendix A

In this appendix we derive the eq.(50). Let us first start with
V'(' *y Tk, Kky Ak; o )-Tt

=V (g7 o, 61 K1, &7 A,
1':',€¢2Ki,fi_lAi,q$i+1,§;‘2+1Ki+lsEi—lAi+ls
-, qzn, En KN, €T AN)
= oV (g7 & 2, 6K A
£ T, 6K, 67 A, g€ T, G K, 6 A,
gy TN, EN KN, 6T AN)
= a;V (g 7 m, 61Ky, Ay,
&ixi, G K, Aiy g5 2T, Eiv1 Kit1, Aisr,
g TN, EN KN, AN)
= V(¢ %z, Ky, Ay,

i, K, Niy 063368 i1, Kigr, Aia,

- g€ TN, K, AN)
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Therefore , in order for the potential to commute with the coordinate, it should satisfy the
following relations;

€1=\/an: j=112;"'1i—1-

1
fl':_é-j) j:1’+17)N

V4

Multiplying all the above mentioned relations leads to

&Y = (MY &) F .

Appendix B

In this appendix we prove the relation (53) for the monomials.?> The general form of mono-
mials is given by

V = iz KM A
Then we have

(M K Al

= Iz pi K (EiAe )
(Hk 12k ) (@ )(Hk—:+1$:kpl)Hkak(fiAk)lk
= (Ihok) (27 pa) (L ()™ )L K (€A ) ™
Here, using the identity (52), we have
[Mezp K A]p; = A+ B+ C,
where
A = (G2} (@) ™) (TR 4 (goe) ™ )TL K™ (€6Ak)
= pi(TGZ (ge) ™) (Pi(@P2:)™ ) (MRS () ™ )TLe K (€)™
=pV(gz1,-+,qTi, (I?m:‘, qTit1," ", qTN)
B = (IGZya}*) (shq(€0)™ " [ma) (2ye AT2l ) (L 4 (qaa) ™ T K™ (€A )™

= zhA2

8(1)21_ (61:’61, ce ’E"—lxi‘hg?mhqxi+1, - :qu),

C = ML zy “nilgzzi” IEN z+1591p.1(nk i+1(qze)" LK™ (€:Ax)™

N
= AEJ'—_~-;'+l‘r‘r:jp]' V(mll L1y Tiy a4, vqu))
3(1,21'1'

which complete the deriavation of eq.(53).

3Here the general potential is composed of the monomials with an arbitrary degree, so we only have to
prove that eq.(53) holds for the general form of monomials only.
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