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Atomic correlations and van der Waals forces

By Ph. A. Martin

Institut de physique théorique, Ecole Polytechnique Fédérale
CH-1015, Lausanne, Switzerland

(7.V.1996)

Abstract.  The effective potential between two electron-proton pairs at distance r in thermal
equilibrium with a weakly coupled classical plasma is calculated and shown to decay as r=° for all
temperatures and densities. In the atomic regime (low temperature and low density), it reduces
to the usual van der Waals potential computed for hydrogen atoms in their ground states. In
the limit of full ionization (high temperature), it is given by the r~5-correlation that also exists
between unbound charges. The model demonstrates that the conventional van der Waals forces and
the algebraic tails generally found in the quantum Coulombic correlations have the same common
origin in the intrinsic quantum fluctuations of the charges.

1 Introduction and results

The simplest standard text book calculation of van der Waals forces is well known [1]. One
considers two hydrogen atoms in their ground state, with infinitely haevy nuclei located in
r, and rp. The total hamiltonian is the sum of the individual atomic hamiltonians H,, Hj,
and of the residual Coulomb interaction V

2 2

2 2
H = Ho+H+v, g-PF__¢ g Il e
2m  |rp —r,| 2m  |ry — 1y

Vzez( ! - ! ! ! ) (1.1)
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where p,;,r;, ¢ = 1,2, are the momentum and position operators of the two electrons. For
large atomic separation r = |r, — rp| — oo, V' behaves as a dipolar potential

2
e 5 "
Ve 7-_3Vdipa Vaip = X1+ X2 — 3(X1 - F)(x2 - ) (1:2}

where x; = r; — r,, X9 = ry — r; are the relative electronic coordinates and r = *. The two
atoms are supposed to be in their ground states ¥, 0, ¥so With energy Ey. Then the van der
Waals potential ®,, is obtained by treating V' as a second order perturbation of the ground
state energy of H, + H, giving

Cu
(I)w(r) = _TF (13)
with 5
C, = e Z |(¥a,0 ® P10, VaipPa,i @ ¥ ;)| = 1 (1.4)

2E0 = E,‘ = Ej

intermediate states

The sum runs on all excited states ¥, ; @ ¥4 ;, (2,7) # (0,0), of the two atoms (including the
continuous spectrum).

This derivation raises several questions. First of all, the van der Waals forces are intro-
duced phenomenologically in the realm of classical statistical mechanics to study equilibrium
properties of atomic or molecular phases. It would therfore be advisable to derive them
also in a non vanishing temperature state. But then one must immediately face the fact
that a finite number of protons and electrons do not form atoms in an infinite but otherwise
empty space if the temperature T' = (kg3)~! is not zero. Indeed, because of the large phase
space available for ionized states, dissociation always wins over binding. In order to see the
formation of hydrogen atoms, one needs to consider a non-zero density electron-proton gas
in an appropriate low density and low temperature limit (the atomic limit) as shown in the
works of Fefferman [2], Conlon, Lieb and Yau (3], and Graf and Schenker [4]. In the atomic
limit, one lowers the temperature while keeping the chemical potentials fixed and negative.
The choice of the chemical potentials determines a certain energy-entropy balance which in
turn selects the formation of some specific bound entities as T — 0. Clearly, from a more
fundamental view point, the van der Waals forces originate from the correlations between
the atoms that are formed in this limit. This leads in turn to another problem: if these forces
have to be computed into a non vanishing density medium (containing also free charges),
how will possible screening effects modify their range and their intensity?

In this note, we adress some of these questions in a simpler setting than the full electron-
proton gas, treating only two electrons quantum mechanically. Then, in view of the above
remarks, one can think of two ways for deriving van der Waals forces when the temperature
is different from zero. One could consider the thermal state of our two atoms constrained
to stay into a finite space region of volume ~ exp(873) for a suitable § > 0, representing
the effective available space per atom at low atomic density. One can also immerse the two
electron-proton pairs into an infinitely extended medium constituted by a weakly coupled
classical plasma in thermal equilibrium. The latter model, which is the object of our study,
is a truly many-body Coulomb system. Although a simplification occurs from the fact that



82 Martin

only two specified electrons can undergo the quantum mechanical binding process, it already
captures some significant features of the general situation.

The model is introduced in section 2 with the help of the Feynman-Kac functional inte-
gral: it is an extended version of a simpler setting discussed in sec.VII of [5] where binding
mechanisms were not considered. An effective (temperature and density dependent) poten-
tial ¢ ,(r) between the two electron-proton pairs is defined in section 3, with p the density
of the classical plasma. We establish the following points:

(i) For all 8 and p > 0 such that the plasma is in the Debye-Hiickel regime
C(B,p)

(I}ﬁ,ﬂ(lr) = T6 y T — 00, C(B!p) <0 (15)
(ii) For any fixed p,
3 hiel
ClB,p) =~ oy, B0 (16)

(iii) There is 6 > 0 such that for p = exp(—94/4)

lim C(8,p) = Cy (1:7)

B—o0

where C,, is the van der Waals coefficient (1.4).

One retrieves in point (i) the result that, in an homogeneous phase, the correlation be-
tween two quantum charges decays as % irrespective of the fact that these charges belong
to bound entities or not. This was shown semi-classically in [5] and more generally in [6].
The effective potential is non vanishing and attractive at large distances in the whole range
of temperatures 0 < 3 < oo. In the high temperature limit (point (ii)) one recovers the
correlation that always exists between free (unbound) charges as a consequence of their
quantum nature. In the low temperature and low density limit, the ampiitude C'(/3, p) tends
to the usual van der Waals coefficient C,, calculated for atoms in their ground states in
empty space, as it should be (point (iii)). One can therefore say in a generalized sense that
there exist van der Waals forces between quantum charges whether they are bound in atoms,
or partially and even fully ionized. From a conceptual view point, there is no qualitative
distinction between the traditional van der Waals forces, attributed to the interaction be-
tween atomic dipole moments, and the general non exponential 7~% decay of the correlation
between quantum charges. As the Feynman-Kac formalism exemplifies it, both aspects have
their common origin in the same basic quantum fluctuations. The difference is only quan-
titative. In the atomic regime, the amplitude C(3, p) has an appreciable value close to C,,
whereas it becomes vanishingly small at high temperature.

The low temperature and low density limit requires more care since screening effects
desappear as the density goes to zero and one must control the long range of the Coulomb
potential. This is studied in some details in section 4 and in the appendix. The subject of
this work is also treated in part in (7).
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2 Two electron-proton pairs in a classical plasma

We have again two quantum mechanical electrons (p;, r;),7 = 1,2, in presence of two classical
protons at r, and r;. In addition these particles interact with a configuration 2 of a classical
plasma. In the sequel it will not be necessary to specify the detailed constitution of this
classical plasma (it can be a jellium or a multicomponent system) except for the following
general properties. Its charges (of magnitude ey) are assumed to be extended to insure
classical stability. Moreover, this plasma is homogeneous with density p and weakly coupled:
its dimensionless coupling parameter

I' = kBe2, & = inverse Debye length = \/4me3Sp (21}
is small. In particular, we will consider the high temperature limit
p fixed, B —0 (2.2)
and the low temperature and low density limit
p=exp(—-6883), 6>0, B— o0 (2.3)

Under these conditions, I' — 0 and the theorems on Debye screening apply [8]: any classical
external charge distribution is screened exponentially fast in the plasma.

The total hamiltonian for the two electrons in presence of the protons at r,, ry and of
the configuration € is!

. |P1\2 |Pz|2
H(r,,r, ) = + + U(ry,re,To, 13, §2) (2.4)
2m 2m
where
2 2 ol
U(ry,x2,Ta, 1, Q) = S U(rs, 10, 1, Q) + ——— + + Up(Q) (2.5)
b] 1+ ay ) s ) ) ) |r1 _ r2| |r{1 _ rb|

is the sum of all Coulombic interactions. In (2.5), U(r;, ra, 1, Q) is the potential energy of a
single electron with all the other classical charges and Uy(£2) is the self-energy of the plasma.

In order to define the effective potential between atoms we consider first the four-point
correlation function of our two protons and two electrons in thermal equilibrium with the
plasma enclosed in a region A

ik AdQ(r1,rQIGXp(—ﬁH(ra, ry, Q2))|ry, ra) (2.6)

pl\(rl:r27rﬂ1rb) = Z—
0,A /!

Here (---) is the diagonal part of the Gibbs statistical operator for the electrons, [, dS2 is
the phase space integration on the coordinates of the classical plasma and
Zon = [, dQ2exp(—pBUy(§2)) the corresponding partition function. Since we will be only

!A quantum mechanical treatment of the protons would not change the findings of this paper.
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interested in large distance behaviours, we have omitted the electronic exchange term?.
One can also interprete —(37 ' In pa(ry, s, 1,4, 1)) as the excess free energy (without exchange
effects) due to the immersion of the electrons and protons in the plasma.

To analyse pp(ry,r2,r,,13) it is very useful to use the Feynman-Kac formalism and to
write it in the Brownian bridge representation [9], [5]. In this representation, a quantum
point particle at r becomes a closed path starting and ending at r

r+M(s), 0< s <1, &m:an:o,A=n¢§ (2.7)

where A is the thermal de Broglie length and £(s) is a closed dimensionless path (the Brow-
nian bridge) at the origin. The Brownian bridge is distributed according to the Gaussian
measure D(€) with covariance

fpm@m@m=qwmm@@—gyﬂm=Lza (2.8)

Thus one can view a quantum charge as a classical charged filament (r, £), where the random
shape € of the filament plays the role of an internal degree of freedom. In the Brownian
bridge representation the potential energy U(r;, r,, 1, §2) of a single electron becomes

/01 dsU(r; + AE(s),Tq,15,82) (2.9)

and is equal to the classical electrostatic energy of a filament together with the charges at
r,, I, ). However the electronic repulsion becomes

62

1
fo dslrl + A& (s) — 1y — A&(s)]

(2.10)

which s ot equal to the genuine Coulomb energy of two charged filaments. The later

energy would be

62

1 1
d: ds
fO ﬁ]() 62|r1 + A&1(s1) — ra — Aa(s2)]

since every element of charge & (s;)ds; of the first filament has to interact with every element
&:(s2)dsy of the other by the Coulomb law ®. Hence we can write the matrix element in (2.6)
as

(2.11)

(r17r2| exp(_ﬁH(rm I'b, Q))|I‘1, r2) =

1 \3
(gﬂ/\‘z) ]D(fl)D(fz)eXP(—ﬁUcl(rl,fl,l‘z,fz,I‘a,I‘b,Q) — BW (ry, &, 12, &2)) (2.12)

2In  the Feynman-Kac representation introduced below, the exchange matrix element
2
(ri,r2lexp(—BH(ra,rp, Q))|r2, r) has a Gaussian factor exp(—E‘—z%l—) that does not contribute when the
electrons are far apart.
3In (2.9). (2.10) and (2.11) the self-energy of a filament is not included.
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where U, is the genuine total electrostatic energy of the filaments and of the charges, and
W is a quantum correction (the difference of (2.10) and(2.11)) accounting for the quantum
mechanical nature of the two electrons

W(r1)§19r2352 —6 / d'slj d‘52 2)_1) .

Ity + Aéi(s1) — ra — Ada(s2)|

Finally, integrating on the configurations of the plasma, dividing by Z, and taking the
thermodynamic limit yields

(2.13)

p(r1,re,re, 1) = j}glgopA(rl,rz,ra,rb) =

3
(27“\2) /D(‘fl)D(@)e"ﬁw(n'El'rz’ez)f(l'l,fl,l‘z,fml‘a,l‘b) (2.14)
where
J(f1,61,12,8,T,, 1) = hm Z_.[ dQYexp(—pBUq(r1, &1, 12, €2, Ta, Th, ) (2.15)
A—00 Zg A

is now the genuine classical correlation of filaments and charges immersed in the plasma. In
the same way, one can introduce 3 and 2 point-correlations, for instance the single electron-
proton pair correlation

p(r,r,) = (2%A2)3/2/D Flré, %) (2.16)

To make the model completely definite, we write the classical correlations f in the Debye-
Hiickel approximation. One has in particular (see for instance appendix G of [5])

f(r,€,0) = exp(—BF(£)) exp (ﬁ& fo " daVLGr + /\.f(s))) (2.17)
with
F(f ] dSlf dSl )\|§ 61) 5(32)|) - V(/\lf(81) = 5(32)” (2-18)
and o
Vi(r) = er (2.19)

is the Debye potential. In fact, the Debye-Hiickel expression (2.17) becomes asymptotically
exact as the coupling I" tends to zero [10].

The quantum interaction term W occurs only in correlations involving the two electrons.
For fixed filament shapes it is a long range dipolar interaction

1 1
W (r1, &1, 1, €2) :ezfo dslfo dsy(6(s1 — 83) — 1)

1
|ty — 1o

X (A&1(51) - Vi, ) (A2 (s2) - Vrz) ( ) , |ri—r2 — 00 (2.20)

that will eventually be responsible for the van der Waals forces.
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3 The effective potential

To investigate the large distance behaviour of p(r, rs, r,, 1) it is appropriate to consider the
corresponding fully truncated correlation py(r,,rq, r,,r;) defined in the usual way. Since we
are not interested into the individual electronic positions but only in the large separation of
the electron-proton pairs, we integrate over the electronic variables ry and r, and define the
dimensionless normalized pair correlation

1
G(r) = ﬁfdflfdl‘sz(l’hI'z,l'a,l‘b), A= fdrpr(r,()) (3.1)

Because of translation invariance, G(r) depends only on the separation r = |r, — r,| of the
center of mass of the pairs. It is normalized by the product A? of single pairs correlations
and the factor 1/2 takes into account that the electrons, treated here as identical particles,
can be found in the neighborhood of either one of the protons.

We define the effective (temperature and density dependent) potential ®4 ,(r) between
the two electron-proton pairs by

G(r) = exp(~Bs,(r) = 1 = —s,(r), T — oo (3.2)

In order to determine its asymptotic behaviour, we express
pr(ry,ra, r,, 1) in terms of the classical truncated correlations fr of charges and filaments
in the plasma with the abbreviated notation 1 = (ry,&;),...,a = r,,.... After some algebra
one finds

—) [ D)D)
{(exp(—ﬁI/V(l, 2)) - 1) (fT(l’a)fT(Ql b) + fT(lib)fT(27a)) T+
(exp(—BW(1,2)) - 1) (f(1)fr(2,a,b) + f(2)fr(1,a,b)) + fr(1,2,a,b)} (3.3)

In (3.3) the fr are genuine truncated classical correlations in the Debye regime: they cluster
exponentially fast as particles are taken far apart. Therefore the dominant contribution to
pr(ry, Ty, r,, 1) as |1y — ra| — 0o comes from the first part in the integrand (3.3) and one
concludes that (using the symmetry W(1,2) = W(2,1))?

pT(rla Iy, Ty, rh) o (

[drl/erPT(rl>r2’rﬂ)rb) =

2(55) [ der [ dr, | DE&)DE (xp(-8W(1,2) ~ 1) fr(1,0)fr(2,D)

= 2(22) [ [ dxa [ D)D) frioe, €0,0) (00, 2.0)

x (exp(-BW(xy —x2—-1,6,8&))—-1), r—oo0 (3.4)

4One can check that integrations one the electronic variables are convergent.
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In the last integral of (3.4) one has introduced the relative electronic coordinates x; = ry —r,,
X2 =Ty — Iy and r = r, — r,, and from (2.17)

fr(x,£,0) = exp(—BF(£)) (exp (ﬁé’ | Vet )\f(s))) _ 1) (3.5)

Expanding exp(—gW) — 1 = —W + 2(BW)? + - - in (3.4), let us first show that the term
linear in W does not contribute to the asymptotic behaviour. Indeed, the joint measure
dxD(&) is invariant under the simultaneous rotations of x and of the filament shape in three
dimensional space. The same is true for fr(x,&,0) in the homogeneous classical plasma.
Hence introducing the multipolar expansion of the Coulomb potential in W, i.e.

1 1
W(x, — X2 — 1, €1, &) = (12/0 dslfﬂ dsy(8(s1 — s2) — 1)

< 1\k
P> (k !11)! (1 + A& (s1)) - V2] [(x2 + Aa(s2)) - V' (l) (3.6)

k=1

one sees the occurence of integrals

[ [ D@ frx, €0+ 26 T (3), k21 (3.7

In view of these symmetry considerations, the above integral vanishes if k is odd, and when
k is even it is necessarily proportional to (V?)*/2 (%) =0, r#0. Since fr(x,£,0) is an
exponentially decreasing function of x and all moments of the Gaussian measure D(§) are
finite, one concludes that the term linear in W decays faster than any inverse power of
r. The leading behaviour is therefore determined by the quadratic term keeping only the
dipole interaction in (3.6). Hence we obtain from (3.4) and (3.6) the asymptotic form of the
effective potential

Qs ,(r) = —ﬁ_lG(T) ~ g@, r — 00 (3.8)
with
C(B,p) = —% (273)\2) fdxlfdxzfD(fl)D(fz)fT(xl,§1,0)fT(X2,§2,0)

1 1 ) 1 3
x ([ dsu [ dsa(6(s = 52) = Dl(x1 + Aea(51)) - Ve + Aalsa) - 9 (F)r=1) (3.9)
C(B, p) is negative since fr(x,£,0) > 0 (see (3.5)). This establishes the point (i) of section
¥

The high temperature behaviour of C(f3, p) can be seen directly on formula (3.9). Notice
first from (2.18) that F'(§) = O(k), & =~ v/0p, so

e AFO) = 1 4 0(B%?)p) (3.10)

Thus for 3 small, fr(r,& 0) (3.5) can be approximated by

Fr(r.£,0) ~ Be? fol dsV.(r + AE(s)) (3.11)
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Hence using (2.16), (3.1) and (3.11) the dominant contribution to the normalization factor
A as 3 — 0 is given by

4= (%/\2)3/2/(&/1) )fr(r,€,0) (3.12)
(Qw)mﬁe IEGIES (znl/w)mg (3.13)

Making the same approximation (3.11) on the numerator of (3.9) leads to

12

C(6.p) = -5 [ D& D(ey

x (fol a’slfol dig(Bhay = 5] = 1[Belsr) 7. T Bilen) = ] (%)m])z (3.14)

But this expression (up to a factor —/f) is exactly that found for the high temperature
correlation of two (unbound) charges [5]; it can be calculated with the result stated in point
(ii) of section 1 (see sec.VII of [5], formulae (7.26), (7.27) there).

4 The low temperature and low density limit

In order to determine the low temperature limit of C(f, p) in terms of atomic eigenvalues
and eigenstates, one must convert the expression (3.9) back in operator langage. This can
be done by applying the Feynman-Kac formula backwards to (3.9). Recalling here that
p = e~% will be exponentially small as 3 — oo one can replace e #® by 1 in (2.17) (see
(3.10)). Then one finds that (3.9) has the equivalent expression

76] I%) Jé]
(ﬁ ,0 2A ﬁ f (1'.51 J[) (ng/[; dtl A dtz X

(ﬁé(sl — S'z) = 1)(65(t1 s tQ) = 1) Z d.“pdw,K‘w(Sl ™= tl)Kpg(Sg e tg) (41)

npo

1
drm = aﬂaﬂ (;) »

Here K, (s — t) are the position-position imaginary time ordered correlations

Ku(s = t) = Tr {e T (z.(s)a,(t)) — e T (a)(s)20(1)) } (4.2)
where T is the chronological operator, H = Hy + Vi, Hy = %'%i, is the hamiltonian of the
Debye atom® and

z,(s) = exp(sH)z, exp(—sH), z.(s) = exp(sHo)z, exp(—sHo)

n

>This exponentially small error on C(3, p) will not be mentionned any more in the sequel.
6The index x is ommited on H; it is understood that H is the hamiltonian of the screened atom unless
stated otherwise.
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are imaginary time evolved position operators. These correlations are the operator form of
the dipoles occuring in (3.9). The substraction of the freely evolving quantities (originating
from the truncations) insures the finitness of the trace.

It is expected that the dominant low temperature terms will come from the ground state
contribution of exp(—/H) when evaluating the trace. Let P be the projection on the ground
state of H, Q = I — P, and decompose U(s) = exp(—sH) = Up(s) + Ug(s) accordingly. We
split

Ku(s—t) = KQ(s —t) + K (s — 1) (4.3)

v

The first term K ,(L},)(S —t) is the part that has at least one ground state contribution (writing
also the time ordering explicitely)

KQ(s—t) = 0(s—t){TrUp(B - s+ t)z,Up(s — t)z,
+ TeUp(B — s+ t)z,Ug(s — t)z,
+ TYUg(B — s+ t)z,Up(s — t)z,}
+ same expression with (s,t) and (i, v) permuted (4.4)
Since P is one dimensional, traces are well defined in (4.4). It is shown in the appendix
that the remaining part K ‘(f,)(.s — t), which contains ionized states of both atoms, does not

contribute to the low temperature limit. To analyse K ,(‘},( — t) further, we introduce the
spectral representation

~sH f e~% F(de) (4.5)
where F(e) is the spectral family of H. Then (4.4) reads

KW(s=1) = 6(s—1) [ dTul(er,p)e” G0 (et

iy

+ 6(t—s) /dE.,,L(el,52)6_(13_”5)“6‘(’_5)“ (4.6)
We have defined the joint measure on the product of the energy spectra

d¥,.(e1,€2) = TrFp(de))z, Fp(der)z,
+ TrFp(de)z, Fgo(des)x, + TrFg(de, )z, Fp(des)z, (4.7)
Since Fp(Ey) = P is the projection on the ground state iy of H, one can write more

explicitely
dE[LU(€17 52) = 5(51 - E0)5(€2 - Eo)(lf)o, 17;41/)0)(190, Iu%)dﬁdfz

+ (5(61 — Eo)(ﬂ«'ﬂ’l,bo, FQ(dEz)CL‘U'l,bo)dEl + (5(62 = Eo)(ﬂ':,,’l/)o, FQ(dEl)Iuwo)dEQ (48)

with the obvious symmetry
dE,W(E],Eg) = dzuu(EZa El) (49)

When (4.3) and (4.6) are inserted in (4.1) one obtains

(/6 p 2A2ﬁ3 Z dupdun

1y po
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x fdzw(gl,@)/d,z:,,(,(ga,54)1‘,(51,52,53,54)+R(ﬂ, 0) (4.10)

where I5(e;, €2,€3,€4) is the multiple time integral

8 B8 B8 8
13(51,62,63,54)=/0 dslfo dszfo dtlfo dts (B8(s1 — s3) — 1)(86(t, — t5) — 1))

X e(sl_“)(“_”){ﬂ(sl — 1y )e P 4 Bty — 1))
X e(”_t”)(sa—“){ﬂ(sz — ty)e 7P + Bty — sq)e” ﬂ“} (4.11)

and the remainder R((3, p) includes the contributions of K(®). To obtain (4.10) and (4.11)
we have used (4.9) to regroup the two terms in (4.6). The integral (4.11) can be calculated
with the result

. e_ﬁ(52+64) _ e—ﬁ(ex-i-ea)

Ig(e1,60,63,64) =
11(1 2,€3 4) Ié] B i e . e
. e~ﬁ(5|+s4) + e~ Pleat+ea) _ e—ﬁ(61+63) — e~ Blez+eq)
4 g (4.12)
(61 — €2)(€3 — €4)

Note that I5(eq,e2,€3,64) = 0if €1 = &3 or (and) €3 = ¢4 (as seen directly on (4.11)). We can
therefore consider, when calculating the integral (4.10), that the measure has no support at
€1 = €3 and €3 = €4. Inserting (4.12) in (4.10) and using again the symmetry (4.9) leads to

C(B,p) = = 5 il [ dZiuler,62)dT 0 (e0, 1)

uvpa

e—Ble1+ea) 1 e—Ble1tes) _ p—Blea+ea)

g 51+53—€2—€4+B (€1 — €2)(e3 — €4) }-FR(ﬁ,p) (4.13)

We are now in position to take the low temperature limit. The dominant contribution comes
from the first term in the integrand when €, = €3 = E; (i.e. from the second term of the
measure (4.8)). The other one is exponentially smaller since then both €; and €4 must be
larger or equal to the first excited atomic state. Moreover all spectral quantities of the Debye
atom converge to those of the hydrogen atom as k — 0 (V — V, is a bounded perturbation
of the Coulomb potential with ||V — V|| = O(k)). For the normalization factor, we have
from (3.12) and the Feynman-Kac formula (see also the appendix, lemma 3)

A=Tr (e”ﬁH - e’ﬁHO) ~ePB B 00 (4.14)

Combining these facts with the result (.11) of the appendix on R(8, p) yields with p = g%

hm C(B,p) =¢* > dupduo

nv po

<[] (uv0, Fo(dea),vo) (x,90, Fo(dea)zo o) (4.15)

QE(} 0 — B
where now all quantities belong to the hydrogen atom. But this is identical to the van der
Waals coefficient (1.4) and proves the point (iii) of section 1.
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5 Concluding remarks

We have shown in this model that the usual van der Waals potential appears naturally in the
atomic limit as the r~®-correlation tail that exists generally between quantum charges. In this
limit, the amplitude of this interaction is exponentially close to the van der Waals coefficient
C,. In fact, as seen from (4.13), both quantities differ by an error O(exp(—(E; — Eo)/kgT))
where E, is the first excited state of the atom”. On the other hand, this amplitude vanishes
as T7% as T — oco. One can conjecture that these behaviours will remain the same in the full
electron-proton gas. Here the problem can be conveniently studied with the diagrammatic
techniques developped in [6] and this will be the subject of a future work.
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Appendix

Lemma 1 Assume that H = Hy+V, Hy = —%A, V € L£? 4 L™, has a ground state g
with energy Ey (Ey < 0). Let P be the spectral projection on %y, @ = I — P, and
E, = infspec(HQ). Then for e sufficiently small

e HQ < e s Erto)QePeHog s> (-1)

Proof :

Write

HQ QU1 —e)Ho + V)Q + eQHoQ

= (1-)QH+A\V)Q+QHoQ, A= —

1—¢

If p € D(H) = D(Hy), one has
—2||Hovu |l (¢, ») < (¢, (PHo + HoP)p) < 2|[Hovoll(, )
and hence, since Hy is positive,

QHoQ = Hy — PHy — HyP + PHoP > Hy — 2||Hovol| (.3)

"The estimation of R(S3,p) can be improved to O(exp(—(E, — Eo)/kgT)) if one chooses P to be the
projection on a finite set of excited states. We have taken P equal to the ground state projection for the
simplicity of the presentation.
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If A is small enough, H + AV has a ground state energy FEy , with projection Py. Then with
Qx=1-P,

QH+ AV)Q = Qx(H +AV)Q,
+ (P=-PRP)H+AV)Q+QH +AV)(P\ - P) (.4)

By regular perturbation theory,
(H+ AV)(Py— P)=(Ey— Eg )P+ EoA(P — P\) — A(Ho — Ep)P
tends to zero in norm as A — 0. Hence

Q(H + AV)Q > infspec(Qy(H + AV)Qx) + o(A) = E; + o(A) (.

(&3]
~—

Both inequalities (.3) and (.5) hold as forms on D(Hy). Combining them in (.2) yields
HQ >eHy+ E, + o(e)

and this leads to (.1).

Lemma 2 Let || ---||» be the Hilbert-Schmidt norm, then
— C
le="e V], < Ve (-6)

Proof : By direct calculation with the free kernel (27s) %2 exp (—l%ﬂi)

Lemma 3 Let H be the hamiltonian of the Debye atom and fix € as in lemma 1. Then for
3 large and p small

e—ﬁ(EH—o(s))
Tr (e"ﬁH = c_ﬁH") =e BB 4 O (———) (.7)
2 ;

Lemma 4 Let Ug as in section 4, U°(s) = e™*Ho and

huls) =Tt (UQ(ﬂ — s)z,Ug(s)z, — U°(B - s)m,tUO(s)m,,) (.8)
Then for 3 large and p small

a ,—B(E)+o(e))

hyw(s) < Cﬁ—e—, a, n >0, (.9)

pﬂ

Here and in the sequel, C is a generic constant (that depends in general on £). The rest
R(B, p) in (4.10) involving the continuous spectra of both atoms can now easily be estimated.
R(B3,p) is given by the expression (4.1) with K,,K,, replaced by K‘(LL)K,(,?,) + K‘(‘%)K,()},) +
K 1(5,) K f,f,) and

K®(s—t) =0(s — t)hu(s —t) + 0(t — 8)h,,(t — s)

pv
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From the estimate (.9) all the time integrals in (4.1) give atmost powers of 5. Hence, noting

also that Kﬁ)(s) = O(e "E0), one has

ﬁae—,l‘l(Eo-J-El +o(e))

1R(B, )] < O —e

(.10)

Set p=e"%  § >0, 3large. Then we can identify E; and E, to the ground state and first
excited state of the hydrogen atom up to a vanishingly small error as § — oo. Choosing

6 < min{1,n}(Bx — By +o(c))
it follows from lemma 3 that A =Tr (e—ﬁH _ e—ﬂHo) o oFFs 30 therefore
IR(B: P)l S Cﬁﬂe_ﬁ(El—Eo-ﬁ-n(s)—&n)

tends to zero exponentially fast as 4 — oo.

Proof of lemma 3
Tr (e PH — ¢7FHo) = P | Ty Q(e™PH — e PH0)Q — Tre PHop
If || -+ |ly is the trace norm

TrQ(e " — e PH)Q < ] gdt||Qe~=VH e,

< [ 16 - 0att)

with
F(s) = Qe VY25,  g(t) = [[[V]'/?eQ]|,
It follows from lemmas 1 and 2 that

() = (Te|v]rQesH vy

1/2

IN

eAs(E1+o(5)) (rI\r lvl1/2Qe—2c‘sH0le|l/2)
e—s(E;+o(s)) ”e—ssHoQ|V|1/2 ”2

e—s(E;-l-o(E)) [He—eng“/-'l/‘z“2 + I|6-€SH°P|V‘1/2”2]

IAIA

IN

—s ol C .
e~ S(B1+o(e)) [MHW‘WHCZ + |||V|1/2?/Jo||]

By scaling,

e\ 172
VP2l = (a5 ) T = o6

and |||V|*/?4)y|| remains bounded as xk — 0, hence with x ~ (3p)!/2

e—S(E1+O(E))

(.12)

(.14)

(.15)
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and the same estimate holds for g(¢). When these estimates are inserted in (.13) one obtains
1H 3H eéﬁ(El +0(5))
Tr Qe — e ##0)Q =0 [E——— ), B— 00, p— 0
P
and since Tre #foP < 1 this proves the lemma 3.

Proof of lemma 4

We replace first U? by U = QUQ in (.8) and write

Tr (UQ(JB — s)z,Ug(s)z, — Ug(ﬁ - S)J:uUt%(S)IU) =Ji+Ja+ Js

Ji = Tr(Ug(B—s)— Ug(ﬁ — 8))zu(Ug(s) - Ug)("’))ru

J, = Tx(Ug(B—s)— Ug(ﬁ — s))a?#Ug(s)a:,,

g3 = TrUg(ﬁ — s)x,(Ug(s) — U3(s))z, [k 73]
and

Ji < [[(Ug(B = ) = Ug(B — ))zall2l(Uals) = Ug(s))zu 2 (-18)

These factors are treated as in (.13) with the difference that g(t) is estimated here by the
operator norm

|Uas) = U(s)aulls < [ dtfls = )g(t (.19)
with
gt) = VI Q|| < ||[V]2e o, || + [V Pa|
pX |||V|1/237;:€_£H°|| I ”|V|l/2tpn€_tH0” + I||V|1/25_tHOPIuI|
= A+ Ay + Ay (.20)

where we have used the relation
[e7tF0, z,) = —-itp,e~tHo0 (.21)
Now
v < V125, < sup (expl=30vF) = 0 (=) (22)
Lemma 2 and (.15) imply

f1/2 — 1 _L4y C |
Ay < V] 26350 tpe 3o < S VI = O (=7 ) (28]

since ||v/tp,e~ "0 || is bounded with respect to t. Finally

Az < |||V M 2eHoapo |||z 3ol
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< IVI'2(Ho + 1) lalle™ (Ho + Dol [ zutboll < CIIVI?)l 22 = O(x7") (-24)
Collecting these results gives (k ~ (8p)'/?)
1

g9(t) < Cm, f—o00, p—0 (:25)

Inserting (.16) and (.25) in (.19) yields

(Tals) - U2 o Bt
e(s) = Ug(s))zull2 <

showing that J, verifies an estimate of the form (.7). We let the reader convince himself by
similar methods that the same is true for J, and J;®. The quantities (.17) still differ from

hyu (s) (.8) by
Tr (U°(8 — 8)2,U°(s)z, — UY(B - 5)z,.Ug(s)z, )

but the latter contribution is a sum of terms involving at least a ground state projection
P and only free evolutions. It is easy to check, using (.21), that they can atmost grow as
powers of 3 and this concludes the proof of the lemma 4.
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