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On the Completeness of Some Subsystems
of ç-Deformed Coherent States

By A. M. Perelomov
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(12.11.1996)

Abstract. The von Neumann type subsystems of ç-deformed coherent states are considered. The

completeness of such subsystems is proved.

Introduction

The systems of coherent states related to Lie groups introduced in [Pe 1972], play the important

role in many branches of theoretical and mathematical physics and pure mathematics
[CS 1985], [Pe 1986].

The basic feature of such systems is that they are overcomplete, i.e. contain subsystems,
which are themselves complete. The most interesting of them are subsystems related to
discrete subgroups of Lie groups, the first of which were considered by von Neumann [Ne
1929], [Ne 1932]. The completeness properties of such system were investigated in [BBGK
1971] and [Pe 1971].

In the last few years ç-deformed coherent states were introduced and some their properties
were investigated (see, for example, [AC 1976], [Bi 1989], [Ma 1989], [Ju 1991]). Note that
these states are related to q-deformed Lie algebras [Dr 1985], [Dr 1986], [Ji 1985], [Ji 1986],

[FRT 1991].

1On leave of absence from Institute of Theoretical and Experimental Physics, 117259 Moscow, Russia.
Email: perelomo@evalvx.ific.uv.es
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We investigate in the present paper the completeness properties of ç-deformed coherent
states for simplest ç-deformed Lie algebras, namely for u>,(l), suq(2) and sw,(l, 1). It appears
that some important properties of such systems are changed essentially after g-deformation.

1 System of Standard Coherent States

In this section we recall the basic properties of the system of standard coherent states. For

more details see books [CS 1985], [Pe 1986].

The basic quantities are the creation and annihilation operators o+ and a and the unit
operator I, which act in the Hilbert space ri and generate the Heisenberg-Weyl algebra:

[a,a+] aa+ -a+a I, [a,I] [a+, I] 0. (1.1)

The standard orthonormal basis {|ra)}, n 0,1,..., in "H is defined by

\n) i^L|0), (1.2)
Vnl

where |0) is the vacuum vector satisfying the condition

a|0)=0. (1.3)

The operators a and a+ act as follows

a\n) -y/n\n-l), a+\n) Vn+T\n + 1). (IA)

Let us introduce the operators

E(a) - exp (57cz), E+(a) exp (aa+), a G C. (1.5)

Then the standard system of coherent states that are non-normalized, may be defined by
the formula

IH F+(a)|0), (1.6)

or

") E4t!")- (!-7)
n=0 Vn'

It is easy to see that coherent states are eigenstates of the annihilation operator

o||a)=a||a), a G C, (1.8)
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and we can calculate the norm of such state

oo ,|2n
(a||a) £ -=== (m\n) £ ^ exP(|a|2). (1.9)

m,n=o Vm\n\ n=0 Vn\

Hence the normalized state |a) has the form

\a) exp (-^Lj ||a) exp (-^-J £ ^= |„>. (1.10)

The coherent states are not orthogonal to one another. The scalar product of two such states
has the form

(a\\ß)=exp(äß). (1.11)

We also have the"resolution of the unity"

1 r °°

-j/d2a|a)(a| Y:|n)H=/, (1.12)

from which it follows that the system of coherent states is complete.

This gives us the possibility to expand an arbitrary state \ip) on the states \a)

\ip) - / d2ac(a)\a), c(a) (a\ip). (1.13)
TT J

Note that if a coherent state \ß) is taken as \ip), Eq. (1.13) defines a linear dependence
between different coherent states. It follows that the system of coherent states is overcomplete,
i.e. it contains subsystems that are complete.

Using (1.10) we obtain the following expression for (ct\ip) in (1.13):

(a\ip) exp {-¦<-^-jip(ä), (1.14)

where
— r

V>(a) £-£=<*", cn^(n\ip). (1.15)

At the same time, the inequality |cn| |(n|V>)| < 1 means that ip(ct) is an entire function
of the complex variable a for the normalizing state |t/> >. We also have |(a|t/>)| < 1 and
therefore have a bound on the growth of if (a):

h/>(a)|<exp(Ç). (1.16)

The normalization condition may now be written as

/ - />aexp (-\aA \ip(a)\2 (t/>|t/>) 1. (1.17)
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The expansion of an arbitrary state \ip) with respect to coherent states takes the form

|^) i/rf2aexp(-^)^(â)|a). (1.18)

Thus, we have established a one-to-one correspondence between the vectors \tp) of the
Hilbert space and the entire functions i)(a), for which the integral (1.17) is finite. This
correspondence is established by Eqs. (1.15) and (1.18).

2 System of Coherent States for g-Deformed
Heisenberg-Weyl Algebra

The generalization of the coherent states for ç-deformed Heisenberg-Weyl algebra was given
in the papers [AC 1976], [Bi 1989], [Ma 1989], [Ju 1991], The corresponding formulae of the

previous section should be modified.

Here the basic quantities as in the previous section are the creation and annihilation
operators a+ and a and unit operator /, which act in the Hilbert space ri and satisfy the
relations

[a,a+] =aa+ -qa+a I, [a,I] [a+,1} 0. (2.1)

The orthonormal basis \n) in ri is defined by

|n) ^C|0), (2.2)

where
n

[n]! [l]-[2]-....[n], [„] 1 + q + + ç-1 y^-, (2.3)

and |0) is the vacuum vector satisfying the condition

a|0)=0. (2.4)

The operators a and a+ act here as

a\n) sj\p\\n-l), a+ |n) sj[n + 1] \n + 1). (2.5)

Let us introduce the operators

E(a) eq(aa), E+(a) eq(aa+), a G C, (2.6)
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where the function eq(x) is the generalization of the exponential function and is defined by
the formula (see [Ex 1983] and [An 1986] for details)2

It is easy to see that this series converges at |x| < Rq (1 — c/)_1 (for all finite values of x at
\q\ > 1), and at q —> 1, [n]! —>¦ n\. This function coincides with a standard exponent and
satisfies the equation

^) eq(x) eq(x), (2.8)

where the g-derivative (4-)q is defined by the formula

D.^-'^f- ™
so that (j^)q —? (^) at the limit q —> 1.

By using (2.8) and (2.9) one can show that

nr=o U-qk(l-q)xi

So the eg(x) is the meromorphic function, which has no zeros and has simple poles at the

points xk q~k/(l - q).

One can show [Ex 1983] that the inverse function I eq(x) (an entire function) is given

/ l\n n(n-l)/2 xn oo
by

eq(x)) e1/g(-x) £ '-1' v. - - =n(1-g*(1-g)4 (2-11)
V ' n=0 I"!' Jc=0 X '

Following [Bi 1989] and [Ma 1989] we now define the system of coherent states by the
formula

II«) F+(a) |0) (2.12)

or
00 a"

ll<*> £4^ln>- (2-13)

It is easy to see that coherent states are eigenstates of the annihilation operator

o||a)=a||o), aeC, (2.14)

2 For simplicity, we restrict the consideration of the case 0 < q < 1, used mainly in mathematical literature.
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and we can calculate the norm of such states

00 7ymn/n °° Irvi2" / \HH= E -7fL^=H"> EJär «.(Na)- (^)
m,n=o ylm]! [nj! n=o lnJ- v y

Note that this series converges at

|a|2 < Ä2 (1 - q)-\ (2.16)

Hence the normalized state \a) has the form

|û) (e?(|a|2))"1/2||a)=(e,(H2))""Y:-^L|n), \a\ < Rq. (2.17)
vW'

The coherent states are not orthogonal to one another. The scalar product of two such
states has the form

(a||/?) eq(äß), (2.18)

We also have the "resolution of the unity"

1 [ 1 [2* fRl °°

- d\a \a) (a\ — / dO dq(r2) \a) (a\ E \n) (n| 7, (2.19)
7T JD, Z7T JO JO n=0

a reie, Dq {a: \a\ < Rq}.

which follows from the formula

f1 {eq(x)^j xndqx [n}\, (2.20)

where Xi (1 — q) 1 is the first zero of the entire function eq(x) and the integral

/0 f(x) dqx is the so-called Jackson integral [Ex 1983]:

[0. °°
/ f(x)dqx a(l-q)^2qkf(qka). (2.21)^ fc=o

Note that from the "resolution of unity" (2.19) it follows that the system of coherent
states is complete. This gives us the possibility to expand an arbitrary state |0) on the
states |a)

|V>) - Id2a(a\i>)\a). (2.22)
¦K J

If a coherent state \B) is taken as \ip), (2.22) defines a linear dependence between different
coherent states. Therefore, the system of coherent states is overcomplete, i.e. contains
subsystems, which are complete.
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By using (2.17) we obtain an equation for (a\ip)

(a\rp) (e,(|a|2))"%(a), (2.23)

where

0(a) £-^ a", cn (n|0). (2.24)
VN!

At the same time, the inequality |c„| |(n|0)| < 1 means that 0(a) for the normalizing
state |0) is an analytical function of the complex variable a in the disc Dq {a||a| < Rq}-
We also have |(a|0)| < 1, and therefore a bound on the growth of 0(a):

|0(a)|<(eg(|a|2))". (2.25)

We can now rewrite the normalization condition as

1 I /d, d'a (e'(la^)_1 VKa)\2 m) L (2-26)

The expansion of an arbitrary state |0) with respect to coherent states takes the form

M I J d2qa (e,(|a|2))"1/2 0(a) |a>. (2.27)

Thus, we have established a one-to-one correspondence between the vectors \ip) of the
Hilbert space and the functions ip(a) analytical in Dq, for which the integral (2.26) is finite.
This correspondence is established by (2.23) and (2.27).

3 Completeness of Subsystems of g-Deformed Coherent

States

As it was shown in the foregoing section, the system of ç-deformed coherent states

{\a):aeDq}, Dq {a: \a\ < (1 - g)"1/2} (3.1)

is overcomplete, and hence there exist subsystems of coherent states that are complete ones.
We describe these subsystems in this section.

Let us take some set of points {ak} in the disc Dq and take the corresponding subsystem
of coherent states {|oi,)}. Then if there exists a vector \ip) of the Hilbert space ri, which is

orthogonal to all states {|a^)}:
(ak\ip) 0, (3.2)



Perelomov 561

then the system (la*,)} is incomplete. It is complete if such a vector does not exist.

We may reformulate this criterion in terms of the function

0(a) (0IH £<0|n)_J- (3.3)

which is analytic inside Dq, and is equal to zero at the points ctk

ib(ak) 0. (3.4)

If such a function has a finite norm

II0II2 J |0(a)|2 (e9(|a|2))_1 d2a < oo, (3.5)

then the system {Jat,)} is incomplete. But if any such function has infinite norm ||0|| oo,
then such a system is complete.

Note that the function 0(a), having the finite norm, should satisfy the condition

|0(a)|2 (eg(|a|2))_1 < |0(a)|2 (l - |a|2(l -<?))< C, a€ Dq. (3.6)

It follows from this condition that

firn |0(a)|(l-|a|2(l-ç))"<oo. (3.7)

We give the simple example of the complete subsystem of coherent states.

Let the set {ak} have a limit point inside the disc Dq. The function that is analytic inside
Dq and equal to zero at points ak should be equal to zero identically. Hence this system of
coherent states is complete.

For the future, it is convenient to introduce the new variable

C (l-<?rV2a. (3.8)

So we may now consider the set of functions analytical inside the unit disc D {(: \(\ < 1}.

The characteristic property of ip((), related to the complete set {(k}, is that it has

sufficiently many zeros inside Dr {(: \(\ < r} and hence it sufficiently quickly grows at
ICI —> 1. So we may use some theorems from the theory of functions analytical inside the
unit disk.

Let us give the theorem [Le 1964] that relates the growth of such function analytic in a

disc with the distribution of its zeros.
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Let M(r) be the maximum modulus of f(() on the circle Cr {(: \(\ r}:

Mi(r)=[^J\f(re'e)\2de\\ (3-9)

and n(r) be the number of zeros of /(() in the disc D {(: \(\ < r}. We assume that the
limit

v - Mm^j (1 - r2) n(r) (3.10)

exists and that v ^ 0. The numbers

1

l~r2r limr^1 flnAf(r)/ln- d, (3J1)

Ti limr^i [lnM,(r)/ln j-^j] (3.12)

characterize the growth of f(() at \(\ —? 1, and we call r and rx the generalized types of
function /(C)-

Note first of all the following relation between v, r and t\\

Theorem 3.1. When v > 0, the following inequalities are true

r>\, ti>V-. (3.13)

Proof. Dividing f(z) by azn, if necessary, we obtain f(z) with /(0) 1. We use the
Jensen formula

±- F \*\Kre»)\dO f^-dt, (3.14)
LIT JO JO t

from which

In M(r)> f^-dt. (3.15)
Jo t

On the another hand, from the generalized inequality between the arithmetic and geometric
means

1 1 i-2-ïï _ 1 /-27r _ rr n(t)
lnMi(r) -in — / \f(re'e)\2 dß] >— In \f(re'e)\ dÔ / ^-dt. (3.16)

2 l2ir Jo 'Air Jo Jo t

It follows from the definitions of v, t and 7i, that whatever the numbers e > 0, £i > 0

and 6 > 0, there exists the such number r0 < 1 that

lnM(r)<(r + £)lnr^, In Mi(r) < (t, + £i) In ^-^, (3.17)

v — S
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when r > ry We may now rewrite (3.15) and (3.16) as

(r + ^ln^^lnMM^/^^^ + ^lln^-ln^], (3.18)

Considering the limit r —? 1 in (3.18) and (3.19) with v > 0, we arrive at (3.13).

The criterion of completeness of the subsystem of «/-deformed coherent states follows from
this theorem and from inequality (3.6).

Theorem 3.2. The system of q-deformed coherent states {\ak)} is complete, if the limit

!/ limT^i(l-r2)n(r) (3.20)

exists and if v > 1. Here n(r) is the number of points ctk inside the disc Dr {(: |£| < r}.

In order to construct the examples of complete subsystems it is useful to consider the
unit disc D as a Lobachevsky plane with standard measure

dp(()
dH

(i — ici2)"

on which the group G 5(7(1,1)/Z2 acts transitively. The simplest subsystems {|a*,)} are
related to the discrete subgroups T of the group G.

Let T {7„} and a0 be any point of D.

Definition 3.3. The set of states {\ak)}, where ak fk ¦ a0, is called the subsystem of
coherent states related to subgroup V.

Theorem 3.4. The system of q-deformed coherent states related to the discrete subgroup
F of the group G 5(7(1,1)/Z2 is incomplete if the area Sr of the fundamental domain T\D
is infinite.

Proof. In this case one may show (see for example [Le 1964]) that there exists a function
/(C), which is analytic and bounded in D, that has zeros at the points (k. For such a function
the norm defined by Eq. (3.5) is finite and hence this system of coherent states is incomplete.

Theorem 3.5. Let the system of q-deformed coherent states {|aj,)} be related to the

discrete subgroup F, such that the area Sr of the fundamental domain T\D is finite and
Sr < TT- Then the system {Ja*,)} is complete.

Proof. Let us remind that non-Euclidian area of the disc of radius r is equal to S(r)
rrr2/(1 — r2). In this case, it follows from the condition 5r < 7r that v rr/Sr > 1. Hence
the norm of any analytic function, which has the zeros in the points {ak}, is infinite, and
the system {la*,)} is complete.



564 Perelomov

Let us try to list the discrete subgroups T for which 5p < ir. To this end, we need the
information from the theory of discrete subgroups F of the group 5(7(1,1)/Z2, which we
take from [Le 1964]. Let us restrict ourselves to consideration of groups with finite area of
the fundamental domain r\D. It is known that in this case the fundamental domain has the
form of a polygon with an even number of sides 2n. These sides being divided into pairs, are
equivalent with respect to the action of transformations of the group F. The vertices of the
polygon are joined in the cycles of vertices, which are equivalent to one another. With this,
the sum of the angles of the polygon at the vertices of a given cycle equals to 2ir/l, where I

is either a positive integer or oo. If 1, the cycle is called random. If / oo, the vertices
of the cycle lie on the boundary of the domain D, and the cycle is called parabolic, while
in all the other cases, the cycle is called elliptic and / is called the order of the cycle. Let c

be the number of cycles. By identifying equivalent sides and vertices, we obtain a Riemann
surface. The genus p of this surface may be found by the formula

27T l + n-c. (3.21)

We call the set of numbers (p, c; h, l2,..., lc) the signature of the group F. We would
like to mention that the area of the fundamental domain Sr is completely determined by the
signature of the group and, for our choice of invariant measure dp(() (1 — \(\2)~2d£dr], is

given by

Sr *{p-l + \t(l-fy}- (3.22)

From (3.22) it is easy to see that the value of 5r cannot be arbitrarily close to zero.
It may be shown [Si 1945] that the minimal value of Sr fi corresponds to the group F

with the signature (0, 3; 2, 3, 7). If the fundamental domain is not compact, i.e. the group
T contains parabolic elements, then Sr > f^; 5p yj correspond to the modular group
T (0,3; 2, 3,oo). It is known also that when p > 2, the signature of F may be arbitrary.
For p 1 the condition c > 1 should be satisfied, and for p 0 we should have either c > 5,

or c 4 and E Ij1 < 2, or c 3 and E 'J1 < 1-

We are interested here in the case

H'-'+ìsH)!"1' (3'23)

As it will shown below, the number of such cases is finite.

Let us consider separately the different cases:

I. Let p > 2, then (3.23) cannot be satisfied.

II. Let p 1, then (3.23) takes the form

Y,]->c-2, c>l; n c+l. (3.24)
3=i h

Hence here we may have:
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a)

c= 1; h 2,3,.. .,00, (3.25)

b)
c 2; /1 2,3,... ,00, l2 2,3,... ,00, (3.26)

except of the case /1 00, l2 00,

c)
3 1

c 3; Er>1'
3=1 l3

(3.27)

Pi)
c 3; /1 2, l2 2, /3 2,3,..., < 00, (3.28)

C2)

c 3; (Zi,(2,/3) (2,3,3), (2,3,4), (2,3,5). (3.29)

III. Let

a)

af)

a2)

«3)

af)

p=o, éf>c"4' (3-3°)
3=1 .>

5, Er>i. (3-31)
1 ' i

c 6, £r>2, (3-32)
1 V

c=7, Ef>3' (3-33)
1 H

c 8, Er>4- (3-34)
1 *J

This case and also the case c > 00 are impossible.

b)
4 1 4

c)

c 4, £t->0, Ef<2' (3-35)
1 h j=i h

3, £^>-i, Er<L (3-36)
1 h ]=i ii
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So, as a function having zeros at the points Cn 7n • Co, we may take the automorphic
form related to discrete subgroup F {7„}. If the fundamental domain F\D has finite
area, we may take it as polygon with finite number of sides which are segments of geodesies.
Vertices of a polygon lying on the boundary of disc are called parabolic vertices. We denote
V the set of parabolic vertices, and D+ D\JV. Now we are ready to give the definition
of the automorphic form.

Definition. An automorphic form of weight m (m is integer) is a function fm(z) that
is analytic in D, satisfies the functional equation

/m(C ¦ 7») (ßnz + än)2m Uz), in (%n in e r
\ Pre an J

and is regular in D+ (this means that at each parabolic vertex Cp of the domain F\D, there
should exist hvci(z — zp)2mfm(z) at z —? zp, in the interior of domain F\D). An automorphic
form fm(z) is called parabolic if fm(z) vanishes at all parabolic vertices.

The set of automorphic forms of weight m builds a finite-dimensional vector space. We
denote dm(F) (c(+ (F), correspondently) the dimension of the space of automorphic forms (the
space of parabolic forms, correspondently). Let m0(mo be the least m for which dm(F) > 2

(d^(F) > 2, correspondently). It is known (see for example [Le 1964]) that if F\D is compact,
then dm(F) d^(F), ra0 mj, and any automorphic form may be considered as parabolic
one.

The dimension of the space of automorphic forms of weight m is given by

dm(F)

0, for m < 0,

1, for m 0,

Si) for m 1,

(2m - l)(p - 1) + ZU [m {l - îj)] ' for m > 2.

(3.37)

Here, p is the genus of the fundamental domain, [m] is the integer part of the number m,
and gi > p is the number of holomorphic differentials on the Riemann surface F\D.

With this, the number of zeros of function fm(z) in the interior of fundamental domain
is given by the Poincaré formula [Po 1882] (written here in a somewhat different form)

N 2mSr/ir- (3.38)

It should be mention that if there are elliptic and parabolic vertices, this number need

not be integer.

Further, from a comparison of (3.22) and (3.37) we found that

N>dm+p-l, (3.39)

with the equality sign holding only in case when the numbers m/U are integers, including
zero.
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In what follows we shall be interested in automorphic forms for which dm(F) > 2. We
denote by m0 the minimal weight of such forms. We consider now the values which mo may
take.

I. If p > 2 then m0 1, as it is evident from formula (3.37).

II. Let p 1 and let c2 be the number of parabolic cycles. Then, if

a) c2 > 2, then m0 1,

b) c2 1, then m0 2,

c) c2 0 and F (1,1; 2), then mo 4,

d) c2 0 and F (1,1; > 3, then m0 3,

e) c2 0, c > 2, then m0 2.

III. H> 0 then

m0 > mi 25r E
i=l '»J

(3.40)

Let us introduce the notation:

iVo 2mo Sr-/irli

follows from (3.39) that N0 > p + 1.Therefore, No can be equal to one only in the case of

p 0.

With this, dmo 2, and the value of m0 may be determined from (3.38):

m0 :

25r E i-f -2 (3.41)

Let / be the least common multiple of the numbers Ij which are not infinite. Then, (3.41)
can be written in the form:

m0 ÇH)- 21

from which it follows that m0 < 1. However, m0 must be divisible by those of (,- which are
not infinite. Therefore, they must coincide with /, i.e., mo

Thus we have

Proposition. If group F of signature (0, e; li... lCl, oo,... oo) admits automorphic form
fm0{z) with one zero in the fundamental domain, then m0 is the least common multiple of
the numbers (i, l2,..., lCl and, moreover, must satisfy the condition

m0m0(c-2)-£^ l (3.42)
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It is not difficult to show that (3.42) has a solution only for c 3,4,5, and that the
number of solutions of this equation is finite. There are 21 discrete subgroups F corresponding
to them. All of them are listed in Table I.

TABLE I

m0 r
1 (0,3; oo, oo, oo)
2 (0,3; 2,oo, oo), (0,4; 2,2,2,oo), (0,5; 2,2,2,2,2)
3 (0,3;3,3,oo)
4 (0,3; 4,4,4), (0,3; 2,4,oo), (0,4; 2,2,2,4)
6 (0,3; 2,3,oo), (0,3; 3,3,6), (0,3; 2,6,6), (0,4; 2,2,.!,3)
8 (0,3; 2,4,8)

10 (0,3; 2,5,5)
12 (0,3; 3,3,4), (0,3; 2,3,12),(0,3; 2,4,6)
18 (0,3; 2,3,9)
20 (0,3; 2,4,5)
24 (0,3; 2,3,8)
42 (0,3; 2,3,7)

4 Case of Quantum Algebra suq(2)

In this section we consider the basic properties of the system of g-coherent states (see [AC
1976], [Bi 1989], [Ma 1989], [Ju 1991] for other details).

The basic quantities here are the operators J± and J0, which act in the Hilbert space Ti.

of finite dimension 2j + 1 (j is half-integer, 2? + 1 is a positive integer) with the basis

\j,n), P- -j,-J + 1,¦¦-,],

or
\n), n j + p, n 0,l,...,2j.

The operators J± and J0 act as follows

J± \j,ß) ^/[j + u}[j±p + l}\j,pi± 1),

Jo\J,p) ß\j,ß),

(4.1)

(4.2)

(4.3)

(4.4)

J+\n) y/[n + l][2j-n]\n + l),

J- \n) y/[n] [2j -n + l] \n - 1),

(4.5)

(4.6)
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Jo H (n-j)\n).
Here [n] is the Gauss symbol [Ga

[],n] l + q + + qn

>From (4.5) it is not difficult to obtain

1 -qn
i-q [n]! [l][2]...[n]

in)^wê^Q)-

(4.7)

(4.;

(4.9)

>From (4.5)-(4.7) it follows that the operators J± and J0 satisfy the commutation relations

[Jo,J±] ±J±, [J+,J_] [2Jo], (4.10)

where the operator [2J0] is defined by the formula

[2Jo] |n) A» |n>, (4.11)

k - (u + ,i - a -,]) » (w - m -„]) { i';^2/l|: a;;< 0. f«?)

Now following [Bi 1989] and [Ma 1989] we define the system of (/-deformed coherent states
by the formula

\\z)=eq(zJ+)\0).

>From (4.9) we have
23

»> E m
BtS^[n]![2i-n]!

and we may calculate the norm of this state

G23(\Z\2) E [2j]

re=o in]![2j-n]!

zn\n)

\z\2 [l + \z

(4.13)

(4.14)

|2l(2i) (4.15)

Here G2j(x) is a certain polynomial of degree 2j. Let us give the simplest examples:

Go l, G1 l + x, G2 l + [2]x + x2 l + (l + q)x + x2;

G3 1 + [3]x + [3}x2 + x3 (1 + x) 1 + ([3] -l)x + x2),... (4.16)

Note that these polynomials were first considered by Gauss [Ga 1808] and investigated in
more detail in the paper by Szegö [Sz 1926]. Here we note the following important properties
of these polynomials:

i) Their roots are located on the circle of unit radius and x 1 is not a root.



570 Perelomov

ii) The relation of these polynomials to theta-functions [Sz 1926], Namely the functions

\ L> q n I ~-i/2,$0=1,..., $re

^/(l-q)(l-q2)...(l-q")
=_Gn(V1/
1 - fln V

are orthogonal on the unit circle {z: z e'B} with the weight function f(0), which
coincides with theta-function

r2jr

/ *j(0)*k{0)f(0)dß 0, jïk,Jo

oo oo

f(9)= Y, q"2/2eM= £ qn2!2œsnÔ= D(eie]
n——oo n=—oo

oo /
D(z) H y/l-<r(l+ql*»-M:

Note also that we have

Gn(q1/2)=f[(l+q"/2),

the expression for the generating function for Gn(x),

Gn(x)E
1

tn TT
(i-Qn) ±L (l - qnt) (i - «•"„to (1 - (1 - 92) - - - (1 - <?") to (1 - «"*) (1 - 9n**) '

and the recurrence formulae

Gn+1(x) (1 + x) Gn(x) - (1 - <f) iG«_i(*);

Gn(çz) - (1 - qn) Gn-i(qx) qnGn(x).

Let us denote the roots as Ci, • • •, C2j- Then \(k\ 1 and Ci is also the root as (k. So

Gn(x)=f[(x-Q).
3=1

The normalized coherent states now take the form

-1/2 2j
l^) (G2j(k|2)) E m

„to \ N! [27 - n]!
*" |n),

and the scalar product of two such states is

(w\z)
G2j(wz)

G2](\z\2)G23(\w\2)Xl'2

(4.17)

(4.18)
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So for the fixed coherent state \z) there are 2j coherent states \wk), k 1, 2j, which
are orthogonal to state \z). Here

wk (z)-l-(k. (4.19)

As for the standard system of coherent states, for ç-coherent states we also have the
resolution of unity

j\\z)(z\\dqp(z) I, (4.20)

dqp(z)=[^±^-(G2j+2(\z\2)yidq(\z\2)de, z=\z\e'e. (4.21)

To prove this, let us consider the integral

In,i J™ xn (G/(ï))"X dqx. (4.22)

Then after an integration by parts [Ex 1983] we have

In,i jT^rf r *n~l (G'-ib'1*))'1 dx> (4-23)

7"><

[/_!][/- 2]... [l-n\ (4-24)

f(G_re(l + g-",))"1^=I7-f-ÏI, (4.25)

As a result of resolution of unity, an arbitrary vector |0) may be represented by a polynomial
of degree 2j:

0(z) <*#). (4-27)

Finally we come to the functional realization of the Hilbert space T3

(0i|02) j^h(z)ip2(z)dqp(z) (4.28)

and have the basis:

fn(z) (z\\n)

and hence

Furthermore

and finally

m ¦zn.
\\[n}\[2j-n}\

It is easy to see that any set of (2j + 1) coherent states form nonorthogonal basis in T3

(4.29)
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5 Case of Quantum Qlgebra suq(l,l)

In this section we consider the basic properties of the system of (/-coherent states for discrete
series T/f (see [Bi 1989], [Ma 1989], [Ju 1991] for other details).

The basic quantities here are the operators K± and Ko, which act in the infinite-
dimensional Hilbert space TL with the basis

{\k,p}}, p k,k + l,..., (5.1)

{|n)}, n p-k, n 0, 1, (5.2)

The operators K± and K0 act as follows

A± \k,fi) ^/[p±k][pTk± 1] \k, p ± 1), (5.3)

Ko\k,p) p\k,p) (5.4)

K+\n) %/[n + l}[2k + n]\n + l), (5.5)

A_ \n) j[n] [2k + n - 1] \n - 1), (5.6)

A0|n) (fc + n)|n). (5.7)

Here [n] is the Gauss symbol [Ga 1808]

H l + g+... + ç«-1 1rI^, [n]! [l][2]...[n]. (5.8)

>From (5.5) it is not difficult to obtain

|n) m (K+T\0). (5.9)
\J [n]\[2k + n-l]

>From (5.5)—(5.7) it follows that the operators K± and K0 satisfy the commutation relations

[Ao, K±] ±K±, [K-, K+] [2A0], (5.10)

where the operator [2K0] is defined by the formula

[2Ao]|n) A„|n), (5.11)

An {[p + k] + [p- fc]) ([n] + [2k + n]) { qy^]\], ~p'< 0.
(5-12)

Now following [Bi 1989] and [Ma 1989] we define the system of (/-coherent states by the
formula

\\z) eq(zK+)\0). (5.13)
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>From (5.9) we have

n=0 \

and may calculate the norm of this state

[2k}\

[n]\[2k + n]\
zn\n)

Here F2k(x) is the function of degree (—2k):

F2k(x) G-2k\-x).

Let us give the simplest examples:

-(2k)

(5.14)

(5.15)

F0 l, Fi (1- x)-\ F2=(l-[2]x + x2) (l - (1 + q)x + x2^

F3 1 - [3}x + [3]x2 - x: l-x)[l-([3]-l)x + t (5.16)

Here we only note that the poles of these functions are located on the circle of unit radius
and that, at integer k, x 1 is a pole.

Let us denote the poles as Ci, • • •, (2k- Then \(k\ 1 and (k is the pole too as (k. So the
normalized coherent states have the form

\ -1/2 oo

F2k(\z\2)) E [2k]\

„to Vj[n]![2fc-n]!
z»\n),

and the scalar product of two such states is

(w\z)
F,2k (WZ

(F2k(\z\2)F2k(\w\2j)
1/2-

(5.17)

(5.18)

As for the standard system of coherent states for ç-coherent states we also have the
resolution of unity

j\\z)(z\\dqp(z) I
[2k - 1]

dqp(z
2%

F2k+2(\z\2))'1 dq(\z\2) z \z\e

To prove this, let us consider the integral

/„,; ^ xn (Fi(x\) dq

Then after an integration by parts [Ex 1983] we have

q "Inj fo *n~l (V-^1*))'1 dx

(5.19)

(5.20)

(5.21)

(5.22)
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and hence

Furthermore

and finally

[/-!][/-2] ...[(- n}'
(5.23)

/'Jo
F,_„(l + q~nx) dqx

qU
(5.24)' [I — n — IJ

As a result of resolution of unity, an arbitrary vector |0) may be represented by a function
of degree 2k:

4>(z) {z\\iP). (5.26)

And we finally come to the functional realization of the Hilbert space Tk:

U>i\i>2)= JMz)ip2(z)dqp(z) (5.27)

and we have the basis
1

mfn(z) (z\\n) \ [n]![2Jfe-n]!
(5.28)

So all formulae here are similar to the corresponding formulae for the case of Heisenberg-
Weyl algebra. Comparing, for example the basic formulae (2.15) and (5.15) we can see that
the case of Heisenberg-Weyl algebra is similar to the case of su (1,1) for k |. So, for
sug(l,l) algebra we have the results analogous to results of section 2.
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