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N and A Spectra and the Effect of Negative Energy
Component of Bethe-Salpeter Amplitude

By Dong Yu-bing

Institute of High Energy Physics, Academia Sinica
P. O. Box 918, Beijing, 100039, China

Abstract. By mean of the instantaneous Bethe-Salpeter equation, the effect of negative energy
component of Dirac spinor on the one-gluon exchange interaction is studied. Through the
calculation of N and A baryon spectra, one sees that the effect changes the potential parameters
significantly, however leaves the global structures of the spectra almost untouched.

1 Introduction

Although the applications of non-relativistic quark potential model to heavy quarkonium
and baryon(N,A, E, A, S and fl) spectrum, are successful'1', it's always an interesting issue

to study the differences between the non-relativistic Schrödinger equation and the relativistic
covariant Bethe-Salpeter(B-S) equation when one investigates light quark systems, such as

N and A baryons. It is necessary to know how many relativistic effects that Schrödinger
equation neglects in the calculations of N and A systems? It is commonly believed that the
B-S equation differs from Schrödinger equation in the two main aspects: Firstly, the B-S

amplitude of bound states depends on four-dimensional momentum (P, P0), other than only
on P as the Schrödinger wave function acts. Secondly, the B-S amplitudes for fermions which
are represented in Dirac spinor space, are unlike the Schrödinger wave functions in Pauli
space. The relativistic and covariant features of the system require that the four-component
Dirac spinor should be taken into account. Therefore, the effect comes from the negative en-
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ergy component(NEC) of the B-S amplitude should be involved in as an effective interaction.

In this paper, the study of the effect of the NEC of the B-S amplitude in Dirac spinor
space is shown. Because it is known that the relativistic B-S equation is a coupled equation,
and it is very difficult to be solved exactly, here, the method of ref.[2] is employed to reduce
the coupled B-S equation to a Pauli-Schrödinger(P-S) equation in Pauli space. As a result,
the B-S amplitudes in Dirac spinor space are transformed to the Schrödinger wave functions
in Pauli spinor space, and the effect of the NEC of the B-S amplitude is accounted for in
terms of an effective interaction between the positive energy states.

In Sec. 2, we shall briefly outline and discuss the reduction of the instantaneous B-S

equation and the effect of the negative energy component of the B-S amplitude. In the last

section, discussions and concluding remarks about the effect on the baryon spectra calculation

are drawn.

2 Reduction of B-S Equation and the Explicit Effect
of NEC of B-S Amplitude

For a two quarks system, if the two quarks have equal quark masses m, the basic relativistic
B-S equation in momentum space is'3'

1 1 r d4k
XPiiq) Sf(-P + q)Sf(-P -q)J J^K(P, q, k)XPi(k), (2.1)

where, XP^il) is the B-S amplitude, Si is the fermion propagator. P and q are the total
and relative momenta of the two quark system. In the ladder approximation, the lowest
irreducible B-S kernel is one-gluon exchange

K(P,q,k) g(|)(|)7l^AKg - k). (2.2)

In the instantaneous approximation, eq.(l) becomes'3'

d3k

(27T)

where
' dq0

r d3k
XP((q) S(P,q) J —K(P,q,k)XPi(k), (2.3)

is the instantaneous B-S amplitude, and

s(pq) i{
A+(f+flA+(f-g-)

+
A-(f+aA-(4-a

P0-w(f + S)-w(f-S) Po + w(f + g)+w(f-S)
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In the above equation, u>(p) is the free-particle energy, A+(p) and A (p) are positive and
negative -energy state projection operators, respectively. They are defined as

A+(p) U(p)U+(p), k-(p) V(p)V+(p). (2.6)

U(p) and V(p) are the positive and negative-energy Dirac spinor wave functions, respectively,

Notice that eq.(l), as a coupled equation, is represented in Dirac spinor space, and it may
be transformed to an equivalent P-S equation in Pauli space as shown in the appendix B of
ref. [2]. This P-S equation is

d3k

(2tt)3

Where,

P P r d3k
{Po - w(- + q)- u>{- - q)]$(P, q) J J^V(P, q, k)*(P, k). (2.8)

$(P,q) [/+(f + g)£/+(| - q)xPt(q) (2-9)

is the P-S positive-energy wave function, and

J (2w)J p0+Wl(;)+W2(^)

r d°l
J (2tt

d% d% tf++>__(P, q, k)H_.t__(P, h, l2)H__>++(P,l2,k)
+

(2tt)3 (2tt)3 [p0 + ^(l,) + tü2(h)\[Po + ^(l2) + w2(l2)}

is the effective interaction hamiltonian. In the above equation

:f + «(f - 9)H(P, q, k)Wc(^ + k)Wd(^Hab,cd(B q, k) W+(- + q)Wh+(- - q)H(P, q, k)Wc(- + k)Wd(- - k), (2.11)

where a,b,c,d=+,-,

and

H(P,q,k) i^°2K(P,q,k), (2.12)

It should be pointed out that the above effective interaction is the energy-dependent and
nonlocalized. It is clear that the first one in the right hand side of eq.(10) serves as the
conventional one-gluon exchange potential, where only the positive component (larger
component) of the B-S amplitude is considered. The second and all other higher order terms in
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eq.(lO) describe the contributions arising from the NEC(small component) of the B-S amplitude

XPeio) t° the P-S equation satisfied by the positive-energy P-S wave function &(P, q).
It should be pointed out that because the B-S kernel here is only the one-gluon exchange
as displayed in eq.(2), the effective interaction in eq.(10) just involves the corrections of the
NEC of the B-S amplitude to the one-gluon exchange interaction.

To localize the second and all other higher order terms in the right hand side of eq.(10),
we use the following approximation for their denominators:

P0 +u>i(q)+ u)2(k) ~ 4m.

To notice the fact that H++)++ H we therefore write eq.(8) in non-relativistic
approximation as

hJ- + V(r)]*(r) E${r), (2.14)

where,

V(r) Vcge(r) + Vmf(r) + Vneg(r) + B0. (2.15)

In the above equation, B0 is zero-point energy, Voge, which stems from the first term H++i++
in R.H.S. of eq.(10), stands for the conventional instantaneous one-gluon exchange,

2a
VogeiUj) -t-1 + V„(rti) (2.16)

àrij

where, the color factor -Jj-2 is taken to be -3/2 for baryons. In the above equation, Vre(rij)
contains the spin-dependent and -independent relativistic corrections'4' in non-relativistic
approximation p2 jm2.

VUnj) V™{riS) + Kf (nj), (2.17)

where

2as .8 - - _,,_ 1 .3Si ¦ faSj ri-
VSnD{rti) g^, • S383(rv) + ^C '%> " - S{ ¦ Sj)}, (2.18)

7*V. 7-?

Vïlini) f^*3M + ^(i-Ä ¦ p3- + ^(fij ¦ pi) ¦ pj). (2.19)

In the above equation, pt and pj are momentum of i-th and j-th quarks. In eq.(15), Vomì
is the scalar phenomenological confinement. Vneg represents the contribution of the NEC of
the B-S amplitude, which is involved in the second and all the other terms in the R.H.S. of
eq.(10). For the vector coupling one-gluon exchange interaction, since we have

H++,-(P,q,l) g(^l)AJ(g- l)(-<fi ¦ *2) +0(^-2), (2.20)
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and the denominators in the second and all the other terms in R.H.S. of eq.(10) are in
inverse proportion to the quark mass, thus the explicit expression for V^g attributed from
the leading term of F++> in the second and all the other terms of R. H. S. of eq.(10), is
written as

" (3-2a1-a2) 2qs +1
Vneg(rv)-^ (4m)n (3rJ (2.21)

Clearly, if
1 o™

(2.22)

Vneg converges, and can be simply written as

W«) -(3 - 2c?! • a2) j--^k- (2-23)
3r

If one chooses m=0.3GeV for u or d quark mass, and the strong coupling constant as 0.8 as

shown later, the corresponding convergence condition eq.(22) requires r larger than 0.088fm.
For the N and A systems, for they consist of light quarks(u and d), and their mean square
root radii are at least larger than 0.45fm, the above convergence condition eq.(22) is well
satisfied in this case. Because the one-gluon exchange usually stands for the short range
interaction, the matrix elements is small enough to be ignored in the range of r < 0.088/m.
In the following, we only consider the first term of Vneg, and neglect all other cts higher-
order terms in non-relativistic approximation p2/m2, in order to avoid higher order singular
behavior of those terms at r=0. This selection is reasonable, because other higher order terms
are trivial for the matrix elements of Hamiltonian. The non-relativistic (p2/m2) explicit form
of the first term in coordinate space, is

^e9(nJ) -(3-2a1-a2)^. (2.24)
13

If one ignores all the three-body interactions, and assumes the total hamiltonian of the
baryon system is the sum of the two-body interactions between the three valence quarks, the

application of above two-body interaction V(r) to baryon systems, will enable one to obtain
the total hamiltonian for N and A systems.

H Ho + JZHre(r,3) + Bo, (2.25)
i<3

where,

T? ¦n2 3 9n*>-£ + £+§(*»-£)• um



144 Yu-bing

The first two terms in eq.(26) are the kinetic energy operators. pp and px are the momentum
operators corresponding to the internal coordinates p and A which are defined as

P -j=ifi - r2), A ¦— (fì + r2 - 2f3). (2.27)

In eq.(25), Hre(rtj) is the relativistic corrections of Hamiltonian. In order to stress the effects
of NEC of the B-S amplitude and the relativistic spin-independent interaction, we shall
calculate the baryon spectra with the following different three choices of /fre(r^):

#re(ry) KfD(^) (case I) (2.28)

Hreinj) Kf(ry) + Cfa) (case H)
Hre(r,j) VrseD(rij) + Kf(r-y) + V£9(ry)]. (case III)

3 Discussion and Concluding Remarks

It should be emphasized that the confinement we adopt is a phenomenological scalar linear
confinement as usual'5'. Although we know that a scalar confining potential has the problem
of leading to essentially unstable solutions in the case of the instantaneous approximation,
because of the unboundedness from below of the effective interaction'6', we only focus our
attention to the effect of the negative energy component on the one-gluon exchange interaction,
and do not attempt to discuss the problem in the text. So, in the following, we do not try
to solve either the instantaneous B-S equation (8) or the reduced Schrödinger equation (14)
exactly, since we know that it is very difficult to solve them for three-body systems. We shall

expand the wave function of eq.(14) with respect to the harmonic oscillator wave functions
in a certain configuration space, such as in N < 4 harmonic oscillator space. The
corresponding wave functions are obtained by solving the eigen-equation of H0, and the energy
levels are yielded by adding the effects of the relativistic corrections perturbatively. Thus

one can avoid the problems of the unstable solutions in the case of the instantaneous
approximation of the B-S equation caused by the phenomenological scalar confinement as usual'5'

and the not defined hamiltonian caused by the spin-spin contact terms 83(f) interaction'6,71,

simultaneously like other works'5,8'.

To calculate baryon spectrum, we select mu^ 0.3GeV and determine other potential
parameters according to the following physical conditions.

MA-MN 0.293GeV, (3.1)

0, (3.2)
dMN

db

^(MA + MN) l.085GeV, (3.3)

where, the second condition is stability condition of proton with respect to harmonic oscillator

width constant b. Here, we select b=0.5fm. At first, we consider the lowest approximation
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for the baryon wave functions, namely, the pure harmonic oscillator wave functions are taken
as the wave functions of baryons. The parameters determined in this case are listed in the
Table 1. The three sets of parameters shown in the table are corresponding to the three
choices of Hre(rij) as shown in eq.(28).
Table 1 indicates that the effect of the NEC of the B-S amplitude is significant to parameters,

as X(GeV2) mq(GeV) b(fm)
set(I)
set(II)
set(II)

0.808

0.448

0.448

0.0498
0.0560
0.0283

0.3

0.3

0.3

0.5

0.5

0.5

Table 1: Potential parameters.

especially to the coupling constant as. It may reduce the a3 to be a more reasonable value.
This fact is easily to be understood. Because the effect supplies a short-range attractive
interaction, which compensates a part of the instantaneous one-gluon exchange potential,
as a result, as is reduced under the condition eq.(29). With the consideration of the effect,
the coupling constant decreases from 0.811 to 0.441, which is more closer to the situation
of the calculations of meson spectra'7'8'. This decreasing makes the ladder approximation
reasonable. In addition, the contribution of the NEC of the B-S amplitude also plays a role
on the strength of linear confinement (about 10%). This result is comprehensive too, since
the effect gives a strong attractive interaction, it strongly attracts the wave functions to the

origin, such the strength of the linear confinement must be enhanced so as to fit data.

Further more, Table 1 also implies that the spin-independent interaction is substantial for
the determination of the confinement strength. The consideration of the interaction reduces
the confinement strength a lot. This feature is easily understood, because the relativistic
effects must be essential for N and A systems. However, the spin-independent interaction
does not affect the determination of the strong coupling constant, because as is obtained
only by the spin-dependent interactions as shown in eq.(29).

Secondly, in order to calculate baryon wave functions more exactly, we expand the wave
function of baryons in N < 4 harmonic oscillator wave function space. So, the effect of
configuration space mixing is considered. We use the three sets of parameters in Table 1 to
calculate baryons spectrum for the three cases. Table 2 shows our calculation results for
N and A spectrum. The values in the second, third and fourth columns are the calculated
spectra with the parameters set(I), and set(II), set(III) in pure harmonic oscillator space,
respectively, ^he values in the fifth, sixth and seventh columns are the calculated spectra
with the parameters set(I), set(II), and set(III) in the Table 1 in N < 4 harmonic oscillator
wave function space, respectively.

To compare the results in the second and the third columns or in the fifth and the sixth
columns of Table 2, one sees that the effect of the NEC of the B-S amplitude may not
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change the spectra remarkably. Although some energy level is changed about 80 MeV, such
as Aj+/2(1.850 — 1.980), the total global structure of spectra is almost untouched. This
conclusion is manifestly, because the effect of the NEC of the B-S amplitude is a short-
range-interaction, it may provide a small effect on excited-state. In comparison with the
calculated results in the columns 2 and 5 or in the columns 3 and 6 of Table 2, one may
easily find that the influence of configuration mixing is about 70-90 MeV for Roper resonance
AT*+^2(1.430— 1.470) and A3+,2(l.550 — 1.700), respectively, which suppresses the first radial
excited-state and improves the theoretical results.

Moreover, from our calculation, we see that the relativistic corrections, the spin-dependent,

spin-independent interactions i.e., are all substantial for the description of N and
A systems. The spin-dependent interactions (VfeD, and V°eg) enable us to get the spin-
dependent mass splittings of N and A baryons, such as Ma — M«. The inclusion of the
tensor force is of importance too, because it could introduce the mixture between the states
in the different harmonic wave functions with the different angular momentum. In addition,
the spin-independent Vf/ interaction is also necessary to be considered for the systems,
since it affects the spin-average energy levels and suppresses them a lot, especially for the
low-lying states. To compare the results in the columns 3, and 4 or in the columns 6 and 7,

one sees that the spin-independent interaction cannot be ignored. Its effect on the low-lying
state, such as 7^-/2(1.520 - 1.555) and JV*+/2(1.430 - 1.470), are about 120 and 170MeV.

Moreover, we find that the consideration of the spin-independent interaction could push the
baryon wave function to the origin, and make the distribution of the wave function smaller,
as a result, it reduces the energy level. This feature of the interaction is helpful for one to
understand the Roper resonance state AT-jV ,2(1.430 — 1.470) and Ag+ ,2(1.550 — 1.770) for it
suppresses the mass of Roper resonance from 1.548MeV to 1.472GeV.

According to the above analyses, one finds that the effect of the negative energy
component of the B-S amplitude on the one-gluon-exchange plays a substantial role on the
determination of the coupling constant as. It provides a short-range-attractive interaction,
and strengths the singular behavior of the interaction at short distance. It decreases the

coupling constant a lot and makes ladder approximation more reasonable. Meanwhile, It
also enlarges the strength constant of the linear confinement. But its influence on the whole
structure of spectra is trivial. This conclusion is similar to that of ref. [9]. In P. C. Tiemeiger
and J. A. Tjon's work'9', quasi-potential approximations, namely, the Blankerbecler-Sugar-
Logunov- Tavkhe and equal-time approximations were adopted for fermion propagator in
the B-S equation, respectively, and they examined the NEC effect on meson spectra. They
achieved the similar conclusion. Here, unlike ref. [9], we use instantaneous approximation,
and investigate the effect on baryon spectra calculation. However, both calculations obtain
the same conclusion for this effect.

Finally, one sees that the consideration of the correction from the NEC of the B-S am-
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plitude on the one-gluon-exchange interaction is not enough in explanation of the baryon
spectra, if one attempts to solve the difficulty in description of baryon spectrum, such as

explaining of Roper resonance 7V*+/2(1.430- 1.470) and A:|+/2(1.550- 1.700)'4'10-11'. In order
to improve our calculation, we need to take the spinor coupling structure of the phenomenological

confining potential as the admixture of the scalar coupling and other couplings, such

as vector-vector coupling confinement'12' or other kind of confinement'6,11'. It may be
expected that if the effect of the NEC of the B-S amplitude on the confinement is considered,
one may obtain a confinement, which is much lower than the usual linear confinement at
large distance. This feature of the confinement is similar to lattice gauge calculation'13'. By
utilizing the confinement with the color screening effect, one may easily suppress the first
radial-excited energy level a lot, and obtain some improvements on the calculations of baryon
spectra, and heavy quarkonium'14'. Regarding the spin-independent relativistic correction,
one finds that although it suppresses the Roper resonance a lot, it also reduces the energy
level of Ar1-/2(1.520—1.555) about lOOMeV. Therefore, a smaller harmonic oscillator width b
is needed in order to fit the data. This conclusion is reasonable, since the interaction pushes
the baryon wave function to the origin, so the corresponding radii of baryons must be smaller.

To conclude this paper, one sees that the relativistic effects, such as the effect of the
negative energy component of the B-S amplitude could not be ignored at least in the
determination of the parameters. In the non-relativistic calculations, the effective parameters
are chosen to describe the effective interaction. However, if the effect of the negative energy
component of the B-S amplitude, as a kind of relativistic correction, is taken into account,
one may at least expect that one has gotten a set of parameters which are much closer to
the really nature world.
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