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An Estimate Regarding One-Dimensional
Point Interactions

By Silvestro Fassari

Institut für Theoretische Physik der Universität Zürich,
Winterthurerstr. 190, CH-8057 Zürich, Switzerland

Abstract. It is shown that the difference between the eigenfunction of the Hamiltonian of an
attractive point interaction and the one of the Hamiltonian with the short-range potential converging
to the point interaction goes to zero in the L2-norm like a power of the scaling parameter with

exponent less than 1/2.

1 Introduction

As is well known, point interactions are used as an approximation for short-range potentials.

In addition, Schroedinger and Dirac Hamiltonians with point interactions have the

advantage of being exactly solvable models, that is to say one can explicitly compute
eigenvalues, resonances and other important physical quantities. Most of the results regarding
Hamiltonians with point interactions can be found in [1] and the related literature.

In this paper we are concerned with the estimate of the L2-norm of the difference between
the eigenvector of the Schroedinger Hamiltonian with a point interaction H0 — ||V||i5 with
V > 0, ||e2a|:l:|V||i < oo for some a > 0 i.e. the exactly solvable model, and that of the
Hamiltonian H( —é — Ve, Ve(x) e_1V(|), that is to say the Hamiltonian with a short-

range potential which converges to H0 in the norm resolvent sense and represents the more
realistic model.

The estimate will show that such a norm goes to zero like a power of the scaling parameter
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e with exponent less than 1/2.

The need for such an estimate has arisen in the context of the problem of the stabilisation
of atoms in superintense laser fields for which we refer the reader to [4] and the literature
cited therein.

2 The estimate

As we have anticipated in the introduction, we are going to find an estimate for \\if>e — t/'olhi
the two functions inside the norm being defined by

HeA [~ - Ve}A EeA (2.1)

and

Hoi>o [~ - \\V\U8\iPo £oV-o (2.2)

As is well known from [1, sect.1.3.2], H€ converges to H0 in the norm resolvent sense,
which implies by means of Theor. 3.3.1 therein that the discrete spectrum of He consists of
only one simple negative eigenvalue Ee given by an analytic function of the scaling parameter
e in a neighbourhood of the origin.

Then we can state our result as follows:

Theorem 2.1 Let V,ip0,tpe be the functions defined above. Then,

lÊL^bk < oo (2.3)
£2

for some 7 < 1.

The main tool to derive the estimate will be the well-known Birman-Schwinger technique.
Actually, as we are going to work in p-space, we shall use the integral operators

W)-(-â-^"èV-^-^"* (2-4)

and

B(E0) (-^2 - E0)-h(-^ - Eo)-^ (2-5)

whose integral kernels are given by

B(P,p';Ec) (p2 - Et)-ìV^p-p,)\p'2 - Et)-i (2.6)
(2-7T)2



Fassari 123

and

o „ ,_i 1/(0) ,25(p,p'; £0) (P2 - E0)~îjf±(p'2 - Eo)"' (2.7)
(27r)2

It is immediate to realise that B(E0) is a rank one operator.

The integral operator B(Ee) is shown to be trace class by using a well-known result
see [2] since the operator is positive and its kernel is continuous due to the fact that V
is a continuous function vanishing at infinity because of the L1-decay of V. We can easily
compute its trace by using the lemma invoked:

|| Rf F ill - y(0) f dp nV{0) ÌÌVh (<2*\

As a consequence of the Birman-Schwinger principle, B(E€) has an eigenvalue equal to
one. Let xi he the associated normalised eigenfunction. We recall that 1 is also the

only eigenvalue of B0 and therefore we are allowed to apply the Kato-Rellich theorem
Theor. XII.8 in [3] at Ai(0) 1 Ai(e) with e £ [0,1] to obtain that the analytic
eigenfunction can be written in terms of \o, the normalised eigenfunction of B0 explicitly

given by (^Ì)5(p2 + |£0|)"i, as follows:

P(e)Xo \xì1)><xì1)\x0 (2.9)

Let us therefore estimate the norm of the difference of the two eigenvectors:

ll[l-^)]Xo||^ (Xo,[l-P(6)]Xo)

(Xo, [B(0) - |x^ >< XÌ1]\ - £A">(e)|x<'> >< xf)|]xo)+
i>i

+(Xo,[£A«(e)|X« >< X<°|]Xo) (Xo,{B(0) - B(Ee)]X0)+
i>i

+ (Xo,{B(Ei)(l-P(e))}Xo) (2.10)

Let us first consider the second summand. It can easily be seen that it is bounded by

mEM _1 Ml_1 mï^â. (2.n)"
2\Ee\2 \Ee\i

exploiting the fact that "v"\ 1.
2|Bb|î

Going back to the first summand, its positivity can be shown as follows:

(Xo, B(Ee)xo) <4(e)(x?\B(Et)$U) + fa, B(Et)x() (2-12)

having set Xo ao(e)Xe^ + Xn with Xe belonging to the orthogonal set of j^P and exploited
the definition of xi1^ as well as the self-adjointness of B(Ee). The quantity written above is
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bounded by al(c) + \\xe\\2 Hxolli provided B(Et) has no eigenvalues greater than 1 on the
orthogonal set of j^P ¦ This is actually the case since, as we have already seen, the trace of

B(Et) restricted to the orthogonal set of x^1' is equal to ' ' ~\ '' which is certainly less
1^*1

than 1 due to the fact that \E0\ < 4\Ee\ for any e sufficiently small.

(Xo, [5(0) - B(Ee)]xo) < J-£- x / f(p2 + \Eo\)-ix
(27r)27T J J

Since |£7e[ < \Eo\ we have:

(271

x (p2 + \E(\)-i{V(0) - V(e(p-p'))](p'2 + lE.irHp'2 + \E0\)-idpdp' (2.13)

which goes to 0 as e —+ 0 by dominated convergence. Hence,

ll[l - PCOlXollI < F(e) + ÌE0Ì'2~Feì\ (2.14)
I-Bel2

F (e) denoting the right hand side of (13).

Since P(e)xo is eigenvector of B(Ee) with eigenvalue 1, it follows that

Â (p2 + \Ee\)-ïp(e)Xo (2.15)

is the solution of the Schroedinger equation with the Ve potential in p-space. Similarly,

V>o (p2 + |#o|)-'xo (2.16)

is the eigenfunction of H0 in p-space.

Therefore,

\\Â - toh < UP2 + \Ee\rHl - P(e)]Xo||2 + ||[(P2 + \E.\)-i - (p2 + |£o|)-']Xo||2 <

< II(P2 + l^ir'lloollll - J°(e)]xo||2 + \\(P2 + \Et\)-i - (p2 + \Eo\rHoo <

\Ee\2 \Et\2 \E0\?\Ee\2

By using the assumption on the potential V we can now estimate the quantity F(e).

As a consequence of Lemma 1.XIII.11 in [3], we have:

V(0) - V(e(p - p')) < 21^(27T)-Ì£^|p - p'r 11(1 + M)7V||i (2.18)

for some 7 < 1.

Furthermore, by noting that 1 + \p - p'\ < 1 + |p| + |p'| < (1 + |p|)(l + |p'|) < 2(1 +
p2)5(l +p'2)2 we get:

F(e) < 2et(2n)-l ||(1 + \x\)WU f iI±^L)2, (2.19)
J p'- + |£,e|

which implies (3) after being inserted into (17).
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