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The Connection Between the Algebraic and the
Original Bethe Ansatz for the Six-Vertex Model

By Tony C. Dorlas

University College Swansea, Department of Mathematics,
Singleton Park, Swansea SA2 8PP, U.K.

(24.IX.1994)

Abstract. It is proved that the algebraic Bethe Ansatz method developed by Faddeev et.al. yields
the same eigenfunctions for the transfer matrix of the 6-vertex model as the original coordinate
Bethe Ansatz method invented by Bethe and used by Lieb in his original solution of this model.

1. The Problem.

The six-vertex model is a model of statistical mechanics defined on a two-dimensional

square lattice in which the configurations are given by arrows on the bonds or links between
neighbouring lattice points. The following configurations are allowed:

ea % ec

Figure 1. Allowed vertex configurations in the 6-vertex model and their energies

Assigning energies ea,et and ec to these configurations as indicated in the figure, the
total energy of a given configuration T becomes:

ET na(Y)ea + n6(r)eb + nc(r)ec, (1.1)
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where na(T) denotes the number of vertices of type a in the configuration T, etc. Let M
be the number of rows and N the number of columns of the lattice. The partition function
of the six-vertex model is then given by

ZM,N(a, b, c) £' exp [-ßEr], (1.2)
r

where the sum runs over all allowed configurations, and ß is the inverse temperature.
Notice that Zm,n only depends on the Boltzmann factors

a exp[-ßea], b~exp[-ßeb}, c exp[-/3ec], (1.3)

The model was solved in several special cases by Lieb [1] in 1967 and subsequently in all
generality by Sutherland [2]. By 'solving' the model we mean here: obtaining an exact
and explicit expression for the free energy density in the thermodynamic limit:

fß(a,b,c) -- lfm —— ìnZM}N(a,b,c). (1.4)
p M,N—>oo M ri

Assuming periodic boundary conditions, the partition function can be written in terms of
the transfer matrix V, defined as the contribution of one row of vertices. Let L^ (v, v')
denote the Boltzmann factor of a vertex with horizontal arrows v and v' and vertical
arrows p and p'. Then the contribution of one row of vertices with lower row of vertical
arrows given by p (p1:..., pN) and upper row of vertical arrows by fJ_ (p[,..., p'N)
is:

N

V_ 71=1

(For periodic boundary conditions, ivjv+i v\.) The partition function becomes:

M

Zm,n Y, ¦ • ¦ E II V,*r+' ^ace vn- (1.6)
JW TT1 1

ft follows that the free energy density (1.4) is given by

h ~\ Jim ^lnAmax(A0, (1.7)
p N—>oo 1\

where Amax(AT) is the maximum eigenvalue of the operator Vjv with matrix elements (1.5)

w.r.t. the canonical basis of the A^-spin Hilbert space Tiff C2 (In fact (1.7) needs a

proof because the limit in (1.4) is intended in the sense of Van Hove (see [3]), i.e. M and N
must tend to infinity simultaneously. It was proved by Lieb and Wu [4] that this is in fact
equivalent to taking the limits separately. Another problem is the equivalence of periodic
and free boundary conditions. This is more difficult than the analogous problem for spin
models (see [3]) because the set of allowed configurations imposes a nonlocal constraint.
It was solved by Brascamp et.al. [5]. (A simple proof in the symmetric case was given by
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the author [6].) Lieb showed that Vjv can be diagonalised by means of the Bethe Ansatz,
originally proposed by Bethe [7] for diagonalising the Hamiltonian of the Heisenberg chain.
The Bethe Ansatz eigenfunctions are given by:

¥n\h,...,kn)= J2 ^{ku...,kn){n,...,rn)\ru...,rn), (1.8)
\<r1<...<rn<N

where
N

i>{k1,...,kn}(ri,---,rn)= ^ A„ Ylexp[iK^r*]. (1.9)
v€Sn 3=1

Here, |n,...,rn) denotes the state of H with n down spins at the positions rl5...,
rn, and fci,..., kn are wave numbers. In order that (1.8) is an eigenstate, the latter must
satisfy the Bethe Ansatz equations:

71

exp [iNkj] (-l)n'1Y[exp[-ie(kj,ki)], (1.10)

and the coefficients Aa must satisfy

-f- =-exp [-^(Ä:^.), £<,(,+!))] (1.11)

if a and er' differ by a transposition: a'(j) a(j) if j ¦£ 1,1 + 1, a'(I) a(l + 1) and

a'(I + 1) cr(l). Here the function 6(k, k') is given by

exp \-i6(k, k')} ¦ *,.», (1.12)

with
a2 i U2 _ c2

The inverse scattering method or algebraic Bethe Ansatz method is based on an
observation by Baxter that there is a 1-parameter family of models with Boltzmann
weights (a(X),b(\),c(X)) such that the corresponding transfer matrices Vat(A) commute:
[Vjv(A), Vn(p)] 0. He deduced a sufficient condition for this to be the case and used it
to solve the more general 8-vertex model [8], His formalism was subsequently simplified
by Faddeev and Takhtadzhan [9]. Their formulation of Baxter's star-triangle relation says
that there exists a scalar 4x4 matrix R(X, A') such that

R(X, A') (Ln(X) ® Ln(A')) (1 ® Ln(A'))(Ln(A) ® 1)Ä(A, A'), (1.14)

where Ln(X) is a 2 x 2-matrix with operator entries given by

L"(A)=(T s%)) (L15)
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with

"»<H°<V,). «-U o)

*-(2*>). «^(^ «("))

operating on the n—th spin in Hn- Notice that the entries of Ln(X) are exactly the
Boltzmann factors Lßntßin(vn,vn+i). The transfer matrix is given by (1.5):

VN(X) Trace2(L1(X)...LN(X)), (1.17)

where the trace is taken of a 2 x 2—matrix, the result being an operator on Hm- We define

TN(X) Ll(X)...LN(X). (1.18)

As this is a 2 x 2—matrix with operator entries it can be written as

*>•<»> (&w Zm)- (LW)

The 1-parameter family (a(A),6(A), c(A)) is given by the transformation of variables

(o(A)
=sin(A + T/),

6(A) sin(A - n), (1.20)
c sin 2r).

(We have divided by an unimportant normalisation factor.) The R-matrix is given by

/f(X,p) 0 0 0 \
**•">- » *«>

9<"'")
» ' <L21)

V o o o f(x,p)J

where the functions / and g are defined by

sin(A - p + 2t?)

sin(A-M) (122)
9(X,fi) -r-77 r.sm(A — p)

One easily checks that the relation (1.14) is satisfied. If e+ I I denotes the up-spin

at position n and e~ I J the down spin at n, let £1 ef ® ej ® ® e^- be the state

with all spins up (ground state). Then

"7i(A)e+ a(A)e+

*n(A)e+ 6(A)e+
^ ' '
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and hence AN(X)Q a(X)NQ and DN(X)Q, b(\)Nü. Moreover,

0 0"\

(1.24)

ßn C(Tn =C, 1 0

-_+ '°17„ can=Cl0 0

and hence Cn(X)Çï 0. Using the relations (1-12) one can now derive (see [9]) that the
state

n

$(X1,...,Xn) Y[BN(Xj)n (1.25)
.7=1

is an eigenstate of the transfer operators VJv(A) for all values of A provided the parameters
Ai,... A„ are all different and satisfy the transcendental equations

a(xj)\ TT Z(AJ'A') fi or\
b(x3)J "ii/ÏW J

In fact, one easily checks that these equations are equivalent to the Bethe Ansatz equations
(1.10) if one performs the change of variables to wave numbers kj given by

exp[%] ^±^ ^4. (1.27)
sin(Aj — n) o(Xj)

2 Identity of Wavefunctions.

We now prove that the wavefunctions (1.25) are identical with the Bethe Ansatz wavefunctions

(1.8) up to a multiplicative factor. The proof is similar but more complicated than
the proof of the same fact in the case of the nonlinear Schroedinger model in [10]. In that
case it has proved useful for proving the completeness of the Bethe Ansatz eigenstates. We
hope that a similar thing can be done in the present case. First, we remark that, in (1.9)
we can take Aa Ca(Xi,..., Xn) defined by

CCT(Ai,...,An) Yl f(K(i)i^<rU))~ (2-!)
l<i<j<n

Indeed, if the wavenumbers kj are given by (1.27) the relations (1.11) follow from

exp[-i0(kj,kl)}. (2.2)
/(Aj.A,)
/(A,, A

We now prove:
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Theorem. Let $(Ai,..., An) be given by (1-25) where (1.26) is satisfied, and let
^ {k\,..., kn) be the Bethe Ansatz wavefunction given by (1.8) and (1.9), where
Aa is replaced by CCT(X1,..., Xn). Then

*(Ai,..., An) c"(a(A1)... a(An))"1(6(A1)... b(Xn))N¥n\h,..., kn). (2.3)

The case n 1 is simple:

BN(X)Ü (Li(A)... LJV(A))i>2n (L?(A)... L°N(X))ltia, (2.4)

where we have written
Lm(A) L^(A) + Lm, (2.5)

with

Now,

L1(A)...L7V(A)-^ 0 SinW) {2J}

with
f«p,,(A) =nuP«m(A)
k,,w =nuMA) (2.8)

I A>l9(A) Er=p aP,7-l(A)/3r^7-+l,g(A).

But ßrn ca~Q, c\r) so

ßjv(Ai)n A,w(Ai)n

£a(Air16(Ai)W-rc|r)
r=l

IV

ca(Ai)-16(Ai)Jv^e*'-|0-
r=l

(2.9)

Now consider the case n 2. We compute BN(X2)^^(ki). As ^1' contains only
one down-spin, at most one Lm can operate on it and we can write

BN(X2)¥V(h) (L°(A2)... L°Ar(A2))1,2^(1)(fe1)

(2.10)
+ £ (L?im_1(A2)LmL0m+liW(A2))i2*(1)(fei),

with the notation

LUX) Il L°mW- (2-11)
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The first term in (2.10) is straightforward to compute:

(£?,w(A2))i,2*(1)(*i) ca(X2)~H(X2)N J2 {a(X2)-1b(X2)ei^k^+k^
l<ri<r3<JV (2.12)

+ a(X2)b(X2y1ei^+k^}\r1,r2).

In the second term we use

A B\f0 0\(A' B'\_(BaA' BoB'
0 D)\o 0 H 0 D')~\ DaA DoB' (2.13)

It follows that

f) LÎim_1(A2)LmL^1+1^(A2)N) ^(h)
m=\ I i]2

N
c J2 ßi,m-i(X2)ßm+i,N(X2)eik^Ci

771=1

AT 771-1

c3^^ a(A2)ri-16(A2)m-1-ri
771=1 7-1=1

AT

]T a(A2)r2-m-16(A2)JV-r2eifcim|n, r2)
r2 =77i+l

7-2-1

c3a(A2)"16(A2)Ar J] a(A2)-16(A2)-1eifc2^+'-2) £ e'^-^-'In.ra)
l<ri<r2<Ar tn=ri+l

c3a(A2)-16(A2)JV Yl «(A2)"l6(A2)-1
l<ri<r2<Ar

(2.14)

ei(fcl7-i + fc27-2) ei(fc2»-l+fcl7-2) "J

ei(fc3-fci) _ 1
+ ei(fci-fc2) _1 J

I7*1'7"2''

Next we use the formula

-^y-I=3(Ai,A2)a(A1)6(A2) (2.15)

to write the sum of (2.12) and (2.14) as follows:

Btf(A2)¥(1)(fci) ca(A2)"16(A2)JV £
l<n<7-2<Ar

|a(A2)-1 [ari(X2)ßri +g(X1,X2)ßriari(Xl)}e^r>+k^ (2.16)

+ 6(A2)-1 [6ri (A2)/3ri + fl(A2, Ai)^riôri (Ai)] j(^+^ J |r2).
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We can now use the relations (1.14) which yield, in particular,

f f(X,X')ßnan(X') an(X')ßn + g(X,X')ßnan(X),
\f(X',X)ßnSn(X')= 6n(X')ßn+g(X',X)ßn6n(X). ^1''

Inserting this into (2.16) we obtain

ßAr(A2)*(1)(fc1) ca(A2)-16(A2)JV £
l<r!<r2<N (2.18)

{f(Xl,X2)el^ri+k^ +/(A2,Ai)e^fc2ri+fcir2)} \r2).

This proves (2.3) in the case of two particles.

In the proof of the general case we proceed by induction as in [10]. Analogous to
(2.10) we have

BN(\)&n\Xi,...,Xn) LlN(X)*M

+ E (L°X,m1-imrrllL0rni+liN(X))i2^ + --- +
77li=l

+ E (-^i,77i1-i(A)LmiLmi+1|m2_1(A)...
l<77li<...<77ln<yV ^

(2.19)

LmnL°mn+ltN(X)) *<»>

/ 1,2

Using (2.13) repeatedly we can write

(LÎ^WL^L^+^^A).. .LmpL^p+1)JV(A))i
2

BP(X) (2.20)

where Bp is defined by

BP(X) /3i!mi_i(A)7mi/3mi+iim2_i(A)...7mp/3mp+i,jv(A). (2.21)

Inserting the induction hypothesis for ^("^(fci,..., kn) we have

<èpn+1^:=Bp(X)^n\X1,...,Xn)
TTli —1 TT12 —1 N

E E E ¦ E
l<77ii<...<mp<Ar ri=l r2=77ii+l 7-p+i=77ip+l

ai,r-1-i(A)/3ri(5r.1+iimi_1(A)7miami+i)r.2_i(A)/3r.2...

¦ • ¦7mpamp+iirp+1_i(A)/3ri)+1óT.p+1+i,Ar(A)

E ^vti A„}(si' ¦ • • ' s"-)lsi • • • s")'

(2.22)

l<si<...<s„<N
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where <£{"! A„}(51> • • • >s») c" nr=i oM^A«)"^ M(*i,..., Sn). For each a

1, ...,p there must exist ja such that ma Sja. Moreover, Sj ^ r^ because /32 0.
We can therefore write {n,... ,rp+a} U {«i,... ,sn} \{m1,...,mp} {»"Ì,... ,r^+1} and
r° rL with 1 < ti < < ip+i < n + 1 and ra < ma < ra+i -4==» r^ < ma < r, for

a 1,... ,p. Inserting these arguments into mk fc (si,..., s„) we obtain

/ (n) /iti i i i
^{fci,...,fcn}vi' ¦ • ¦>rt1-nrii+i7--- 'rii'mi)rji+i>- • - >rt2-i'. •¦ >mp>

rjp+i' • • ¦ 'riP+i-i'r7;p+i+i' • • • >rn+i)

P+l ia-l ja | P
K •

£CCT(Ai,...,An)m J] eifc^)^ [] e1^-^ n^*'m"
ct€5„ o=1 li=ja_i+l i=ia+ l I a=l

(2.24)

where j0 0 and jv+\ n+1. The factor ama+iy -i(A) in (2.22) operates on ia+i — 1 —

ja down spins and (r[ — 1—ma) — (ia+i — 1 —ja) up spins and therefore contributes a factor

a(A)^+i"m°"I,1+1+-7a&(A)''-+1-1-^ (a 0,...,p). Here m0 0. Similarly, the operator
òv +i,mo_i(A) contributes a factor a(Xy°-i-b(X)m<'-1-r*°-:><'+i° (a=l,...,p + 1). Here

m.p+i N + 1. In total, we obtain a factor

a(A)(r*1+'''+^p+i)_(mi+'''+mp)~2(il+''+ip+l)+2(:'1+'''+;'p)+n+1

w^-,(77ii+...+mp)-(r;i+...+7-;p+i)-2(j1 + ...+jp)-2(p+l)+2(i1+...+ip+1)+Ar-n _
a(A)"1-2P6(A);v exp [ifc« + + r'ip+l - (mr + + mp))]

x exp [ik(-2(ii + ¦¦¦+ ip+i) + 2(ii + + jp) + 2p + 2 + n)].

Next we can perform the summation over ma for a 1,... ,p:

y^ e-.fcm.+tfc(rWo)m0 t «
/2 25)Z-' el(fc-<^>~fc) - 1

77la=r' +1

Thus we find, with A An+i,

*("+1) c-1a(A)6(A)-jVßp(A)*(")(Ai,..., An)

-2P E E
l<7-;<...<7-^+1<AT l<»i<„.<ip+i<n+l

72—1 «p+l—1

E • E E^(Ai"'"AXA)"2PeifcWl+,,'+rU)
ii=»i ip=ip o-65„

exp [t*(-2(ii + + ip+i) + n + 2(ji + ...+jp+p + 1))]

P+i ia-i ja-i "j

a=l I i=ja_i-fl i=ia J

11 i e*^'«.)-*) - 1 |
|ri' ' ' • 'rn+1^

(2.26)
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Next we distinguish various terms in this expression depending on the choice of ja
(a 1,... ,p) and the ±-term in the corresponding factor in the last product.

Wpfl 'will contain the terms with (ja,±) (*a> —) for a l,...,s and (ja,±)
(ia+i - 1, +) for a s + 1,... ,p, for some s € {0,1,... ,p}.

^p"- consists of the terms for which there is s 6 {1,... ,p — 1} and r € {0,..., s — 1}
suchthat (ja,±) (ia,-) fora 1,.. ,rand (ja,±) (i0+i-l,+) for a r+1,... ,s-l,
(is, ±) (is+i - 1, +), (js+i, ±) (is+i, -) and (j0, ±) arbitrary for a > s + 2.

*p™+ contains the terms for which there are s € {1,... ,p} and r G {0,..., s — 1}
such that (ja, ±) (ia, -) for a 1,..., r, (ja, ±) (ia+i - 1, +) for a r + 1,..., s - 1,

0'»i ±) £ {(*«, -)i (*s+i - !- +)} and Ua, ±) arbitrary for a s + 1,... ,p.

We will denote *p"± (»", s) the sum of terms with given r and s. Presently, we show
that

^-1](r, s) + *<T_t+(r, a) 0 for p 1,..., n (2.27)

and all values of r and s, and also, VPg - *n + 0-

The terms ^/„n0 ' add up to the desired result:

E*p71)= E CV(Ai,...,An+i) Y, Ileifc^^|ri,...rn+1). (2.28)
p=0 T65„+1 l<7-i<...<r„+1<AT j=l

To see this we write out ^p0 :

*Pr - e2* E E
l<r1<...<r„+,<Ar l<ii<„.<tp+1<n+l

P

53 CUAi,..., An) Y exP [ifc(^„+i - 2^+i +n + 2s + 2)]a(A)-2p
aeSn s=0

p (2.29)

n '- ft x-

ii e»(*:-fc,(i0)) _ i ii p*(fc^(i„+1-i)-fc) _ ia=l o=s+l
Ì«+l-l 71+1

JJ e«„(4)n Y[ e<fc-<«-»)p'|r1>...,rB+1)
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Next we insert (2.15):

<o+l) e—1 E E
l<ri<...<7-n+1<AT l<i1<...<ip+1<n+l

p is+i— 1

Y Ca(X1,...,Xn)Y u aW^artWßn
a£Sn s=0 i=i

71+1

n«w"i«(^(,).%5,(^(,)) n KA)-i^I(A)/3r< (230)
a=l

p

n 6(A)~1»(A'A^(«a+l-l))/3na+/r,<i+1(A(r(ia+1_i))
a=s+l
is+i-1 n+1

7 1 Ì ÌS+ 1+1

We now write CT(Ai,..., An+i) in terms of CT'(Ai,..., An) where r' is defined by

(t'(ì) t(ì) ifi<f(n + l) (1<i<n) C2 31Ì\ t'(i) r(i + 1) ifi>r(n + l) U S * S n) {2'A1)

(We have written f for the inverse permutation.) We have:

CT(Ai,..., An+i) CV<(Ai,..., A„) u /(AT(i), An+i) || f(Xn+i,XT^). (2.32)

i<f(n+l) i>t(ra+l)

Inserting this into the right-hand side of (2.28) and using the identities (2.17) we find that
it equals the left-hand side of (2.28) with \I/pn0 given by (2.30), where the products in
(2.32) are expanded with s factors g(Xaiia-\,X)ßTi ari (Xa^) from the first product and

p— s factors g(X, Aa-(ja+1_i))/3ri cyt (Xa(ia+1-\)) from the second product.

It remains to prove the identity (2.27). Now, in computing $?p_ (r,s) we must take
ja ia and choose the second term in the last product of (2.26) for a 1,..., r and also
for a s + 1; for a r + 1,..., s we must take ja ia+\ — 1 and choose the first term in
(2.26). Then inserting (2.15) for all values a 1,..., s, we obtain
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V^r,*) <?<*->-» Y Y
l<ri<„.<rn+1<N l<ii<...<ip+i<7i+l

i.,+3 — 1 ip+i—1

E ••• E E^(Ai'""A«)
ja+2=ia+2 jp=ip &£Sn

a(X)~2p exp [ik(rir+1 + ris+2 + • ¦ • + rip+1 - ris+1 )]

exp [ifc( - 2(ir+i + is+2 H h ip+i) + n

+ 2(t,+i + js+2 + • • • + jp + p + 1 - s + r)]
7r+l—1 1«+1

TT eik^i)ri TT ei^({-i,r{ gifc«-(J.+1)»-i.+1

7=1 i=ir+1+l
p+1

n
; S+2 ^i:

»o-l

=ja-l + l i=ia+i

f[ff(A0¦(i„), A)a(ACT(ia ))6(A)

(2.33)

0=1

u fl(A,ACT(ia+1_i))a(A)ò(ACT(Wl_i))

ff(ACT(i3+1),A)o(ACT(i>+l))6(A)

11 j ei(^b.)-*) - 1 ]h,...,rn+i).
a=s+2

In ^plj +(r, s) the variable js ranges from is to is+\ — 1, but when the minus sign
is chosen then js 7^ is and when the +-sign is chosen, js / is+\ — 1. To make this range
uniform for both signs we redefine js in case of the +-sign: j's j3 +1 in case of the +-sign.
Thus, j's ranges from is + 1 to is+\ — 1 for both choices of the sign. Inserting (2.15) again
in all terms a 1,..., s we obtain
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^l(r,s) c^-^ Y Y "E"
l<7-1<...<7-n+1<Ari<ii<...<ip<7i+l j'a=i.+l

Ìa+2 — 1 ip — 1

E ••¦ E E^(Ai-""A")
js+i=is+i jp-i=ip-i o-es„

a(A)-2(p-!) exp [t*(rWl + rts+1 + • • • + rip - ri;)]
exp [ifc( - 2(ir+i + is+i H h ip) + n

+ 2(j's + js+1 + ¦ ¦ ¦ + jp_x + p + 1 - s + r)]
«V+i-i j'i-i

TT eik,wri JT eik„wri+l eiKu'.)Ti:
1 1 7=7r+i

P f »a-l Ìa-1 "j

Yl l H eifc'«ri JJ eife'(')r«+» l
a=S+l I Ì=Ja—1 + 1 î=îa S

H 5(ACT(i„), A)a(Aff(io))6(A)
a=l
s-1

U ^(A' ACT(i»+l-l))a(A)6(A<T(7a+l-l))

o(A)_16(A) {g(X, A<,yi_i))6(A)ò(A(T(i._i)) + 5(ACT(^), A)a(A)a(AffW))}

H j e^(Jo)-fc)-i ]h,...,rn+i).
(2.34)

Comparing the two expressions, we see that, if we change the indices in (2.34) according
to i« -* is+i, ia -» ia+i (a s + 1,... ,p) and j0 -*• ja+1 for a s + 1,... ,p - 1, they
cancel provided the following identity holds:

[»(A, Ai)6(A)6(Ai) + <?(A2, X)a(X)a(X2)]Ca

+ [g(X1,X)a(X)a(X1) + g(X, X2)b(X)b(X2)]Ca (2.35)

g(X1,X)g(X2, A) [o(A2)6(Ai)C„ + o(Ai)6(Aa)Cs].

Here we have written Ai instead of A<r(ij+1_i) and A2 instead of ACT(is+1) and we have
defined ö as the permutation that differs from a only by a transposition of is+i — 1 and

is+i- It is easily seen that the only difference between these two permutations in (2.33)
and (2.34) is given by the left- and right-hand sides of (2.35).

To prove (2.35), notice first that, by the definition of Ca,



Dorlas 45

Using (2.17) with A Ai and A' A2 this implies

a(A2

b(X2 °--bMc><mc-+$äc>)^M- (2-37)

Combining the two identities (2.17) with A' A2 we have also

g(X2, X)a(X2)b(X2) a(X)a(X2) - 6(A)6(A2) + 5(A2, A)a(A)6(A).

Inserting this into the right-hand side of (2.35) we have

5(Ai, X)g(X2, X)[a(X2)b(X1)Ca + a(X1)b(X2)Cà]

- g(X1,X)b(X)b(Xl)Ca + g(Xl,X)a(X)a(X1)Cà

+ g(Ai, A)a(A)6(Ai) (a(A2)/6(A2)) Ca

- 5(Ai, A)a(Ai)6(A) (6(A2)/a(A2)) Ca

+ a(X)b(X)g(X1,X)g(X2,X) ^ùn+^ûCs
[b(X2ra

'

a(A2) "J'

The relation (2.15) can be written in terms of o(A)'s and 6(A)'s:

[a(A)6(A')-a(A')6(A)]fl(A,A') -c2.

This implies easily

b(X)g(X1,X)g(X2, A) -6(Ai)5(Alt A)fl(Ai, A2) + 6(A2)ff(A2, A)fl(Ai, A2).

With this and (2.37), equation (2.39) becomes

(2.38)

(2.39)

(2.40)

(2.41)

g(Xi,X)g(X2, A) [a(A2)6(Ai)C„ + o(Ai)6(A2)Cff]

-fl(A1,A)6(A)ò(Ai)C£r +fl(Ai,A)a(A)a(A1)C5
+ g(Xu A)a(A)6(Ai) (a(A2)/6(A2)) Ca - g(Xl, X)a(X1)b(X) (6(A2)/a(A2)) C-a

+ a(X) [-b(X1)g(X1, A) + 6(A2)5(A2, A)]
a(A2;

Ga
b(X2)

Ca
_6(A2) " o(A2)

-g(Xl, A)ò(A)b(Ai)<7CT + fl(A2, A)a(A)a(A2)Cff + g(Xu X)a(X)a(X1)Ca

- g(X1, X) [6(A)a(Ai) - a(A)6(Aa)] ^\ Ca - g(X2, X)a(X)b(X2) ^\ Ca
o(A2) o,{A2)

: [-g(Xu A)6(A)6(Ai) + fl(A2, A)a(A)a(A2)] Ca

+ g(X1,X)a(X)a(X1)Ca - [a(X)b(X2)g(X2,X) - c2] ^\a{A2)
Ca,

(2.42)
where we have used (2.40). Using (2.40) again, this equals the left-hand side of (2.35).
QED
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