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of Supersymmetric Non-Linear a Models:
1) the N=l Case

By Guy Bonneau

Laboratoire de Physique Théorique et des Hautes Energies,
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2 Place Jussieu, 75251 Paris Cedex 05.
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Abstract. In order to study in a regularization free manner the renormalizability of d=2
supersymmetric non-linear o models, one has to use the algebraic BRS methods ; moreover, in the
absence of an off-shell formulation, one often has to deal with open algebras. We then recall in a

pedagogical and non technical manner the standard methods used to handle these questions and
illustrate them on N=l supersymmetric non-linear o model in component fields, giving the first
rigorous proof of their renormalizability. In the special case of compact homogeneous manifolds
(non-linear o model on a coset space G/H), we obtain the supersymmetric extension of the analysis
done some yeaxs ago in the bosonic case.

A further publication will be devoted to extended supersymmetry.

1 Introduction

The quantization of extended supersymmetry raises the difficulty of an "on-shell" formalism.
Indeed, if one leaves aside harmonic superspace [1] where firm rules for quantization 1 are not
at hand [2] on the contrary of ordinary superspace [3], one has to deal with (super)symmetry

a subtraction algorithm insuring the locality of the counterterms.
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transformations that are non-linear and close only on-shell. This problem was adressed in
[4] by O. Piguet and K. Sibold for the Wess-Zumino model as a "toy-model" and, in a still
uncomplete way, by P. Breitenlohner and D. Maison [5] for supersymmetric Yang-Mills in
the Wess-Zumino gauge.

In this series, as new steps, we analyse the d=2, N=l supersymmetric non-linear a model
without auxiliary fields and the N=2 and 4 cases in N=l superfields.

On the other hand, and as should be by now well known [6], there is no consistent
regularization that respects non-linear supersymmetry (dimensional reduction being
mathematically inconsistent [7]). Then, if one wants to settle on a firm basis e.g. the finiteness of
N=4 supersymmetric non-linear a models, one needs a regulator free treatment : we shall
then use the B.R.S. cohomological methods ([8],[9]).

The first task is to write a Slavnov identity. In the presence of on-shell closed algebras, this
has first been studied by Kallosh [10], de Wit and van Holten [11] and later on systematised
by Batalin and Vilkovisky [12] ; as in this work we intend to offer a pedagogical and self-

contained point of view, we prefer to give here a concrete method for the construction of
the effective classical action and of the Slavnov identity, for a special class of on-shell closed

algebras (subsection 2.1). We illustrate this method with the examples of the d=2, N=l
supersymmetric non-linear o model without auxiliary fields (subsection 2.2) and the N= 4

case in N=l superfields (subsection 2.3).

In the same pedagogical and completeness purposes, we then recall in section 3 the essential

cohomological tools of the algebraic approach to the renormalizability proof à Ja B.R.S.,
and explain with some details the power of the "filtration" method for the cohomological
analyses of highly non-linear nilpotent linearized Slavnov operators St, (the so-called spectral

sequence method [13]). Some grading being introduced ("filtration" operator), S£, the
lowest order of the Slavnov operator is still nilpotent and its cohomology is simpler to find.
In subsection 3.2, we then sketch the proof of the "filtration" theorem which asserts the
isomorphism between this cohomology space and the one of the full Slavnov operator, in the
special case where the cohomology of S° is empty in the Faddeev-Popov charged sectors [8].

An appendix gives a sketch of the modifications of the "filtration" theorem when the
cohomology of S£ is not empty in the Faddeev-Popov charged sectors ([8],[14]). We emphasize
that in our work, we shall consider integrated cohomology (in the space of local functionals
in the fields, sources, ghosts and their derivatives) and not local cohomology (in the Fock

space of local polynomials in the fields, sources, ghosts and their derivatives).

The method is then exemplified in section 4 on the d=2, N=l supersymmetric
nonlinear a model in component fields (without auxiliary fields) leaving the N= 4 case in N=l
superfields (and as an intermediary step the N= 2 supersymmetry) to next publications [15].
Another interesting case would be super Yang-Mills theories in 4 space-time dimensions.

Of course, we are here mainly interested in the renormalization of the supersymmetry
transformations : as discussed by Friedan [16], the action of a non-linear o model may be
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identified with a distance on a Riemannian manifold M, the metric depending a priori on
an infinite number of parameters. One then speaks of "renormalizability in the space of
metrics" or "à Ja Friedan". When there exist extra isometries, for example in the case of the
non-linear a models on coset spaces (homogeneous manifolds), the number of such physical
parameters becomes finite and in ref. [8] we have proved the U.V. renormalizability of these
isometries in the purely bosonic case. The present work gives the necessary supersymmetric
extension in section 5. On the other hand, in the absence of isometries, our aim is the proof
that no extra difficulty occurs in the supersymmetric extension of these non-linear a models.
We shall then prove in section 4 that the cohomology of S\ is empty in the Faddeev-Popov
charged sectors, which ensures the renormalizability of the theory " in the space of metrics".

Moreover, we only consider here the ultraviolet renormalizability of the d=2 supersymmetric

non-linear a models : of course, one has also to deal with infrared divergences. This
would require the addition of an infrared regulator which of course breaks the symmetries,
but only softly, and then does not affect our results on "hard" divergences and absence of
an anomaly for the supersymmetry in 2 dimensions. In the special case of the non-linear o
models on coset spaces (homogeneous manifolds) studied in Section 5, the method of ref. [8],
which uses a definite covariance under the isometries of the infrared regulating mass-term,
will ensure the infrared finiteness of observables.

2 Slavnov identity for on-shell algebras

2.1 General method

Let $a(x) and A[$\ respectively be a set of fields (bosonic or fermionic) and the classical

action of a theory. We want to analyse a global, non-linear symmetry transformation

<5$a(x) éW&a(x) (2.1)

whose generators satisfy the following (anti)commutation relations :

[Wi, Wj\*?ix) fkWk$a(x) + Xg^jL (2.2)

and where Xy is a priori a field dependent quantity 2. This situation is a special case

among the ones studied by Batalin and Vilkovisky [12], but, as we want to be as pedagogical
as possible, we prefer to exemplify the method on a particular class of on-shell algebras. Of
course, on mass-shell, the "algebra" (2.2) takes a canonical form.

2 To fix the notations, we consider bosonic fields and transformations : then X!ff will be antisymmetric
in (i,j). Notice also that the integration over x of (2.2) multiplied by {$J, I shows that if X'ff was symmetric
in (a,b), the algebra (2.2) could be rewritten as a closed one, with field dependent structure constants, a

case that we exclude from our analysis : therefore, in the following, we restrict ourselves to the cases where

I°l will be antisymmetric with respect to (a,b).
The necessary modifications for e.g. supersymmetry transformations are obvious.



Bonneau 933

As usual [9], in view of quantization one takes as classical effective action

rdass- A + J dx^a(x)[Wi^a(x)]Ci (2.3)

where C and ^a(x) are respectively constant anticommuting Faddeev-Popov parameters and
external anticommuting 3 sources for the B.R.S. variation of the fields $°(x).

Then, although the Wj's transformations are generally non-linear, the variation of Tdass- will
produce the commutator of two transformations and then will be expressible as a functional
derivative with respect to the source 7a. More precisely :

6T 6T

'6ja(x) 6<$a(x)
ST Jdx-

i s r»,*., M^i SA f „lr^a, .x^[f dylb(y)W^b(y)]
Jdx[Wi*«(x)]C>-— + jdx[W^(x)]C> U?

6A + )¦(?& (2.4)*w - J dx^xv [w(xj 6&W—c
At this point we suppose the invariance of the classical action A Amv-. Then :

ST - ^C'^ßr -|CC J dxX^a(x)^ + [3 - ghosts terms ]

In order to suppress the 2-ghost terms, we modify the classical action (2.3)

I** A™- + JdxjaWlWi^x)]^ - -^Jdxla(x)Xglb(x)CtCK (2.5)

Then4

.STtot- 1 ,„. r r „ „^ ST™

+
2

i fjVtot- 1 /• r -i ôTtot-si- - f^csò-^r -2C%C3 J d* W + x%] ^W(x)
l-&C>Ck J dx [X%lb(x) fr.OWl») ,c -\(-fljX% + WkX%)lb(x)la(x)\

+hjlC'CkCl jdxlh(x)X% (X?llc(x)ld(x)) ,a (2.6)

The 2-ghost terms cancel due to the antisymmetry of Xg in the interchange a «-> b The

3-ghost ones will be analysed through the Jacobi identity

CiClCk[Wk,[Wi,Wj]]=0

giving on-shell :

C0Ckf\iflkn 0 (2.7)

3 See the last line of footnote 2.
4 (G[*(*)]),e means jjfo f«fo(G[*(y)])
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and then :

C*C>Ck ([-/< Af + WU$ - X$ (wk&(x)) ,e] J^ + X%Wk (^y) 0 (2.8)

The invariance of the classical action is then used to transform equation (2.8) into :

6Ainv.
Ci&Ck [-fiX% + WkX% - X$(Wk<!>b(x)),c]

6$a(x)

xbcfdJ(Wk*°(y))6A™\Xi'idy 6&(x) 6&(y))-°- (2-9)

Notice that when the transformation Wk($a(y)) involves only the fields and not their derivatives,

equation (2.9) may be "divided" by gAZ"x-, and, as a consequence, the 3-ghosts term of

(2.6) vanishes.

This gives the spirit of the construction of the Slavnov identity for on-shell closed algebras;
in the generic case, the total action (2.5) has to be modified by addition of 3-[and even more]
ghost terms in order to obtain from equation (2.9) [and similarly obtained ones at higher
order in the number of ghosts] the looked-for vanishing of the 3-[and higher order] ghost
terms and the final Slavnov identity :

In the present work, we shall show that in some interesting examples this is not necessary
and that equation (2.10) will hold true with a r'ot given by (2.5). Moreover, due to the
algebra (2.2), one expects nilpotency for the linearized Slavnov operator Sl defined through

S(T + er1) SF + cSlT1 + 0(e2)

2.2 N=l supersymmetric non-linear a models in component fields

Let us exemplify this method on d=2, N=l supersymmetric non-linear a models in
component fields <pl(x),t{)±(x) (i,j,.. 1,2,..n). In light-cone coordinates and in the absence of
torsion, the non-linear N=l supersymmetry transformations and the invariant action respectively

write

6efr* e+V>V + e~Vl

6i>i tf^ + eTj»^ (2.11)

Ainv- Jd2x{gi}(<p)[d+cp*d-cy + i(rp\D.^+ + i>l_D+iJrL)] + ìfly/wV+^-V--} (2.12)

where the covariant derivatives are

D±4 a±4 + r}Äa±^>*
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and where T1^ and Rijki are respectively the (symmetric) connexion and Rieman tensor
associated to the target space metric gij[<j>]. The properties of the theory will be more
transparent in tangent space where the metric is the Khrönecker 8ab, the spin connexion 0Jbc,

the Riemann tensor Rabcd and the tangent space fermions ip± are related to world space ones

i\)\ through the vielbeins e\\cp] :

gii 8abeteb ; r/,% Vie"

u& eybekT)k - éhe%e1 ; Rabcd R,ikleaebekceld where efej bab

With e± e1d±cj>1, the covariant derivatives and the invariant action are respectively :

D±VC o±V; + <tó^ (2.13)

A™- J d2x{6ab[e%eb_ + i(V+D-4>b+ + C^-)] + ^iUc^+V'ÎV'-} • (2-14)

Then, the (highly non-linear) supersymmetry transformations are :

Sep' el(e+r+ + e-r-)
Sr± ie±ea±-ujlcr±(e+^+ + e-i>b_) (2.15)

and the algebra of equ.(2.2) specifies to :

{W±,W±}cpi 2id±cpi

{w^w^p 0

{w±,w±}r± 2id±r±
SAinv.

{W±,W±}ipl 2id±^-6°bT /r,;,68r%

2" 6i/Ä~

1 f>Ainv-
{w+,w_}r± >6^-nr • (2-16)

As we shall be only concerned by integrated local functionals (i.e. trivially translation
invariant ones), we forget about the linear translation operators P± id±, to which
anticommuting Faddeev-Popov parameters p± should be associated, and do not add in rciass of
equ.(2.3) the effect of translations on the fields cp* and ip± ¦ Then the total effective action
of equ.(2.5) writes:

pto, Ainv. + J d2x{l+{x)[iC+ea+ + ^^(C+^ + C~it)]

+ j-(x)[iC-ea_ + t«(<?+< + C~i>b_)] + Vi(x)[C+e:r+ + C'e^l]
+ \s*ht(xH{x)(C-)2 + j-(x)Jb-(x)(C+)2 - 2ri(x)lb-(x)(C+C~)]} (2.17)

where C±, 7* (x) and 7?,(x) are respectively commuting Faddeev-Popov parameters,
commuting fermionic and anticommuting bosonic sources. Due to the simplicity of the algebra
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(2.16)5, the Slavnov identity of equ.(2.10) holds and writes :

srtot ._ / .2 r8T^_8T^_ ST^ST^ 6rtoL6rtot-

J d2x{(C+)2(r,kid+cpk + riid+r+) + (C-)2(r,kid-<pk + 7o-iÖ_0} • (2.18)

Moreover, one can also check that the linearized Slavnov operator :

(6rtot\ 8 (srtot\ 8 (5Ttot-i J2 JSYtot\ 6 (8Tt0
6ip± V 6^+ J 5^a V WI J 6*f-

+ {-6V)8j^{-W)^ (2'19)

is nilpotent : (Sx,)2 0, when acting in the space of integrated local functionals. The

quantization of this theory will be studied in section 4.

2.3 N=4 supersymmetric non-linear a models in N=l super-
fields

Consider now d=2, N=4 supersymmetric non-linear o models in N=l superfields $'(x, 6) (i,
j,.. l,2,..4n). In light-cone coordinates and in the absence of torsion, the non-linear N=4
supersymmetry transformations and the invariant action respectively write :

6V .£,.($)[£+£+*>¦+ £-£>_*>¦] a =1,2,3.
Ainv. J d2xd2e9ij(<i>)[D+&D-&] (2.20)

where the covariant derivatives D± -Sg + i9±d± satisfy

{D±,D±} 2id± {£+,£>_} 0 (2.21)

As is well known (see for example ref.[17]), N=4 supersymmetry needs the Jlj($) to be a
set6 of anticommuting integrable complex structures according to :

and the invariance of the action needs the target space to be hyperkähler :

* the metric is hermitian with respect to each complex structure

¦% Jik9k3 -j3:

° Notice that in this N=l supersymmetric case, an off-shell formalism actually exists.
As a matter of facts, it is sufficient to have 2 anticommuting complex structures : then the product

J\k J\ j J2 k offers a third complex structure
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* the J^j are covariantly constant with respect to the metric <?y

DkJi, dkpaj + rylaj - rj^i, o

where r£, [&.,•] is the symmetric) connexion.

Then the algebra of equ.(2.2) specifies to :

{W^Wu,}^ 2i6abd±&
fjAinv.

{Wa+,Wb_}& e^fj—j- (2.22)

i.e. Xg 2eabcJlJ As in the previous section, we forget about the linear translation

operators P± id±, to which anticommuting Faddeev-Popov parameters p* should be

associated, and do not add in rdoss of equ.(2.3) the effect of translations on the fields $l
Then the total effective action of equ.(2.5) writes 7

:

i— Ainv- + J d2xd2e{T,iJaj(<$)[dtD+& + d-D-V\ - ^mn^^d+di} (2.23)

where d* and r]i(x) are respectively commuting Faddeev-Popov parameters and anticommuting

bosonic sources. Here also, the Slavnov identity of equ.(2.10) holds and writes :

Sr**' Jd2xd2e5-^-8-^ jd2xd20[(da+)2(%iÔ+$fe) + (da-)2(rMcL$*)] (2.24)

Moreover, one can also check that the linearized Slavnov operator :

r 8Ttot- 8 AP*0*- 8
SL d2xd2e{%-4- +^f] (2.25)

J l 6rjk 8$k 6<$k 8nk

is nilpotent : (SL)2 0, when acting in the space of integrated local functionals. These are

not trivial results as in that N 4 case, no finite set of auxiliary fields exists.

Notice that in the N=2 case - where there is only one complex structure -, there are no
bilinear terms in the sources 7ft in equation (2.23) : as a matter of fact, in that case the

supersymmetry algebra on N=l superfields closes off-shell.

The quantization of these theories will be studied in a second paper of this series [15].

7 As previously mentioned, we consider only torsionless metrics and, as a consequence, there is a "parity"
invariance : in the interchange (+ «-» —), d?9 and % get a minus sign whether $* is unchanged. Under this
hypothesis, there will be no room for a chiraJ anomaly.
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3 Agebraic approach to the renormalizability proof

3.1 Generalities

As recalled in refs.([8],[6]), the renormalization program consists in solving two main problems.

These are :

i) all possible breakings which might affect the Ward identities, order by order in the
radiative corrections, should be reabsorbed by a suitable choice of ("finite") counterterms
[absence of anomalies in the theory],

ii) Ward identities being so ensured at a given order, the ("infinite") counterterms needed

for the finiteness of the renormalized Green functions should be uniquely identified (up to a
field redefinition) by the parameters characterizing the classical action [stability condition].

If the Ward, or rather Slavnov, identity writes

ST 0 (or a classical quantity as in equs.(2.18, 2.24) (3.1)

the Quantum Action Principle ensures that, up to the first non-trivial order, the breaking of
the Slavnov identity (3.1) corresponds to the insertion of a local functional of Faddeev-Popov
charge +1, A[+1] :

ST (7i)pA[+1] + higher orders

and St, being the linearized, nilpotent Slavnov operator, one gets

SlA[+i] 0

Any trivial cohomology A[+1] 5lA[0] corresponds to the looked-for "finite" counterterms
as

S(T - (h)pA[0]) 0 + higher orders

In other words, this means that point i) supposes the vanishing of the cohomology of Sr, in
the Faddeev-Popov charge one sector.

As regards the stability condition

S(rcioss+ftr[01) o,

rp], a Pertubation of the classical action, is a Faddeev-Popov neutral local functional which
must satisfy :

sLr[0] 0

Any trivial cohomology A[0] S^A^j] may be shown to correspond to non physical field
and source redefinitions. In other words, this means that point ii) supposes that the
dimensionality of the cohomology space of this Sr, operator in the neutral Faddeev-Popov sector
is equal to the number of "physical" parameters of the classical action.
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In the presence of highly non-linear Slavnov operators such as those of equations (2.19,2.25),

it is technically useful to "aproximate" the complete St, operator by a simpler one SL'
through a suitably chosen "filtration" (counting operation) [13] such as the cohomology spaces
of St, and SL are isomorphic. This relies on a theorem proved in ref. [8] which asserts that :

If the cohomology of SL ' is trivial in the Faddeev-Popov charged sectors, then
the same is true for St, and their cohomology spaces in the neutral sector are
isomorphic.

In order to make this work as self-contained as possible, we sketch the proof in the next
subsection, leaving to the appendix its extension to the case where S^ has some non-trivial
cohomology in the Faddeev-Popov charged sectors, a situation that will occur in the N=2
and 4 cases [15].

3.2 The filtration theorem

Let St, be a nilpotent operator which acts in the linear space V of translation invariant
functionals 8 of the fields, sources and their derivatives. We suppose that we have a counting
operator N, with non-negative eigenvalues v 0,1, 2,..., commuting with the Faddeev-Popov
charge operator and that decomposes the linear space V in sectors V^ and the operator Sl
in SV :

The nilpotency of Sl induces on the SL operators the relations :

Si E Si"' suchthat [N,SLv)]=vSLv) (3.2)
v=0

£ SL^S(rß) 0 ^ 0,1,2,.. (3.3)
ß=0

hence SL is still a nilpotent operator.

Let us first analyze the Faddeev-Popov charged sectors with the hypothesis :

Sf>r 0 => T Si0)A (3.4)

Then, the filtration of equation SlT 0 first gives S^'T^ 0 and from hypothesis (3.4) it
results that r<°> S[0)A(°). The next step is :

5(o)r(i) + 5(i)p(o) 0 ^ s(o)p(i) + 5(i)5(o)A(o) 0

8 The analysis is made still easier when one can adapt the formalism to "local" cohomology where the
linear space is a space of functions of the fields, sources and their derivatives, taken as independent variables.

In such a case, a Fock space formulation is at hand, and one can define the adjoint SL of the operator Sl as

well as the Laplace-Beltrami operator {Sl S'L}, the kernel of which gives the cohomology space of Sl [18].
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and, due to equ. (3.3), this implies SL0)[T^ - S^A'0'] 0

r(1) - SL1] AW being in a Faddeev-Popov charged sector, one gets from (3.4) r*1* - SL1] A<°>

SÌ0)A(1) At this point, one has :

r|1 rW + r(1) [Si0) + Si1)]A(°) + Si0)A(1) [SLA]|1 e.t.c. (3.5)

Then we have the first part of the theorem : the cohomology of Sl vanishes in the Faddeev-

Popov charged sectors.

Let us now analyze the neutral sector with the hypothesis :

s£0)r o => r s10)a + Â (3.6)

Then, the filtration of equation SlT 0 first gives SL T^ — 0 and from hypothesis (3.6) it
results that T^ s£0)A(°) + LS°\ The next step is :

5(o)p(1) + s(x)T,0) 0 ^ 5i0)rw + si1)si0)A(0) + si1)Â(°) o

and, due to equ. (3.3), this implies SL0)[T^ - S^A^] -S^Â^ As a consequence of
the nilpotency of SL0) this gives sf^S^Ä*0)] 0.

The Faddeev-Popov charge of SL A^ being +1, one gets from (3.4) :

SL1]ÀW sfÀ«1*. (3.7)

At this point, one has : SÌ0)[r(1) - S^A^ + A^] 0 which, according to (3.6) solves to
: r« sfW"» - A«1) + sl0)aw + A«

This finaly gives :

r|j r<°> + r« [sf + s^]a<°) + sfA« + Â<°> + Â™ - ä«
[SLA]\i + Â\i-Â\i ....e.t.c. (3.8)

where A'1', being determined by (3.7) up to SL A which would unessentially modify A,
adds no new parameter to the cohomology Â of SL

What remains to be shown is that the cohomology space of Sl is not smaller that the one
of SL in that neutral sector. Supposes that there exists some T belonging to the cohomology

space of SL ' :

si0)r o withr/s£0)Ä.

The previous demonstration then built T', a cocycle of Sl and let us suppose that it is a

coboundary of Sl :

SLr' 0 and V SLÂ' (3.9)

At the lowest order this would give a contradiction as r(0) r'<°>. Then r<°) 0 s£0)Â'(0).

At the next order - in fact the first non-vanishing one -, one gets :

r(D p'(D sL0)Â'{1) + sfÂ'^ (3.10)
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But Sl'A' =0 where Â' belongs to the Faddeev-Popov charge -1 sector 9 From the

hypothesis of the theorem, this gives Â' Si'Ä' and equation (3.10) leads to :

p(i) _ p,(i) 5(o)[A,(D _ 5(i)^(0)]

This means that T would be a coboundary of SL0' (at this order T r*1*). The contradiction
then gives again T'1' 0 ....e.t.c. Then we have the announced isomorphism between the
cohomology spaces of Sl and SL ' in the Faddeev-Popov neutral sector.

This schematic proof illustrates the fact that a non vanishing cohomology for SL in a
given Faddeev-Popov charge v sector a priori obstructs the construction of the cocycles of
Sl in the Faddeev-Popov charge v-1 and transforms into coboundaries of Sl some of the

cohomology elements of S£ in the Faddeev-Popov charge v+1 (see the appendix for some
details).

This ends the proof of the filtration theorem (for a complete proof, see [13],[8]).

We shall now apply our methods to N=l supersymmetric non-linear a models in components
fields.

4 N=l supersymmetric non-linear a models

Equations (2.17,2.19) respectively define the classical action and the nilpotent linearized
Slavnov operator. Nfieu being the operator counting the number of fields (and of their
derivatives) :

/ d2xcf>(x)NfieldA A (4.1)
8cj>(x

we will take as ghost number preserving counting (filtration) operator :

** ly fields,sources i

+ E [sPin °f tne ne'd source or ghost] xNfieldi sourCe, ghost
fields, sources, ghosts

f ,2 ,,i 8 3 6 3 ,a
6 8 3.6 3 _ 8

+ >+6C-++C-^ ¦ W
9 This gives a hint : if the cohomology of SL is not empty in the Faddeev-Popov charge -1 sector, and

only in that case, the cohomology spaces of Sl in the Faddeev-Popov neutral sector may be smaller than
the one of SL This is for example the case when extra isometries exist.
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e"(0) being the vielbein ea(cf>) at cp 0, S£ is readily obtained as :

S°L Jd2x{iC+emd+ft^ + [2i6abd^b+-C+éM^]^-9,Mdl-ft-^i

} (4.3)+ iC-emd-ft-^ + [2i6abd+i>b_ - Crei(0)îj»]~: - fe(0)d2_^

4.1 The cohomology of S^

The most general functional in the fields, sources, ghosts and their derivatives, of a given
Faddeev-Popov charge, is built using Lorentz and parity invariance (see footnote 7) and

power counting 10.

4.1.1 The Faddeev-Popov negatively charged sectors

The most general functional in the fields, sources, ghosts and their derivatives, of Faddeev-

Popov charge -1 is n :

AH, / d2x{[7a+V+ + i:t-]Sab(ft) + VrT'm (4.4)

The condition S£A[_i] 0 easily gives :

S£(cp) 0 ; Jd2xg13(Q)dl_ftT(cp) 0 * gik(0)Tkj(<p) + gjk(0)Tki(cp) 0

This would mean that Tl(ft) is a Killing vector with respect to the flat approximation Pij(0)
of the metric gtj [</>]. As a matter of facts, due to the simplicity of A[_i], the cohomology of
the complete Sl operator in the Faddeev-Popov charge sector -1 is easily obtained, and the
vector Tl[ft\ should satisfy :

/6Ainvd2x———T[cj)(x)] 0 <& T[ej>] is a Killing vector for the metric gy[0]

Then, in the absence of Killing vectors, there are no Faddev-Popov negatively charged co-
cycles - nor coboundaries, see footnote 11.

4.1.2 The Faddeev-Popov 0 charge sector

The most general functional in the fields, sources, ghosts and their derivatives, of Faddeev-

Popov charge 0, depends on 10 functions of cp and these 10 monomials can be ordered with
10 The canonical dimensions of C*, 0"(x), i(>±(x), 7*(x) and r)i(x) are respectively —i, 0, +i, +| and

+2.
11 More negatively Faddeev-Popov charged functionals do not exist.
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respect to the total spin of the fields, sources and ghosts composing them :

Af0) JcPxd+ftd-ftT^cp)

Af0] J d2x{[r+d-i)b++r-d+t-]T2ab(4>) + [p+tf+d-v+r_pd+ft]T^(d>) +

+ h+C+d+ft + ^C-d.ft]Tt(<t>) + Vi[C+r+ + C-r-]Tf(cp)}
Af0] jd2x{[r+P+Pp]Tibcd(ft) +

+ [7o+c+<v;+i:c-r-p-Vt(cp) + btc-p+p_+7a-c+ï)b_r+]T7ca(<p) +
+ btlUC-)2 + i:%(C+)2]T9ab(d>) + bhb-C+C-]T™°»(<p)} (4.5)

The condition S£A[n] 0 can be analysed in each spin sector separately :

i) A°0] is not constrained, but as coboundaries exist :

s^Âf^s^y' (fxmrw)

this means that some freedom on TMcp) corresponds to a trivial cohomology, i.e. to the
expected effect on the metric of the field redefinition freedom :

ft ^ ft+ T(ft)

ii) AL is constrained, and the relations that one obtains among the 4 functions T2, T3, T5

and T give :

Af0] ee S° [-/dM[7o+< +7o-^]e?(0)lf (0)}

This trivial cohomology corresponds to a ip±(x) non-linear field redefinition :

P± -> P± + el(Q)Tb6i(ft)p±

iii) the cocycle condition S£A20] 0 enforces the vanishing of T4, T6, T7 T9 and T10: there

are no cocycles (nor coboundaries) in that sub-sector.

To summarize, the cohomology of S£ in the Faddeev-Popov 0 charge sector corresponds
to the arbitrariness of a "metric" Tl(ef>) This corresponds to the renormalizability in the

space of metrics (i.e. à Ja Friedan [16]) as mentioned in the Introduction.

4.1.3 The Faddeev-Popov +1 charge sector

In that sector, the most general functional in the fields, sources, ghosts and their derivatives
depends on 23 functions of f> and again these 23 monomials can be ordered with respect to
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the total spin of the fields, sources and ghosts composing them :

A[+i] ^ 0

Af+1] Jd^fo+r+ld+ftd-ftUly + d+d-ftU2J + C+C-riid+ftUf) + (+~ -)}
a2+1] j d2x{(c+r+ [i)b+p+d-ftvà,c i + itp-d+ftv^ i + p+d-PA + p_d+p_v*,c} +

+ (c+)2 [{7+<K5f + -rïpjfôya+p + iMh+v7a + 7:d+p_v68a] +

+ c+c-j: [p_d+ftv*t + d+pvbWa] +

+ mc+p [c+p+v£J + c-p_v» J] + vi(c+)2c--,-v13« ') + (+ ~ -)}
Af+1] Jd2x{(c+r+p+r+p_r_w^bcde +

+ c+p+p+ [c+^p+wfa + kP_w&) + c-ripwfa] +

+ (C+)2l~ [lb-C+p+W^ + riC-p+W™ + lbC-p_W7c°b} + (+ ~ -)} (4.6)

The cocycle condition on Ar+u is found to enforce relations among those 23 functions such as

A[+i] finally depends only on 9 functions and may be identified with the coboundary S£A[0],
where A[0] is equal to the AL+Am of equations (4.5). As a consequence S° has no anomaly.

It results from the whole subsection 4.1 that - at least in the absence of Killing vectors for
the metric - the cohomology of S£ vanishes in the charged Faddeev-Popov sectors and is

identified in the neutral sector by a generic symmetric metric tensor in the target space (up
to an arbitrary change of coordinates).

4.2 The cohomology of Sl (in the absence of Killing vectors for the
classical metric)

The hypothesis of our filtration theorem being satisfied, we get the desired results for the
cohomology of the whole Slavnov operator Sl ¦

• the Slavnov identity is not anomalous [absence of Faddeev-Popov charge +1
cohomology], which means that, as expected, N=l supersymmetry is renormalizable (in the 4

dimensional case this was proved in [19]). Notice that this property is not changed by a
possible Faddeev-Popov charge -1 cohomology for S£.

• moreover, the cohomology of Sx, in the Faddeev-Popov neutral sector is identified by a

generic, symmetric, metric tensor in the target space and may be obtained as :

Al0][equ.(4.5)]=rtat[equ.(2.17)]

with gij tij, e.t.c. In this case of d=2, N=l non-linear a models, the renormalization
algorithm a priori does not change the number of parameters with respect to the one of the
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classical action12. Then we have the "stability" of the classical action in the space of metrics,
i.e. the full renormalizability of the theory. Of course, as usual the trivial cohomology
SiA[_1](T"[0], Sb [ft\) corresponds to the non-linear fields and sources reparametrisations,
here according to :

ft^ft + T(ft) Vi^Vi-VkT'i-St^cpM^+^p]
P±^r±-Sl(ft)p± t*-»t? + 5*(^ (4.7)

5 Cohomology of supersymmetry in the presence of
Killing vectors for the classical metric :

the example of coset-spaces

As previously mentioned, the existence of Killing vectors is responsible for a non vanishing
cohomology in the Faddeev-Popov charge -1 sector, which will restrict the one in the Faddeev-

Popov 0 charge sector (the Action). As a matter of fact, the occurence of Killing vectors
reveals the presence of extra symmetries whose renormalizability also has to be studied, from
the very beginning, as these isometries are needed for a precise definition of the classical
action and of the true physical parameters. As an example, in this section we extend to
N=l supersymmetric models the results of our previous analysis on the renormalizability of
bosonic non-linear o models built on compact homogeneous spaces G/H [8].

The non-linear isometries may be writen as :

6ft ejW;[ej>]

6p± éWÌAftrpi (5.1)

where the Wj j 1,2,..n are n Killing vectors for the metric gy :

guVjWlk + gjlViWlk 0,

and where Vj is the covariant derivative with (torsionless) symmetric connexion associated
to the metric py

The homogeneity of the coset space G/H means that :

Wj[cp] 6> + (5.2)

With regard to the linear isometries, we know from the appendix A of [8] that they cause
no difficulty in the renormalization program, at least when the corresponding Lie group H

To be made more precise, this assertion supposes a true definition of the classical action, for example
through extra isometries (see the next section).
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is a compact one. In the following, we then restrict ourselves to H-invariant integrated local
functionals in the fields, sources, ghosts and their derivatives.

Using tangent space fermions as defined in subsection 2.2, transformations (5.1) write :

8ft ee\Wf

m ei[VcW?-uîcWb]P±. (5.3)

Of course, the supersymmetry transformations (2.15) commute with the previous ones (5.3)
and the commutation relations of the non-linear transformations (5.1) being those of a
standard Lie algebra, equ.(2.2) still specifies to equ.(2.16). One then introduce constant
anticommuting Faddeev-Popov ghosts C' 13(of vanishing canonical dimension), and modify
the total effective action of equ.(2.17):

ptot. jinv. + J d2x{l+{x) (cl[VcWf - uabcWb]p+ + iC+e% + UJIP4C+P+ + C-p_))

+ 7- (x) (c> [vcw; - u>zw*\p_ + ic-ea_ + uabcp_ (c+p+ + c-p
+ Vi(x)(C'eiW? + C+eir+ + C~e\r_))

+ yd2x8ab{ri(xH(x)(C-)2 + l~(x)lb(x)(C+)2 - 2ri(x)lb(x)(C+C-)} (5.4)

The Slavnov identity of equ. (2.10) still holds and the linearized Slavnov operator (2.19) keeps

the same structure :

WM^)4+I^"-'-'6Ttot.\ j^ /6T^_\ _8_ (8T^_\ _ó_

+ v h^j 8p + \8r+) 87+
+ {sr_) 8j-

+ 6-^)±+ ^U} (5.5)
^ 8Vl J 8ft V W J 6rus y '

and is nilpotent : (SL)2 0, when acting in the space of H-invariant integrated local
functionals. For further use, and thanks to the commutation of transformations (5.3) and

(2.15), we split Sl in :

sL st + si,
where S™ is the nilpotent Slavnov operator associated to the homogenous transformations
(5.3) and is linear in & and we have :

(Sl)2 (SWL)2 sisi + sist 0

The classical action and the nilpotent linearized Slavnov operator being so defined, we
add to the grading operator (4.2) the operator counting the number of ghosts C-' S£ is

readily obtained as S£' + S™' where SSL was given in equ.(4.3) and :

,|0 _ ci j cfx
6

(X)

13 Here again, as we did before when we did not introduce ghosts for the translations, we do not need to
add ghosts associated to the linear isometries.
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where the fundamental homogeneity property (5.2) has been used.

We are now in a position to analyse the cohomology of S£, using the results of subsection
4.1 for Sf and of [8] for S™10

5.1 The cohomology of ££

5.1.1 The Faddeev-Popov negatively charged sectors

The most general functional in the fields, sources, ghosts and their derivatives, of Faddeev-

Popov charge -1 is still given by equ.(4.4). The condition S£A[_ij 0 easily gives :

SZ(cp) 0 ; T(ft) constant

Moreover, this cohomology should be H-invariant. This occurs only when among the
nonlinear transformations Wj, there exists some, labelled by indices j_, Wj, corresponding to a

subgroup X of G that commutes with H. As explained in detail in [8], in such a case, some of
the parameters that define the invariant action f d2xgij[ft\d+ftd-ft become unphysical ones.
This corresponds to the fact that the non vanishing cohomology T^ in the Faddeev-Popov -1

charge sector restricts the cohomology of Sl in the Faddeev-Popov 0 charge sector (see the

appendix and [14]).

5.1.2 The Faddeev-Popov 0 charge sector

The most general functional in the fields, sources, ghosts and their derivatives, of Faddeev-

Popov charge 0 may be split into two parts : A?0i and AL according to their number of
ghosts C\ A?0i is given by (4.5) and

A\0] C'J d2x{[7a+< + raP_]St}(ft) + ruTJm CA?,!, j
where APn ¦ has the same expression as A[_j] of (4.4) with tensors having one more index j.
The condition S£A[0] 0 is then analysed into 3 steps corresponding to the total Cj ghost
number :

.SfA?0) 0 -nf"> Af0] / d2xd+ftd_ftTl}[ft + SfAM[S&, Tf]

where the symmetric tensor Ty is, for the moment, unconstrained.

•Sr|0Af0] 0 * Afo, Sr|0Ahl][S2V Tt]

•Sr|0Af0] + sfAf0] 0 o SfSr|0A[_1][S1"ò - S2V 7? - Tj] ^ J d'xd+ftd.ftTiAft

=> sîb - S°2b constant T^ft -((fc,(0)p? - T^j + fci(0)[7? - 2&) + Ay
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where Ay is a constant H-invariant tensor.

Finally this gives :

A[o] Ay j d2xd+ftd.ft + S°Ahl][St„, Tt] (5.6)

This means that, as in the purely bosonic case [8], the dimension of the cohomology space
of S£ in the Faddeev-Popov neutral sector is given by the number of H-invariant symmetric
2-tensors.

5.1.3 The Faddeev-Popov +1 charge sector

The most general functional in the fields, sources, ghosts and their derivatives, of Faddeev-

Popov charge +1 may be split into three parts : A?+1i, Af+1i and A2+1, according to their
number of ghosts C* A?+1, is given by (4.6), A?+1i C3ALj where A?Q]j has the same

expression as A[o] given by (4.5) with tensors having one more index j, and A2+1, CjCkA?li:jk
where A?_lXjk has the same expression as A[_ij given by (4.4) with tensors having two more
indices j and k. The condition S£A[+1j 0 is then analysed into 4 steps corresponding to
the total & ghost number :

.sfA?+1]=0 s"6se#13) Af+1] sfAf0]

.S£10Af+1, 0 # Af+11 Sr|0AL -C^°A?1]k[Si, Ti]

.sfA?+11+sfAf+11=0o -Cksf AW*w^ 0

su^4.i,) Aoo]fc _ J #xTljkd+<j)id_ft _ SfAf_1]fc[S2, T2] + / d2x^A?0]

=> Af+1] Ck J d2xT}ikd+ftd.ft + SfAf0][S2, Tt] + S?|0A?0]

.Sr|0Af+1]+sfAf+1] 0 o Cksf° Jd2xT?jkd+ftd_ft CsTs^Ali^Si-S,, Tx-T2}

=* [Si - S2]tk dk[Si - Saß I njk 9fcTy[0] - (ga(0)[Tik - Tl2k]à + 9jl(Q.)[T[k - ijj,«)

Finally this gives :

Af+ll Sr A?,,, + Af0] [S°ò, TÌ] + j d2xTij [ftd+ftd-ft] S£A[0] (5.7)

This means that the cohomology of S£ in the Faddeev-Popov charge 1 sector vanishes.
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5.2 The cohomology of Sl

It results from the whole subsection 5.1 that the cohomology of S£ vanishes in the charged
Faddeev-Popov sectors and is identified in the neutral sector by a generic H-invariant
constant symmetric 2-tensor. Then, the hypothesis of our filtration theorem being satisfied, we

get the desired results for the cohomology of the whole Slavnov operator Sl :

• the Slavnov identity is not anomalous [absence of Faddeev-Popov charge +1 cohomology],

• the cohomology of Sl in the Faddeev-Popov neutral sector is, as the classical action,
identified by by a generic 14 H-invariant constant symmetric 2-tensor [stability of the theory].

This means that, as expected, N=l supersymmetric non-linear o models built on compact
homogeneous spaces are renormalizable.

6 Concluding remarks

We have analysed in a regularization free manner the all-order renormalizability of N=l
supersymmetric non-linear a models in component fields. Using a conveniently chosen grading,
we proved the absence of supersymmetry anomaly and the renormalizability of the theory
"in the space of metrics". For the special class of a models built on an homogeneous manifold

(usual non linear a models on coset space), our work extends the renormalizability
proof given for the bosonic case in ref. [8] to the N=l supersymmetric case (up to infra-red
analysis).

The quantization of the N=2 and 4 supersymmetric non-linear o models of subsection
2.3 will be studied in a second paper of this series [15]. In particular, the rigorous proof of
the renormalizability of N=l supersymmetric non-linear o models in component fields given
here will allow us to analyse the extended supersymmetries in a N=l superfield formalism
(see also [3]).

Aknowledgements : It is a pleasure to thank F. Delduc for his help in the formulation
of subsections 2.2 and 2.3 and for useful discussions.

14
up to some Faddeev-Popov charge -1 cohomology, which restricts the number of physical parameters of

the classical action (subsection (5.1.1) and appendix 7.2).
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7 Appendix : the filtration theorem in the presence
of a non trivial cohomol
Popov charged sectors.
of a non trivial cohomology for SL in the Faddeev-

This appendix intends to give simple proofs of the results of the original papers ([13],[8]
and [14]) in order to illustrate the fact that a non vanishing cohomology for SL ' in a given
Faddeev-Popov charge v sector a priori obstructs the construction of the cocycles of Sl in the
Faddeev-Popov charge v-1 and transforms into coboundaries of Sl some of the cohomology
elements of S£ in the Faddeev-Popov charge v+1.

7.1 Presence of some cohomology in the Faddeev-Popov charge
+1 sector.

As can be seen from the sketch of the proof given in subsection 3.2, this may prevent one
from constructing Faddeev-Popov 0 charge cocycles of Sl starting from those of SL ¦ Indeed,

suppose that there is some cohomology beginning at the filtration level v :

si0)Atll 0 A(1] A^M + S<0)A[0] (7.1)

The construction described through equations (3.6) to (3.8) builds cocycles in the Faddeev-

Popov 0 charge sector

Sz,r|(^_1) o =*> r|(„_i) Aj"0||(„_i) - A[o]|(„_i) + (SxAi-i]) \<?-\y

At the next order one has :

5(0)pW + 5(i)p(,_i) + + 5Hp(o) 0

=* 5(o)[rM _ 5(i)A(r-D + + {SWA-M _ #>*£-« + ...} 0.

From sf{ShX)Aa^{v-x) - sfh^1] + ...} 0, the hypothesis (7.1) gives :

{5(i)Aa„.(„-i) _ smAW-D + } A-M + 5(0)ÄM (7.2)

and finally :

5(0) [pM _ 5(DA(-1) + + AM] + Aan.M 0 t

which is self contradictory, except if the coefficients in the AÎJJ] "~p Aiqi involved in equ. (7.2)

are related in such a way that Am''*' does not appear. In that case, one gets

rH - qWa("-1) -i- -u AanM äM j. q(°)a(")1 - bL A,_q + + A[0] - A[0] + bL A.,_1X

and finally
rlw am'Im - Ä[o]Im + (Sz,A[_i]J |(„) Q.E.D.
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Thus, in the case of a non vanishing intersection between the cohomology in the Faddeev-

Popov charge 1 sector and the successive images through SL SL — of the insertions

Ajq Aß] of Faddeev-Popov 0 charge, the aforementioned relations reduce the number of

cocycles of Sl in the Faddeev-Popov 0 charge sector with respect to the ones of SL ¦

This analysis will be useful for the study of N=2 and 4 supersymmetric non-linear o
models [15].

7.2 Presence of some cohomology in the Faddeev-Popov charge
-1 sector.

As indicated in subsection 3.2, this will reduce the dimension of the cohomology space of Sl
in the Faddeev-Popov 0 charge sector with respect to the one of SL'. A complete analysis
is given in the appendix C of ref. [14] where it is shown that the cohomology of Sl in the

Faddeev-Popov 0 charge sector is isomorphic to the repeated quotient of the cohomology
of SL in the same Faddeev-Popov sector by the successive images through S^ SL ¦ ¦¦ of
the cohomology of SL in the Faddeev-Popov -1 charge sector. This reduction is now due

to the fact that some cocycles for Sl built according to equations (3.6) to (3.8) may be

coboundaries when there is some S^ cohomology in the Faddeev-Popov -1 charge sector.
For self-containedness, we give now some hints on this mechanism.

Suppose for example that there is some cohomology in the Faddeev-Popov -1 charge
sector beginning at the filtration level v :

S(0)Aan.(,) q with Aan.(u) ^ g(0)^ (?.3)

and consider S^/Alu. It is a S^ cocycle in the Faddeev-Popov 0 charge sector and then

may be writen as :

ÜL ^[-1] - ^l ^[_i] + ^[0]

If this really occurs, i.e. if there is a non empty intersection between the cohomology of

Sl in the Faddeev-Popov 0 charge sector and the image through SL of the one in the
Faddeev-Popov -1 charge, this particular cohomology trivializes itself. Indeed

Aan,„+1) smAan.M _ ^+l) s (5(0) + sCi)} (ApM _ A(!t]l)) + o(A0^)} t

and so on on higher orders. This occurred in particular in subsections (5.1.1) and (5.1.2)
where

Aft, r- J cfxvi Aftj1' A^- Ay j d2xd+ftd.ft Af0^(2)

Then, using the invariance under (5.1) of the classical action, one may check that :

5U)Ap(i) T,J d2x°-^\2 Tk-9ij,k(0) f d2xd+ftd.ft + Tkrwi^O) j d2xm
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S£ [-T*W4(0) J<ftn^(*)] + T* [</a(0)[W^(0) - 1^,(0)] + (t « j)] Jd2xd+ftd-ft

does intercept AjJ,"(2) if T- ^ 0.

This means that among the parameters Ay, the ones that are equal to —Tk[gu(0)fljk +
9ß(Q)fik] ' where f\k are structure constants of the Lie algebra of G -, are unphysical

parameters as they may be ruled out through a particular field redefinition (corresponding
to a trivial cohomology). These Ay corresponds to X (and H)-invariant 2-tensors (see [8] for
details).
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