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Quantum Logic Without Negation

By Roman R. Zapatrin

Department of Mathematics, SPb UEF,
Griboyedova 30/32, 191023, St-Petersburg, Russia

(22,I1.1994)

Abstract. The algebraic tools based on generating semigroups are suggested to describe property
lattices possessing the relation of exclusivity rather than the operation of negation. The reduction
to standard situation of orthocomplemented and orthomodular lattices is described. As an example
of non-orthocomplementable property lattice that of a hypothetical ”topologymeter” is studied.

Introduction

The quantum logical approach to quantum mechanics suggests to consider the collection of
properties of a physical system as primary object in the mathematical description of the
system.

Usually the collection of properties is assumed to form an orthocomplemented orthomod-
ular lattice [1]. It was shown by Piron [2] that under certain additional algebraic assumptions
this lattice is isomorphic to the projector lattice of a Hilbert space. The algebraic machinery
provided by quantum logic (see [1] for an account) allows to deal with a more general class
of collections of properties not necessarily representable by projectors.

These algebraic activities are nevertheless called quantum logic since the lattice opera-
tions are interpreted as logical connectives. Namely, the lattice joins, meets and orthocom-
plements are thought of as disjunction, conjunction and negation, respectively. Although,
the recent treatise of Garola [3] shows that, unlike situations described by classical mechan-
ics, the difference must be drawn between true (or potentially true) and testable properties.
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Within the conventional quantum mechanics all properties are described by closed projec-
tors in the state space of a system and are testable. Passing to a more general situation and
keeping the same logical approach, one could adopt the existence of systems whose lattices
of testable properties may not be representable by projectors. Moreover, it could be even

adopted that there is no operation of negation on properties (an example will be adduced in
section 4).

It is just the case that will be tackled in this paper: the collection £ of properties of an
object will be considered primary essence given ab initio. It will be assumed that £ possesses
the structure of complete atomistic coatomistic (CAC) lattice. The algebraic tools based on
generating semigroups [4| (which are, in turn, the generalization of Foulis semigroups of
orthomodular lattices {5]) are suggested to represent these lattices. To link this machinery
with the well-known quantum logical picture, the following properties of £ are expressed in
terms of generating semigroups:

e orthocomplementability (section 2)

e orthomodularity (section 3)

Finally, the example of a ”"device” whose property lattice admits no negation and thus can
not be described by standard quantum logical means is adduced in section 4. This is a
hypothetical "topologymeter” whose pointer is labelled by the topologies of a finite space

[7], [8].

1 Basic Definitions and Results

The notions of CAC lattice and generating semigroup are introduced in this section. The
restoring theorem for Rees matrix semigroups is adduced.

Definition. An atom of a lattice L is a minimal proper element, denote the set of atoms by
V:
v € V means Va € La <v implies a=0ora=wv

dually, the set A of coatoms is defined:

A€AmeansVa € LA <a implies a=Tora=2A
where 0, I are the least and the greatest elements of L, respectively.

Definition. A lattice L is called CAC whenever it is:
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e C). Complete. all meets and joins do exist VA C L3bc Lib=VA

e A). Atomistic.
Va€ La=V{veV|v<a} (1.1)

¢ C). Coatomistic.
Va€ La=A{A€A|a< A} (1.2)

Let S be a semigroup with zero 0. For any subset A C S its left (right) annihilator °A
(resp., A?) is:

°A={s € S |Vae€ Asa =0}

A’ ={t € S |Va € Aat = 0}

Denote by T'z(S) (resp., 'r(S)) the collection of all left (resp., right) annihilators in S,
that is, the collection of all subsets of S of the form °A (resp., A%). Both I'g(S) and I'r(S)
are complete lattices (I omit the symbol S when no ambiguity occurs). The partial order
in these lattices is the set inclusion; the meets are set intersections. The pair of mappings
A — A° and B —° B establishes the canonical anti-isomorphism between I'z(S) and T'g(S).
All these facts follow from the general polarity construction (see, e.g. [9]).

Let £ be a complete lattice. A semigroup S is said to be generating for £ whenever the
left annihilator lattice I'(S) is isomorphic to £L:

L~ FL(S)
The class of semigroups within which the generating one for an arbitrary CAC lattice can

be found is the class of Rees matrix semigroups over a trivial group. Recall the necessary
definitions [10].

Definition. Let V,A be two non-empty sets. A Rees matriz over the trivial group is any
V x A matrix A: V x A — {0,1} having at most one non-zero entry.

So, any non-zero Rees matrix A can be unambiguously described by pointing out this
non-zero entry:

A = 14

The zero matrix 0 is also assumed to be Rees.
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Now fix up an arbitrary (not Rees, in general) V' x A 0,1-matrix S.

Definition. A Rees semigroup 7 (V, A, S) over the trivial group with the sandwich matriz
S is the collection of all Rees V' x A matrices with the product defined as

AxB = ASB (1.3)
In matrix terms the definition (2.1) turns to

lox if P(A,v1) =1

lul*aleI:SAa Xlz{ u
v 0 otherwise

The zero matrix 0 is the zero element of T(V,A,S). So, whenever the sets V,A and the
sandwich matrix S(v, ) are fixed up, the semigroup 7(V, A, S) is unambiguously defined.

Now let £ be an arbitrary CAC lattice. Denote by V (resp., A) the set of atoms (resp.,
coatoms) of L. ’

Theorem 1. Let 7(V, A, S) be the defined above Rees semigroup with the following sand-
wich matrix S:

S(\,v) = {O , if v < X (considered elements of L) (1.4)
’ 1 otherwise

Then T(V, A, S) is the left generating semigroup for L:

Proofis in [4].
Remark. The suggested representation of lattices by annihilators is, of course, not unique.
The constructions of such sort arise from the generalization of the techniques proposwed by

Foulis [5] when the partially ordered semigroup with unit is associated with an ortholattice.
The general account of semigroups of such sort (poe-semigroups) can be found in [6].

2 Orthocomplementation

The criterion of orthocomplementability of CAC lattices in terms of Rees generating semi-
groups is established in this section.
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A lattice £ with the greatest element I and the least element 0 is said to be orthocom-
plemented if £ is endowed by an operation (-)! : £ — L such that for any a,b€ £

att*=a; avVat=I; ahat=0 (2.1)

(avd)!t =at Abt; (aAb)t=at Vit

and orthocomplementable if such mapping (-)1

the example below).

can be defined (perhaps, not uniquely, see

In the case when £ is CAC lattice, the operation (-)' induces the pair of one-to-one
mappings o,w between the sets of atoms and coatoms:

o:vmvo=vteEL; w:dmdw=A eV (2.2)

The obvious necessary condition for a CAC lattice £ to be orthocomplementable is that
the sets V and A must have equal cardinality: | V |=| A |, or, equivalently, the pair of 1-1
mappings ¢ : V — A, j7: A — V must exist such that for all v, A

vij=v and Aji= A

Then the sandwich matrix S is associated with the V x V matrix P defined as:

P(u,v) = S(ut,v) (2.3)

which restores S:

S(,v) = P(Aj,v)
The following theorem yields the sufficient condition of orthocomplementability. Let L
be a CAC lattice with | V' |=] A | , S be the sandwich matrix for the Rees generating
semigroup for L and P be (2.3).

Theorem 2. L is orthocomplementable if and only if there exists a permutation o : V — V
of the set of atoms such that P(u,vo) is the symmetric matrix with unit diagonal:

P(uo,v) = P(vo,u); P(vo,v)=1 (2.4)
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Proof. (=). Let L is orthocomplementable, then a pair of mappings o,w (2.2) exists. Due
to (2.2), for any u,v € V S(uo,v) = 0 if and only if u < v*, thus S(uo,v) = S(vo,u). Define
the permutation o on V:

vo = voj

Then P(ueo,v) = P(uoj,v) = S(uo,v) = S(vo,u) = P(voj,u) = P(vo,u). It follows from
(2.1) that for no v € V v < v, hence for all v S(vo,v) = 1, thus P(ve,v) = 1.

(«=). Let the permutation o : V — V such that (2.4) holds exist. Define the mappings o
and w as:

vo=1v0i; AIw=Ajo ! (2.5)

then vow = v and Awo = ). Now for each a € L define:

at = A{vo|v < a} (2.6)

It follows immediately from (1.1) and (2.6) that u < a* if and only if uo > a, therefore

at =Avo|v<at}=A{vo|vo>a}=a

where the last identity holds by virtue of coatomicity of £ (1.2). For any a,b € L

(a Ab)* = A{vo|v <aand v <b}

Consider at V bt. Since L is coatomistic

atvbt = A{A| X >at and X > b'}

The mapping o: V' — A (2.4) is one-to-one thus instead of A we can range over vo, so

at Vbt = A{vo|vo>at and vo > b*} = A{vo|v < aand v < b} = (a A D)t

Finally, consider a V at = (a Aat)t = A{vo | v < eand v < a'}. Although v < a and
v < a* implies P(vo,v) = 0 which contradicts (2.4). Thus a V at = 1 which completes
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Figure 1: Hasse diagram

the proof since the remaining formulas (2.1) can be derived from a** = a,aV a* =1, and
alt Vbt = (a ADB)*.

Note that the orthocomplementability does not assume the unique way of orthocomple-
mentation, which can be figured out by considering the following example. Let £ be the
lattice with the Hasse diagram of Fig. 1.

Here we have V = {1,2,3,4,5,6} and A = {a,b,c,d, e, f}. Provided the correspondence
mapping 1 is:

._ (12345 6
“\a b cdef
the matrix P (2.3) will have the form:

(0 0111 1\
01 0 1 11
1 0 0 1 11
Plwv)=17 171 0 0 1
1 11 0 1 0
\1 111 0 0/

It can be checked directly that the following permutations on V yield non-isomorphic ortho-
complementations of L:
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3 Orthomodularity

In this section the algorithm which tests the orthomodularity of an orthocomplemented
lattice L is suggested.

First note that any exhaustive orthomodularity test needs ranging over elements of L,
that is, over subsets of V. It is because the orthomodularity of polar lattice is the second
order property of the orthogonality relation on the set V [11]. The theoretical ground for the
proposed orthomodularity test is the result obtained in [5]. In the form the most suitable in
the sequel it is formulated as follows [12]:

Theorem 3. An ortholattice (£, ) is orthomodular if and only if for any a € £ the mapping
Pa : £ — L of the form

zp, = (zV at) Aa (the postfix notation is used)

satisfies the condition

Yu,v € V up, <vl' implies wvp, < ut

The idea of the proposed test is to express up, < v* as a binary relation, call it D,, on V,
and then to convince that it is symmetric. Now let us build this relation using P considered
Boolean matrix (since it contains only 0 and 1 entries). The Boolean arithmetics is:

e Sum: 0+1=140=141=1;04+0=0
e Product: 0:1=1-0=0-0=0;1-1=1

e Negation: 1=0;0=1
The following operations with Boolean matrices will be used:

Negation: A;, = A;,
Sum: (A+ B)y = A + By
Matrix product: (AB)y = ¥; AijBik

e Pointwise product: (AA B)y = A - B
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and one more additional operation, denote it A — A% using the matrix P:
A0 = 77 = T[( s + P
J

Now, let a be an arbitrary element of £. Since £ is atomistic, a can be considered as the
subset of V. Define the Boolean matrix D, associated with a as follows:

D,=Vx{veV|v<a} (3.1)

Lemma. The explicit expression for D, is:

D, =(AA(P A AP (3.2)

Proof consists of stepwise development of the right side of the expression (3.2). The details
of these techniques are in [12].

Orthomodularity test

e 1. Let u, v range over the elements of V. For each a € £ build the matrix

sz{l fv<ae _y.o .

0 otherwise

where a is considered subset of V.
e 2. Build the matrix D, (3.2).
e 3. Check whether D, is symmetric.

e Criterion: L is orthomodular if and only if for every ¢ € L the relation D, was
symmetric.

4 Topologymeter

The generating semigroup for the lattice of all topologies on a finite set considered property
lattice of a hypothetical "topologymeter” is built in this section.

Let X be a finite set. To define a topology on X is to outline a collection 7 of subsets of
X called open such that

e T1). 0,Xer
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e T2). ABer=AUBe€r
e T3). ABer=ANBer

All topologies are partially ordered with respect to the set inclusion (since their are sets
of sets):

n<7, means VACXAen=>A€en (4.1)

and 7 is said to be weaker (or coarser) than r,, while 7; is called stronger (or finer) than 7.

Moreover, the collection T(X) of all topologies on the set X forms the lattice with
respect to the partial order (4.1), and this lattice is CAC [8]. The arguments to consider
T(X) property lattice were analyzed in [7]. The object of this section is to construct the
generating semigroup for T'(X).

Begin with the set of atoms of T(X). These are weakest proper topologies. Each such

topology contains exactly one open set. Thus the set of atoms V(T'(X)), denote it by V, is
in 1-1 correspondence with proper subsets of X:

V={vAlACXvA7é0’X}

where v, is a topology containing exactly three sets: v4 = {0, 4, X}

The cardinality of V is: cardV = 2V — 2, where N is the cardinality of the set X.

The coatoms of T'(X) are associated with all ordered pairs of elements of X [13], so

A= AT(X)) = {(u,v) | u,v € X,u # v}

where (u,v) € T(X) is the topology such that a set A is open in (u,v) if and only if v € A
implies u € A. Therefore the cardinality of the set of coatoms

card(A) = N(N — 1) # cardV = 2V — 2

is not equal to that of the atoms (when N > 4). The strongest topologies are also associated
with weakest proper partial orders on X [13]. The atomic topology v4 is weaker than (u,v)
iff v € A or u € A. Therefore the sandwich matrix (1.4) has the form:

_JO fvgAoruc A _
St = {1 o o e g 4 = Xa(0)(1 = xa(w)
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where x4 : X — {0, 1} is the characteristic function of a subset A. Thus, the Rees generating
semigroup for the topology lattice is defined.

The analog of the algebra of all linear operators in finite dimensional Hilbert space for
the case of topologymeter will be the semigroup algebra spanned over the Rees semigroup

T(T(X)), denote it by Q:

Q= {ch_A |u,ve X,u #v,AC X, A # 0}

where c,, 4 are complex coefficients. As a quotient space, it has the finite dimensional linear
space space Hy spanned over all proper subsets of X. Therefore, each topology on X is
associated with a subspace of Hy spanned on basis vectors labelled by subsets forming this
topology. I emphasize that this approach makes no difference between the subsets of different
cardinality, and one can introduce the operator T increasing cardinality [14] on basis vectors
of Hy and the extend it by linearity on the whole Hy. Besides, the superpositions of sets
of different cardinality may be considered as fully fledged pure states associated with an
observable which is complementary to the measuring of cardinality.

5 Concluding Remarks

In conclusion, I would like to dwell on some exotic features of systems described by the
proposed machinery. As it was shown in section 4, where the topology lattice was considered
property lattice of a "topologymeter”. I emphasize that the algebras of observables suggested
in section 4 possess no involution. When they are realized by operators, these operators will
act from one space to another rather than in one state space. That means that negation-free
systems need two in generally not isomorphic state spaces: the in- and out- ones. Thus, for
such systems the duality between bra- and ket-vectors will not take place!
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