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Abstract: We consider the Diiac evolution equation in presence of a time dependent electromagnetic potential
which is a solution of the homogenous wave equation with tegular and compactly supported initial data. We prove a
propagation property for the free Dirac Hamiltonian using the explicit form of the free propagator that we use

together with an energy estimation and the finite propagation speed of the Dirac evolution we prove existence and

unitarity of the wave operators associated to the couple of Dirac evolutions: the free one and the time dependent one.

1. INTRODUCTION

In this paper we study the existence and completeness of the wave operators for a Dirac

Hamiltonian with a time dependent potential defined as the solution of the free Maxwell equations

with regular and compactiy supported initial data. This problem is of interest in connection with

the study of the Dirac Quantum Field in interaction with an external electromagnetic field. It can be

shown [TJ that if the "one-particle " scattering matrix exists and satisfies a special property, then

the scattering matrix for the quantum field also exists and can be computed by the second

quantization procedure. This problem is considered in [P] but only partial results are obtained and

nothing is said concerning the completeness of the "one-particle" wave operators. We restrict

ourselves to the case of compactly supported electromagnetic fields and prove that the wave

operators exist and are unitary.

We shall work in the Hilbert space ^f=L2(E3)®C4 and we shall denote by Oj the operator

of multiplication with Xj in <K and by Dj the operator -id/dxj=-i3j. We shall also use the
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notations: D=-iV, 3t=3/3t We shall denote <£>={1+IÇI2}1/2 for ÇeEn and also for n-tuples of

commuting selfadjoint operators, by using the functional calculus for selfadjoint operators. We

shall denote by B(x0,R) the closed ball of radius R and center x0 and by S(x0,R) its surface. For

any subset A in lRn we shall denote by x.its characteristic function and by Ac its complementary

in En. Moreover we shall denote by xOQI<R) the selfadjoint operator associated to the function

X..,. „, by the functional calculus for selfadjoint operators and similarly for "<" replaced by

"<,>,>". We denote by ^(^f) the algebra of bounded linear operators on <K and by $(C4) the

algebra of linear operators on C4. For any se IR we denote by HS(E3) the Sobolev space of order

s on E3 with the norm: |u|s=| <D>su|L2(E3) and ^S=HS(E3)®C4.

Let us consider a Dirac Hamiltonian describing an electron in interaction with an external

electromagnetic field without sources. We shall consider the light velocity c=l. The

electromagnetic field in the Coulomb gauge is described by a three component real vector field

Aj(x,t) with j 1,2,3 and xe E3, te IR that satisfies the homogeneous wave equation :

d2
(1.1) (^-A)Aj=0 for j=l,2,3.

We consider the following type of initial data:

(1.2) Aj(x,0) aj(x), ajeC~(E3)

Aj(x,0) bj(x), bjeC~(E3)

(1.3) (J {(supp a=)u(supp b)} c B(0,R).
j=l,2,3 J J

It is well-known that the solution of(l.l)inE3 can be written in the form :

(1.4) Aj(x,t) -f- {\ t I aj(x+ty)do(y)) +1 J b=(x+ty) do(y)}.
1 4rc dt M=l ' |y|=l J

Let ctj for j= 1,2,3 and ß be the Dirac matrices (complex hermitian 4 by 4 matrices) so that

the Dirac Hamiltonian will be :

H(t) -iaV+mß+ea-A H0+V(t)

(1.5) H0 -iaV+mß
V(t) ea-A

where m>0. Sometimes we shall denote the unit matrix in C4 by Oq in order to simplify some

notations. We shall be interested in the nonhomogeneous time evolution on <K generated by the
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family {H(t)}ter given by (1.5) i.e. the two parameter family {U(t,s)}t,Se R of unitary operators

on ^f, solution of the Cauchy problem :

(1.6) i3tU(U) H(t)U(t,s)

U(s,s) fl.

One can easily observe that for ltl-»°°, H(t) goes in norm resolvent sense [RSI] to Ho and we

would like to compare the nonhomogeneous evolution U(t,s) with the free one generated by Ho :

(1.7) Uo(t) exp{-itH0}.

We shall define the operators:

Ws(t) U(s,t)U0(t-s)
(1.8)

wt(t) Uo(s-t)U(t,s)

and we shall study the existence of their limits when ltl-»°°, with respect to the strong operator

topology on #(*<f). Our main result is that for t->±°° both the above operators have limits in the

strong topology. We denote these limits by:

(1.9) W±= s-lim W.(t)
t—»+<*>

(W±)* s-lim W*(t)
t—>±oo

for any se E.

For ke E3 we shall denote v(k)e E3 the classical velocity corresponding to the momentum

k, for the free movement :

(1.10) v(k) (k2+m2)~1/2k.

For Ke E+ we denote :

(1.11) u(K)= K(K2+m2)_l/2e[0,l).

2. THE FREE DIRAC PROPAGATOR

In studying the limits 1.9 some detailed information about the free evolution Uo(t) will be

needed and we dedicate this section to this problem. Let us begin by deducing an explicit form for

the distribution kernel of Uo(t) for any t*0.
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It is well known [T] that Ho defines a selfadjoint operator on <K, having domain <Kl and

spectrum a(Ho)=(-°°,-m]u[m,°°) and being essentially selfadjoint on C~(E3)® C4. Thus U0(t)

defined by (1.5) is the strongly continuous unitary group generated by Ho.

Let ST:L2(En,dx)—»L2(En,dk) be the unitary operator induced by the Fourier transform :

(2.1) (JTXk) f (k): (2«rn/2 JRn e"** f(x)d"x.

We shall also denote by OF the unitary operator on tf obtained by taking the tensor product with

üe#((£4).

We denote by 5a the usual Dirac measure at point ae E, by 5(x=0) the Dirac measure at 0

in En and by 5(lxl=a) the inverse image f*5a of 8a by the function Enax'—» f(x)=lxle E. Then

for<|)e<y(En)wehave:

(2.2) <ô(|x|=a),<t» J (t)(x)do-a(x) an-1 J <Kav)d<r(v)
|x|=a

d |v|=l

where dor is the measure induced by the Lebesgue measure of En on the sphere S(0,r).

Now let us study the free evolution in the representation obtained by the Fourier transform.

We define:

(2.3) ik^rn^-1
and the following applications:

E3ak<-> H0(k): a-k+mßeÄ(C4)

(2.4) E39k-> p(k):={k2+m2}l/2eE+

E3ak i-> n±(k) : (2p(k))_1(li(k)fl ± H0(k))e «(C4).

A A
Then Hq is the operator of multiplication with H^k) and we have the relation:

(2.5) H0(k) p(k) (n+(k) - n_(k)).

In this representation the unitary operator U0(t) is given by multiplication with the following

matrix valued function :

(2.6) Û0(t;k) exp{-itH0(k)} exp{-itp(k)}n+(k) + exp{itp(k)}fl_(k)

_rt-iH ^
sin Mk>-(9t lHo) m ¦
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We shall make the notation:

(2.7) S(t;k): 5»lW.
lt(k)

Remark 2.1: For any t, S(t;k) as a function of keE3 is a bounded function of class C°°(E3) and

thus belongs to <V"(E Moreover it is easy to see that it is an odd function of t
A

We want to compute the inverse Fourier transform of S(t;.) by making use of the integral

representation and recurrence relations for Bessel functions [WW]. We shall denote by JN the

Bessel function of order N for which we have the following recurrence relations:

(2.8) Ji(z) -^J0(z)

(2.9) J0(z) (z-1 ^)N(zNJN(z)).

Then by denoting r=lxl we have the following formula [GSh]:

(2.10) F{bX\x\=a)}(x) a^r1-"72 Jn/2_!(ar).

If we consider now that n=2m+3 and the explicit form of the Bessel functions of half-integer

order, then we can get the formula [GSh] :

(2.11) ^{(a-1 i)mz-1Wx\=z)}(x) ^[f^
5If we denote by S(t,x) the inverse Fourier transform of S(t;k) with respect to keE then

one can prove the following result

Lemma 2.2: For t>0 we have :

S(t;x) J||(Ì8(lxl=t)-m2X/|| /'^'"fffi>|.\2[vt ^ *{|y|st} m{t2-x2}1/2 J

Proof: We shall view the function :

(2.12) E33k-»|j.(k): {k2+m2}1/2eE+

as being defined on the cylinder :

(2.13) {(k,X)€E3XE2U2+^ =m2}

in E5. Thus if we denote p={k2 + X2}m we have :
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(2.14) S(t;x) (2;i)-3/2 -*- f dom(X) [ f eta S-^ d3k
2Jtm 1X1=4, m J p

VRJ /
Thus one can observe that S(t;x) is the restriction at the hyperplane: {(x,to)e E5 | to1=co2=0} of
the inverse Fourier transform of the following distribution in if'(E5) :

(2.15) S(t;k,X.) =^r^-^ 8(IM=m).
m p

If we denote by Tj the inverse Fourier transform of (p sin tp) and if we make use of formula

(2.11) we obtain:

,1/2

mtn T(t.*,* A/i"rld,8({x2+co2}"^t)(2.16) T1(t;x,CD) -y2"V73t) { ¦

We denote by T2 the inverse Fourier transform of the distribution S(IX,l=m) and using formula

(2.10) we obtain:

(2.17) T2(t;x,(0) (27t)3/2mJ0(mlo)l) 8(x=0).

For S we have then the relation :

(2.18) S(t;x) (2nr5/2(T1*T2)(t;x,0).

Let now ty be a function in <y(Es); using (2.18) we have :

(2.19) <S,0> (2k)"5/2 <>/f~(} £) \ <f*8t,4»

(2.20) <D(x,co) (2n)3/2m J Jrj(ml(Bri)<b(x,œ+a)') dV
R2

Using theorem 6.1.2 in [H], considering the application:

E+x[0,27c)xE3a(p,Ç,x)-* h(p,c,,x):=(x,{p2-x2}1/2cosUp2-x2}1/2sinÇ)eE5

and observing that I det h'(p,%,x) l=p we obtain :

(2.21) <S,<|)> K27C)-1 -\/f"m(^)J 3d3x J d2(u<|>(x,(o)-

'(x(iyi^s(oJi)Io(,nlû)"v{t2"x2}1/2|)dCTl(v))-



Boutet de Monvel-Berthier and Purice 173

Taking now into account relation (2.8) and differentiating in <y"(E3) with respect to t we obtain

the desired formula for S. ¦
Proposition 2.3: If Uo(t) is the strongly continuous unitary group generated by Ho and
fe<S"(E3) then we have the following formula:

(i) (Uo(t)<|>)(x)

^D{<{ J (Kx-y)dot(y))-m2(signt) J ^/f"ffl^«x-y^y}4Jt lS(0,l) l B(0,t) m{t2-y2}1/2

(Ü) (Uo(t)(|))(x) SJfSJID_J xd3yJ0(m{t2-y2}1/2){(lyr2<t.(x-y)+lyl2y(Vy^(x-y))}
B(0,t)

A
vvAere ID=dt—iH0.

Proof: The first formula results immediately from lemma 2.2 if one remarks that for t>0 the

distribution kernel of U0(t) is just (27t)~3/2lDS(t;x-y) and it is easy to see that for t<0 a signt

appears due to remark 2.1. For the second formula one can use once more the relation 2.8 and

integrate by parts in the first formula of the proposition so that the surface contribution cancels out

with the first term and one gets the desired result by observing that ifwe put z= {t2 - p2}112 then :

(2.22) ~=-—A- m
02 mpdp

In the rest of this section we shall prove some propagation properties for the free evolution.

First let us consider the case when at time zero the state has its Fourier transform of class

C~(E3)®C4.

Proposition 2.4: Let fe# be such that feC~(E3)®C4 with supp fc B(0,K), then for any

Ne N there is some CN < °°, depending on N and f, such thatfor t>0 one has

I xOQI^u(2K)t)Uo(t)f II < -^
Proof: Using formula (2.6) we get:

(2.23) (Uo(t)f)(x)

(2jt)_3/2J eikx-itM*)n(k)f(x)d3x+(27tr3/2J eikx+it^)n_(k)f(x)d3x
R3 R3

where n±feC~(E3)® C4 with support in B(0,K). Let us denote :

(2.24) 6(x,t) Ixl+t
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(|>±(k;x,t) 0(x,t)_1{k-x±tp(k)}

so that the exponents in (2.23) are of the form 0<j>+. Now we observe that :

(2.25) Vk4)±(k;x,t) 0(x,t)-1{x±^I|y t}.

Ikl
We evidently have that tttj-t < u(K), so that if Ixl > u(2K)t we shall have :

,o-,*x I/T7 * x/, ,..u(2K)-u(K) u(2K)-u(K)
(2.26) l(Vkd>±)(k;x,t)[> ^ t> ;+u;(2K) ;>0.

Thus the usual non-stationary phase argument [RS3] gives us the result. ¦
Now let us consider the case when at time zero the state is of class C~(E3)® C 4.

Proposition 2.5: Let fetfbe such that feC™(B.3)®£4 with supp fc B(0,r), then for teE+,

u0e (0,1) and xeE with Ixl >r+ut and ue[u0,l) we have that for any Ne N we can find a

constant CN depending only on N and Uq but not on f, such that :

l(U0(t)f)(x)|<CN t{l-u2}N/2|| (1 -A)(N+2)/2f|Il2(r3).

Proof: For xe E3 and pe E+ we shall use the notation :

(2.27) (f)(x;p):= J f(x-pv)do1(v)
|v|=l

so that the second point of proposition 2.3 may be written :

4jc 'o ¦ - — ' ' 'dp
(2.28) (U0(t)f)(x) 5^1D? dp J0(m{t2-p2}1/2)7- (p(f)(x;p)).

If we use now the fact that supp fc B(0,r) so that lx-pvl<r and the condition imposed to x, we

(2.29) (U0(t)f)(x) 5ignl D |l dpJ0(m{t2-p2}1/2)-f- (p(f)(x;p)).
4n ut dp

Now we remind the recurrence relation (2.9) and the relation (2.22) and we make the notation

z={t2-p2}1/2 in order to get:

(2.30) (U0(t)f)(x) Sfg-1 ID £ dp (\ £ )VjNW)f" (P(f)(x;p))

m^^DCdP^%^t^)N(P(0(X:P^
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Using now the Holder inequality, the fact that IJN(z)l< 1 and denoting z0=t{ 1 -u2}1/2 we obtain :

(2.31) |(U0(t)f)(x)|<

^^B(CZ2N+1dz))1,2(rt{(ìf)N(ìf)(p(f)(x;p))}Vdp)1/2^
m w o ut p dp p dp

* *£¦ *»( U<z± )"(>-»).f(w)}'rt )"•

It is very easy to see by induction on N that the following formula is true :

(2.32) (1f)NF(p) p-NE" aN(j)F<>)(p)(^)N-j
p dp J-1 p

where aN(0)=0, aN(N)=l, aN(j)=(N-j-l)aN_1(j)+aN_1(j-l). Finally, considering also the

derivatives appearing in ID and the fact that p>ut we get the desired result. ¦
3. THE NONHOMOGENEOUS TIME EVOLUTION

In this section we want to define and study the solution of the Cauchy problem (1.6). We

shall begin by discussing some properties of the electromagnetic potential defined by (1.1-1.2). It
is well known that the solution of (1.1) in E3 can be written in the form (1.4).

Lemma 3.1: The solution (1.4) has the following properties :

a) For t>R, supp AjC <?fRt s {xeE3 I t-R£lxl<t+R>,

b) Mj3IAj(x,t)|ST§ü,

c) iAj(.,t)HL2R3<C,/orany L

Proof: We shall consider only the case t>0, the other case being quite similar. Due to formula

(1.4), in order to have Aj(x,t)*0 we must have Ix+ty l<R for some ye S(0,1). But then we have

I bel—tl < lx+tyl< I xl+t and point (a) follows immediatly. Now let us change variables in formula

(1.4) and pass to the sphere S(0,t) in order to get:

(3.1) Aj(x,t) i{^s(oty4(xji)aj(x+y)dat(y) +

+ Ts,o,t,L)(bi(X+y)+(y-V)^y))d<I'(y)}-
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It is easy to see that for lxl>R we have the relations:

(3.2) J(S(0,t)nB(x,R)) g (R2-(t-lxl)2) < *R2*fi+bt'> £ 2kR2

(where M (A) denotes the Lebesgue measure of A), so that one easily obtains the estimation of

point (b). Moreover we see that :

(3.3) Jt(XRti)=f ((R+t)3-(t-R)3)=^p(3R2 + t2)

so that one gets the estimation of point (c) by using point (b). ¦
Corollary 3.2: We have the following estimation for the operator norm of the time dependent

potential defined in (1.5):

Let us now consider the existence of the solution of the Cauchy problem (1.6). We shall

follow [P] and use the procedure described in chapter X. 12 of [RS 2]. The results that we proved

concerning the electromagnetic potential imply that V(t) is a hermitian bounded operator on 3%, for

any te E and goes to 0 for t—>», with respect to the operator norm. Thus for any te E we can

define : H(t) H0 + V(t) as a self-adjoint operator in <K with domain <KX. We conclude that the

problem (1.6) is well defined. For the completeness of our argument we shall review the main

points of the construction in chapter X.12 of [RS 2]. Let us first define the bounded operator :

(3.4) V(t) Uo(t)*V(t)Uo(t).

Proposition 3.3: For any te E the operator V(t) is bounded and hermitian in ìK and there exists

a two-parameterfamily ofunitary operators { U(t,s)}, sg R in tf such that:

i) the application E2a (t,s)"—» U(t,s)e $(^f) is strongly continuous.

ii)Ü(r,s)U(s,t) Ü(r,t), for any r,s,te E.

iii) idt0(t,s) V(t)0(t,s), for any t,se E and U(s,s) 11 for any seE.

Proof: We want to make use of the theorem X.69 in [RS 2], so that we have to verify that the

application: E3f—» V(t)eâ(3if) is strongly continuous. Let us fix tpt2 in E, then V(tt)—
V(t2)=U0(t1)*V(t1)U0(t1)-U0(t2)*V(t2)U0(t2). But the unitary group generated by H0 is

strongly continuous and uniformly bounded so that all we have to prove is that these facts are also

true for the application Eat>—» V(t)e$(^f). The uniform boundedness follows from the
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Corollary 3.2 and we shall prove now that it is continuous even in the operator norm topology. In

fact:

IV(t,)-V(t2)| <C max | Aj(-,t1)-Aj(-,t2)||LOO(E3).

Using now formula (3.1) and the dominated convergence theorem one proves the proposition. ¦
We shall now define the unitary operators:

(3.5) U(t,s): U0(t)U(t,s)U0(s)*e #(#).

Lemma 3.4: For t,se E and fetflwe have that U(t,s)fe tf1.

Proof: Evidently D: commutes with H0 for any j= 1,2,3 and one can see that

^f1=â)(H0) {fe^f|Djfe^f forj l,2,3}. In the sense of distributions we have that

DjU(t,s)f=U0(t)DjU(t,s)U0(s) f. But the unitary group generated by H0 leaves its domain

invariant, so that all we have to study is DjU(t,s)f for fe^f1 and show that it belongs to ^f.

Formula X.129 in [RS 2] gives :

(3.6) u(t,s)f=f+x~=i(-i)n jlo dtj j^dtaJ*"" ldt;v(t,)v(gf.

If fe <KX, then DjV(t)f V(t)Djf- i(3jV(t))f and for the derivatives of V(t) we have the estimations:

(3.7) ajV(t) ««££_,(<>$Ak(x,t))

and using relation (3.2) we obtain that supp (d;Ak) c jf j^t and ójAke C"(E3). Thus :

(3.8) 13^(01^)^.
In conclusion, if fe M' then V(t)fe M ' for any real t. Moreover :

DJn;_1v(ti)=nv(ti)Dj+E" nvdijrDj.vd,)] nv(ti).
i=l i=l i=l+l

Combining all these results we obtain that [D:,Ü(t,s)]e$(^f) and:

|[Dj,U(t,s)]la(j(r)<Clt-sleclt-sl. ¦
Proposition 3.5: The operators {U(t,s)}, R form a two-parameterfamily ofunitary operators

satisfying :
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i) the application E2a(t,s)'—» U(t,s)e $è(iï) is strongly continuous.

ii) U(r,s)U(s,t) U(r,t), for any r,s,teE.
iii) idtU(t,s) H(t)U(t,s), for any t,se E and U(s,s)=il for any se E.

Proof: Take fe^f1, then by using lemma 3.4 and the fact that V(t)e#(^f) we see that

3tU(t,s)f=a,U0(t)Ü(t,s)U0(s)*f=U0(t){(-iH0-iV(t)}Ö(t,s)U0(s)*f=

-i{H0+V(t)}U(t,s)f=-iH(t)U(t,s)f

and observing that 2>(H) S> (H0)=<Kl one finishes the proof of the proposition. ¦
In the following we prove some estimations for the evolution of the position and

momentum observables.

Proposition 3.6: For any fe#(<Q>) we have the following estimation :

«QjU(t,s)f»<C{flQjf|+lt-sl||f|}.

Proof: We shall follow the proof of a similar result in [T]. Let A>0 and let us define the bounded

operator XjX Qj (fl + WQI)-1e &(#). For f,he <KX one has :

(h,U(t,s)*XjjXU(t,s)f) (h,XjXf) + iJ^ (h,U(x,s)*[H0,Xj x]U(x,s)f)dx

(h,XjXf) + J^ (h,U(t,s)*a[D,Xj ,JU(t,s)f)dt

[Dk,X j] 8ik(H + ÄJOJ)-1 - X ^—-.k J'* Jk IQKH+aIQI)2

and we observe that [Dk,Xj jj e 8ì(3€) and is uniformly bounded for A,—»0. Thus if we take now

he ^f and fe 2»(<Q>) we get :

|(h,U(t,s)*Xj>5l U(t,s)f)l< l(h,Xj>xf)l + Clt-sl|f|||h||.

Taking now the limit X-*Q, we obtain the result ¦
In order to study the time evolution of the momentum we shall need some results

concerning some multiple commutators.

Lemma 3.7: Suppose feilt1, then U(t,s)fe JCl, and we have the estimation :

|OU(t,s)f| <C{|IDIf||+ln(l + lt-sl)|f||}.
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Proof: Let us define the following function of t, for s fixed:

c,(t): i|DIU(t,s)f»2>0

and let us compute its derivative

d£(t) i(f,U(t,s)*[H(t),IDI2]U(t,s)f) iE ' (f,U(t,s)* [V(t),D2]U(t,s)f).

Computing the commutator and taking the module we get :

I3£(t) I < 2S3 p,U(t,s)fl II OfV(t))U(t,s)fl < cVÌ(0<t>_1 II f»2.

Thus ^(t) S|| IDIf|2+Cj "v£(x)x_1dx and using now a simple form of the Gronwall lemma we

obtain the result. ¦
For j= 1,2,3 let us denote d=D; and by induction for N>0 the multiple commutators

VN [VN_ j,d] that are nothing else but iN times the N-th partial derivative of V(t) with respect of

Xj.

Lemma 3.8: The following relation is true :

[V,dN] Z^dN-KVK

Proof: For N= 1 the formula is obvious and we can proceed by induction on N. ¦
Lemma 3.9: The following relation is true :

[V,d2N]=i:^C^(dN-KVKdN + dNVKdN-K).

Proof: For N=l we have [V,d2] d[V,d] + [V,d]d and we shall proceed by induction on N, by

denoting :

{dN-KVKdN}: (dN-KVKdN + dNVKdN-K).

Then:

[V,d2N+2] [V,dd2Nd] {Vid2^1} +d[V,d2N]d

={dNV!dN+1} + {[V,,dN]dN+1} +dZ^_ C^ {dN-KVKdN} d.

Using now lemma 3.8 for the second term one easily gets the result ¦
Proposition 3.10: For Ke N and fe ^fK we have the estimation :
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II IDIKU(t,s)f|| <C{|IDIKf| (ln(l + lt-sl))K||f|| }.

Proof: We shall proceed as in lemma 3.7 and we shall consider the function :

ÇK(t) : || IDIKU(t,s)f||2 < 3K_1Z3_ (f,U(t,s)*D2KU(t,s)f) <

S3K-1E3=iID^U(t,s)f)||2.

If for each j= 1,2,3 we denote ÇK(t) |D^U(t,s)f||2, and compute its derivative we get

3tÇK(t) (f,U(t,s)* [V(t),D2]c]U(t,s)f) and using now lemma 3.10 we see that :

ldtCK(t)l < 2S*= C^ ||D^-LU(t,s)f| « d,V(t)|| DfUd^sJfl <

<cVCKWCK-i(t)<t>_1llfllin fn2

so that the induction hypothesis and the Gronwall lemma can be used in order to get the desired

result ¦
Our last problem in this section will be to use the method of energetic inequalities in the

same way as Chernoff [C] in order to derive some propagation properties in the regions where

there is no field, i.e. in the exterior of tf^. We shall start with reviewing the inequality proven

by Chernoff. In C4 we shall denote the scalar product by <-,•>.

Proposition 3.11: Let fe iC and let us denote f(t,x) : (U(t,s)f)(x). Then for any t in E+ we

have the following estimation :

J <f(t,x),f(t,x)>d3xS J <f(s,x),f(s,x)>d3x.
BCxqj) B(xo,r+t-s)

Proof: First let us take f in C^(E3)® C4 and let us consider the 4-component vector field :

(3.9) y(t,x) : {<u(t,x),aju(t,x)>}j=0jli2>3

and the following set in E4:

(3.10) Jf(x0,r,s,t) : {(x,x)eE4| lx-x0l<r+(t-x), s<x<t}.

We remark that the boundary of Jf(x0,r,s,t) is :

(3.11) 3jf(x0,r,s,t) {B(x0,r+t-s)x{s}}u{B(x0, r)x{t}}uZ(x0,r,s,t)

(3.12) S(x0,r,s,t) : {(x,x)eE4| lx-x0l r+t-x, s<x<t}.
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Then it is easy to see that :

(div $?)(t,x) 2Re<u(t,x),Z ._ aj3ju(t,x)>

2Re<u(t,x),imßu(t,x)> 0

where we denoted by 30 the partial derivative with respect to t Thus the Gauss theorem applied in

X (x0,r,s,t) gives :

0= J <f(t,x),f(U)>d3x - J <f(s,x),f(s,x)>d3x
B(xo4-) B(xoJ+t-s)

+ J <u(t,x),S ajVjU(t,x)>
S(xo,r,s,t) J=° J J

where: v (v0,v1,v2,v3) is the normal to 2(x0,r,s,t), pointing towards the exterior and it is easy

to see that it is proportional to the 4-vector: (l,IXj-(x0)jr1(Xj-(x0)j)). Observing that

£
_ otjVj < 11 we get the desired estimation for f in C^(E3)® C4. Then we can aproach any fe ^f

by such functions and as the estimation only depends on the L2-norm it will remain true. ¦
If Re E+ and 8>0, we denote by T|8 r a "regularised characteristic function " of the ball

B(0,R) satisfying the following properties:

ti,jReC°°(E+), 0<T|8R(r)< 1, supp n8Rc [0,R) and n8R(r)= 1 for r<R-8.

Proposition 3.12: Let R be defined as in section 2 by the support condition for the

electromagnetic potential at time 0. Thenfor any îeXandany tj>t2>R, we have the following

relation :

U(t1,t2)x(IQkt2-R)f U0(tj -t2)x(IQI<t2-R)f.

Proof: Let us fix 8>0 and let us denote

f(t) U(t,t2)Ti812 _R(IQI)f, f(t) U0(t-t2)Ti8h_R(lQl)f.

Then we observe that

f(t2)= f(t2)=Tl8t2_R(IQI)f ;o\f(t) -iH(t)f(t); dtf(t) -iH0f(t).

Now we shall prove that in fact we have the following equality :

U(t,t2)T!St2 _ R(IQI)f x(IQI< t-R)f(t).
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In fact if lx0l>t-R, let p>0 be such that B(x0,p)c B(0,t-R)c. Then according to proposition

3.11 we have that :

J <f(t,x),f(t,x)>d3x < j <f(t,.x),f(t,,x)>d3x 0
B(xcp) B(xo,p+t+t2)

due to the fact that B(xo,p+t-12) c B(0,t2-R)cc {supp KtJ}0. Thus we conclude that :

o\f(t) - iH(t)f(t) - iH0f(t)-iV(t)x(IQI<t-R)f(t) - iH0f(t)

and due to the unicity of the solution of the Cauchy problem we have that for any t>t2 the

equality: f(t)=f(t) is true. Then one can approach the function x(IQI<t2-R) by functions t|8

R(IQI) with 8—» 0 and use the continuity of U(tt, t2) in order to get the result. ¦
Proposition 3.13: Let R be defined as in section 2 by the support condition for the

electromagnetic potential at time 0. Then for any fe^f and any tj>t2>R, we have the following

relation :

X(IQI>t,+R)U(t,, t2)f xOQI>t, +R)U0(t1 - t2)f

Proof: Let us define as in the proof of the above proposition

f(t) U(t,t2)f, f(t)=U0(t-t2)f,g(t) f(t)-f(t) such that g(t2) 0

and its time derivative is given by :

3,g(t) - iH(t)f(t) + iHof(t) - iHog(t)-iV(t)f(t)

and let us use once more the method used by Chernoff, by constructing the 4-component vector
field ç(t,x) in (3.9) associated now to the function g(t,x). We choose an arbitrary point x0 in

B(0,tj+R)c and peE+ such that B(x0,p)c B(0,t,+R)c and we consider again the set

^f(x0,p,t2, tj in 3.10. We observe that B(x0,p+t1-t2)c B(0,t2+R)c and :

(divy)(t,x) 2Re <g(t,x),E3=()aj3jg(t,x)>

2Re <g(t,x),imß g(t,x)> + 2Re < g(t,x),(-iV(t))f(t,x) >.

But we see that in Jf(x0,p,t2, t, due to the choice of Xq and p, we have V(t) 0 and thus we

obtain that :

J<g(t1,x),g(t1,x)>d3x < J<g(t2,x),g(t2,x)>d3x=0.
B^p) BtXo.p+t!^)

In conclusion g(tt ,x)=x(IQISt1 +R)g(tj,x) and thus x(IQI>tt +R)g(t,,x) 0. ¦
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4. THE WAVE OPERATORS

In this section we shall study the asymptotic behaviour of the nonhomogeneous evolution

U(t,s) when t —»±°° and s is fixed. There are two serious reasons to suppose that asymptotically
this evolution should be equivalent to the free one, U0(t- s First one has that the potential goes

to zero in the norm-operator topology but the difficulty comes from the fact that the time decay of

the potential and of all of its derivatives (with respect to time and space variables) decay only as

(t~ and thus are not integrable. But secondly, one has that the potential leaves any compact set in

E travelling with the velocity 1, the velocity of light, while for any finite energy the electron

travels with a velocity v(k), see formula (1.10), that is strictly less then 1, so that after some finite

time it will remain outside the region of the electromagnetic potential and thus will evoluate freely.

The main point will thus be to use propositions 3.12 and 3.13 in order to prove that rigorously.

However the time decay of the potential is also needed in showing that the kinetic energy of the

particle cannot increase to fast, as one can see from proposition 3.10.

Let us consider the operators Ws(t) U(s,t)Uo(t- s), their duals and their limits defined in

(1.9). If one supposes that these limits exist, one can see that for different values of se E one has

the following relation:

(4.1) W± U(s1,s2)Ws±2 U0(s2-s,)

so that it is enough to consider only a fixed value of s that we shall take to be 0.

We shall begin with the problem of the existence of the limits (1.9). This problem is quite

simple and has been solved in [P], but we shall give here a new proof that does not use the

uniform bound with respect to time for the L2-norm of V(t), that may no longer be true if one

wants to extend these results to more general initial conditions for the electromagnetic potential.

Proposition 4.1: The following limits Wj f lim W0(t)f existfor any fin <tt.
t->±~

Proof: Let us first remind the definitions of W0(t) in (1.8): W0(t) U(0,t)U0(t). We shall use the

Cook method and for some fixed fe ^f we define the application:

Eat->f(f):=W0(t)fe*f.

Let us suppose first that fe^1 and moreover that its Fourier transform feC"(E3)® C4. Then the

above application is differentiable and if we compute its derivative we get:

3/(1) atW0(t)f iU(0,t)V(t)U0(t)f so that:

||f(t)|| S Bf« +ilQ I U(0,x)V(x)U0(x)f lldx.
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A
Now let us suppose that supp fc B(0,K) and let us decompose the norm above as follows :

llf(t)l < llfll + J' II x(IQI<u(2K)x)V(x)U0(x)f| dx +
o

+ Jo « x(IQI>u(2K)x)V(x)U0(x)f| dx

For the first integral one observes that for x>x0, where x0 (l-u(2K))_1R, one has that

fylxl<u(2K)r)^x) 0 so that in the first integral we can integrate only up to x0. For the second

integral we can use proposition 2.4 and conclude that it has a finite limit for t—>°°. For a general

fe <K one can now approach it by elements with Fourier transform in C~(E 3) ® C4 and use then

the fact that W0(t) is an isometry in order to prove the existence of the limit. ¦
Our next problem is to prove that the strong limits in (1.9) are in fact unitary in èfë.

Theorem 4.2 The isometric operators W q are unitary in <K.

Proof: In order to prove this result we shall prove that the adjoints W0(t)* also converge for

t—»±°° with respect to the strong topology. In order to do that we shall use the properties of U(t,s)

that we proved in section 3 and we shall show that the function f(t) W0(t)*f has a Cauchy

property for t—»±°°. Thus let us fix some fe #(.

1) First let us prove the following estimation concerning the evolution "in front of the

electromagnetic potential ". For any e>0, there is some finite x0(e,f) such that for any t>x0(e,f)

we have the estimation :

(4.2) lx(IQI>R+t)U(t,0)f||<e.

In fact by using proposition 3.13 with t j t and t2 R and denoting f0 U(R,0)f we see that one

has the relation:

(4.3) x(IQI>R+t)U(t,0)f x(IQI>R+t)U(t,R)f0 x(IQI>R+t)U0(t,R)f0.

Now let us choose geX such that geC~(E3)® C4 and:

(4.4) ||f0-g|<e/2.

Then using proposition 2.4 we can conclude that for t large enough:

(4.5) |x(IQI>R+t)Uo(t,R)f0| <e/2

and the estimations (4.4) and (4.5) imply now (4.2).
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2) For x>x0(e,f) let us consider the following decomposition of U(x,0)f fx :

(4.6) fT Tl6/2,R+8+x('QI)fr + {fl-1l6/2,R+5+x(IQ|)}fx-

Due to (4.2) the second term is small uniformly in xâx0(e,f). We shall prove now that for any

e>0, there exist xE>x0(e,f) and ye (0,1) such that if we denote tE= xe +xr we have the following

estimation :

(4.7) || x(IQI>te-R-cV2)U(tE,xE)n8^R+8+te(IQI)ftel <e.

We shall start with the Duhamel formula:

(4.8) U(t,x)g U0(t-x)g-J^U0(t-a)V(o)U(<r,x)gdo.

Using this formula we get for t > x :

(4.9) lx(IQI>t-R-d/2)U(t,x)h8/2R+8+x(IQI)fx|| £

< lx(IQI>t-R-8/2)U0(t-x)Ti8/2R+8+T(IQI)fxll+J^ IIV(o)»Ä(^) doifjl

and for the integral we see that due to corollary 3.2 one has:

(4.10) T IV(o)lÄ(jP)cto|ft| <C|f»ln(l+x-1+Y).

In order to estimate the first term on the right-hand side of the above inequality let us define vg by

the following condition:

(4.11) tE-R-8/2 R+xe+8/2+ve(te-xe)

so that ve 1 — (2R+8)xEY is the minimal velocity needed to get from supp Tlj^R+g+x at t™6 xe

to supp X(ixl>tE - R - 8/2)at tunc *e • ^e remark that we can suppose 1 -vE as small as we like by

taking xe large enough. Thus we can apply now proposition 2.5 for the first term and get that for

any N we have :

(4.12) I (xOQI>tE-R-o72)U0(te-xe)ns/2R+8+Xe(IQI)fXe)(x) | <

SCN,8xe-<N-2W2B(1-A)(N+2)'2fBL2(B3).

Using now proposition 3.10 for the norm of the derivatives of U(xE,0)f(x) and the fact that due to

proposition 3.11 the volume of the support of the function:
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X(IQI>tE - R- 8/2)U0(te - te)nw,R+8+te (IQ!)fte

is of the order of x Y we finally obtain :

« X(IQI>te-R-S/2)U0(tE-xe)r|8/2R+8+TE(IQI)fXEl <

<CN.5x;-(N-2)/Y/2(ln(l+xe))(N+2)/2

so that we can choose N > y~ '+2 in order to prove (4.7).

3) Let us now use the estimations (4.2) and (4.7) in order to prove a Cauchy property for
f(t) W0(t)*f as t-»°°. Let e>0 and t2>tj>tE =xE +xr with xE>x0(e,f). Then we have :

(4.13) W0(t1)*f-W0(t2)*f=U0(t1)U(t1,xe){ll-Tl8/2iR+8+TE(IQI)}fXE-

-U0(t2)U(t2,xE){û-Tl8/2R+8+TE(IQI)}fXe+

+U0(t1)U(t1,tE)x(IQI>tE-R-ò72)U(tE,xE)Tl8/2R+8+XE(IQI)fXe-

-U0(t2)U(t2,tE)x(IQI>te-R-8/2)U(tE,xE)T,8/2>R+8+Te(IQI)fXE +

+ U0(t, )U(t, ,te)x(IQI<tE - R- 072)U(tE,xE)T|8/2 R+8+Te (IQI)fXE -
-U0(t2)U(t2,tE)x(IQI<tE-R-8/2)U(tE,xE)T,8/2R+8+Xe(IQI)fXE.

Using (4.2) for the first two terms, (4.7) for the third and fourth terms and observing that due to

proposition 3.12 the last two terms cancel out, one obtains:

(4.14) ||W0(t1)*f-W0(t2)*f|<4e

and thus the following limit exists: lim W0(t)*f and is equal to Wi f and thus the operator Wj is
t-»°o

unitary in ^f. Evidently the whole analysis may be repeated for t->—<» and thus one gets a similar

result for Wj. ¦
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