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Quantum Plasma Model with Hydrodynamical
Phase Transition

By Geoffrey L. Sewell*

Department of Physics, Queen Mary and Westfield College,
Mile End Road, London E1 4NS

(25. X. 1993)

Abstract. We derive the electro-hydrodynamics of the Jellium plasma model from its many-particle
Schrédinger equation, subject to certain general initial and regularity conditions, and prove that it
undergoes a transition from deterministic to stochastic flow when a certain parameter, representing
the non-uniformity in the initial density and drift velocity profiles, reaches a certain critical value.
Thus, the model exhibits a phase transition far from equilibrium.

1 Introduction

The quantum Jellium model is a system of electrons, interacting via Coulomb forces both
with one another and with a uniform, positively charged, neutralising background. It is
thus a model of a many-particle system with realistic interactions. At the level of mathe-
matical physics, it has been proved to enjoy ’good’ thermodynamic [1,2] and hydrodynamic
[3] properties. In fact, apart from Davies’s [4] derivation of Fourier’s law of heat conduction
for a certain model of interacting atoms, the passage from quantum mechanics to Eulerian
hydrodynamics in [3] represents, to the best of our knowledge, the only rigorous quantum
statistical derivation of a macroscopic continuum mechanics. It is, however, based on the

assumption of regularity conditions, which exclude the possibility of hydrodynamical phase
transitions.

The object of the present article is to provide a further quantum mechanical treatment of

* Partially supported by European Capital and Mobility Contract No. CHRX-CT- 0007
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the hydrodynamics of the Jellium model, in which certain regularity assumptions of [3] are
weakened in such a way as to admit non-equilibrium phase transitions. In fact, we show
that, under the new assumptions, the model exhibits a transition from a deterministic to
a stochastic hydrodynamics when a certain parameter, representing the non-uniformity of
the initial density and velocity profiles, attains a critical value. The method by which we
obtain this result is based on two main steps. Firstly, we derive a Vlasov equation for the
large scale dynamics of the model from its many-particle Schrodinger equation, subject to
specified initial and regularity conditions. We then show that the Vlasov dynamics reduces
to a deterministic Eulerian hydrodynamics if the initial density and velocity profiles lie
below a certain non-uniformity threshold, and that otherwise the flow becomes stochastic.
Specifically, in the latter case, the flow corresponds to a statistical mizture of different
streams, and thus the local density and drift velocity have macroscopic dispersions.

We present our treatment as follows. In §2, we extend the scheme of Refs. [3,5] so as
to derive a Vlasov equation, governing the large-scale dynamics of the Jellium model,
from its many-particle Schrédinger equation, subject to rather general initial conditions.
To be more precise, we provide a treatment here of both the Jellium model itself and a
regularised version of it, obtained by introducing a short distance cut-off in the Coulomb
potential. For the regular model, our derivation of the Vlasov dynamics is based exclusively
on the Schrodinger equation and the initial conditions. For the true Jellium model, on the
other hand, certain supplementary regularity assumptions are also required. The essential
idea behind these is that the repulsive character of the inter-electronic forces keeps the
electrons apart and thereby tames the singularity in the Coulomb potential. The precise
form of the assumptions is specified by the conditions (R.1-4). We remark here that we
have not avoided repeating much of the formalism of Ref. [3] in this Section, because
it is essential for our present purposes to reset it in the context of our new (weakened)
regularity conditions

In §3, we note that the Vlasov equation is just the Liouville equation for a certain
Lagrangian hydrodynamics, governing the evolution of the time (t)-dependent position,
Xi(z), of a "fluid particle’ located initially at the point z. We then show that the Vlasov
dynamics reduces to a deterministic Eulerian hydrodynamics if and only if the function
X is invertible: otherwise it corresponds a stochastic flow, in the sense described above.

In §4, we analyse the conditions for deterministic versus stochastic low in both the true
Jellium model and the regularised one, in the situation where the initial density and velocity
profiles depend on only one spatial coordinate and so are essentially one-dimensional.
For this case, we are able to show explicitly that both models undergo transitions from
deterministic to stochastic flow when the initial conditions attain certain non-uniformity

thresholds.

We conclude, in §5, with some brief further comments on the results obtained here and on
their possible relevance to the theory of turbulence.
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2. Basis of the Vlasov Dynamics

The Jellium model, Z(*:L), consists of N electrons in a cube, K(Z), of side I, with uniform
neutralising positive charge background. We assume periodic boundary conditions. Our
objective will be to obtain a quantum theoretical derivation of the hydrodynamics of £(V:L)
in a limit where N and L tend to infinity and the mean particle density,

n=N/L? (2.1)

remains fixed and finite.

We denote the position vectors and momenta of the electrons by X,,...,Xx and P, .. ., PN,
respectively. Thus, P; = —ithL), where V(L) is the gradient operator in K(I). At the
microscopic level, the pure states of the system are given by the normalised, antisymmetric
wave-functions ¥(™)(Xy,.. ., Xx), and the Hamiltonian takes the form

—hz N N
(N,L) Ly , .2 Phoar
? - 2m Z]:lAJ e Zj'k(>j)=1U( )(XJ Xk) (2.2)

where —e, m are the electronic charge and mass, respectively, A() is the Laplacian for
KD and UE)(X) is the difference between | X|™?, periodicised w.r.t. K(Z), and its space
average over that cube, i.e.

4m (L) exp(1Q.X)

v(X) = 3 Q2

(2.3)
the superscript (L) over I signifying that summation is taken over the non-zero vectors
@ = (2r/L)(n1,n2,n3), with the n’s integers. The time-dependent Schrodinger equation
for B(M:L) | with T the time variable, is

, ouy) N
ih—% = HNDgN) (2.4)

We shall assume the following initial kinetic and potential energy bounds for £(VI)-more
precisely, for the family of systems {Z(V:L)} with N, L satisfying (2.1).

(I.1)(X) The expectation value of the total kinetic energy per particle, for the initial state
‘IIE)N), is less than some finite N —independent constant B/2m, i.e.

(o, P2eiM) < B (2.5)

(I.2)1) The expectation value of the total potential energy, for the the initial state ‘I’f,N), is
less than some finite N —independent constant, e2C/2, times N3/%. This bound corresponds
to the electrostatic energy of a continuous distribution of charge, whose density is a smooth
function of X/L, and signifies that

(M, uB (x; - X,)¥ M) < oN?/3 (2.6)
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We base our macroscopic description of the model on scales of length, time and particle
momentum given by L, w™! and mLw, where w is the classical plasma frequency, i.e.

w = (4wme? /m)!/? (2.7)

For this description, we employ the rescaled space and time coordinates, z = X/L, t = wT,
respectively. Under this rescaling, T(™X) is mapped onto a system Z(™) of particles in

a unit cube, K, with periodic boundaries. Correspondingly, the state, ‘I’( ) , of B(V:L) g
transformed to that of £(™) given by

(21, ozn) = VPN (Lay, .., Ley) (2.8)
The Schrodinger equation (2.4) thus transforms to
iy 20 5™ = HM) (2.9)
ot
where i
(N) — 2 N1 - 2.10
" 223 1 Zm(>3) Fls — ) (2-10)
pj = —thNV; (2.11)
h h

yAee (2.12)

Ay = —
& mL2w mw(N

is a dimensionless effective 'Planck constant’, V is the gradient operator for K, and

U(e) = Uule) i= Y. explig.z)/a” (2.13)

the superscript (1) over X signifying that summation is taken over the non-zero vectors
27(n1,m2,n3), with the n’s integers. Our reason for introducing the symbol U, here is that
we want to employ the Hamiltonian given by (2.10) both for the model (M), with U = U.,
and for a modified version of this, where U is a ’smoothed out’ Coulomb potential. We
note that it follows from (2.13) that

AU(z) = 1 — §(z) (2.14)
where A is the Laplacian and é the Dirac distribution for K.
Note. Two key features of the rescaled description, as given by (2.9)-(2.14), are that

(a) the effective, dimensionless Planck constant, A, governing the quantum behaviour of
the model, tends to zero as N—oo; and

(b) the pair interaction potential scales as N1,

The properties (a) and (b) are generally the hallmarks of a classical and of a mean field
theory, respectively, in the limit N—oo. In fact, as we shall presently show, the model
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does indeed reduce to a classical mean field theoretic one, governed by Vlasov dynamics,
in this limit.

We formulate the dynamics of £(™) in terms of its characteristic functions,

B8 6 iy ) = (B, Iy (exp(i€.25/2)exp i 5 )exp (i pi 2))¢ )

(2.15)
where the ¢'s and #'s run over the ranges R® and (27Z)3, respectively. These functions are
in one-to-one correspondence with the reduced density matrices for the state gN); and,
in particular, the n-particle spatial density function

(N’n) o d 2 2 16
pi " (Z1yee yn) = [dTptr.. dzn|pi(z1,22,.. ., 2N)] (2.16)

(

is the Fourier transform of ,u,tN’n) w.r.t. the n's, when the ¢'s are held at the value zero.
The initial condition for £(V), corresponding to (I.1)(X) for Z(M:L) is

(%", pig™) < N2/ =0 as N—soo (2.17)

with b a finite constant. We shall find it useful to generalise this condition by imposing
an initial position-dependent drift velocity, ug = V¢, on the system. This is achieved by
rephasing 19 by the factor exp(iE;v:Id)(m,-) /hN), and results in the replacement of (2.17)

by
(1.1)
B, (p1 — uo(21))*%5™) < N=2/%b—0 as N—oo (2.18)

We shall assume that the function ug is continuously differentiable.

The initial condition (I1.2)(Z) transforms to the following form for (), which is unaf-
fected by the above rephasing of the initial state.

(1.2)
WSV, U2y — 22)98™) < ¢ (2.19)

where ¢ is a finite constant. We further assume that

(1.3)
limN_.oop‘(,N'l)(:c) = oo(z) VzeK (2.20)

where the function oy is continuous; and that

(I.4)
Bmp oo (1 (€1 - o3 €n3ser - 7m) = HEG D (€5,m5))=0 (2.21)

This last condition signifies that, in the limit N—oo, the initial correlations of (V) are of
zero range: the assumption behind this is that the initial state of the microscopic model
L), carries only short range correlations, as in a pure phase [6,7].
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We note here that it was shown by explicit construction, in the Appendlx of Ref. [3], that
the initial conditions (I.1)-(I.4) are perfectly viable.

The macroscopic dynamics of the Jellium model, then, is represented by the time-dependence

of the characteristic functions p(N "), in the limit N—o00, subject to the initial conditions
(I.1-4). Before attempting to extract this dynamics from the Schrédinger equation (2.9),

we shall first summarise results on the corresponding problem for the simpler model, 2§N),
obtained by replacing the (singular) Coulomb potential, U, by a suitably regular one, Uj,
given by

Uy(z) = ] _dyg(e — V(1) (2.22)

where the ’smoothing function’ g, and hence Uy, is twice continuously differentiable.*

The Regularised Model, EgN). The Hamiltonian for this model is still given by (2.10),
but now with U = U,;. We note that this Hamiltonian has the following simplifying features.

(a) The effective Planck constant, %, vanishes in the limit N —oo; and
(b) the two-body potential is a regular one, scaled by a factor N 1.

It follows immediately from Ref. [5] that (a) and (b) lead to a classical Vlasov dynamics.
Specifically, under the initial conditions (I1.1-4), we have the following results.

(A) The functions MSN’“) converge pointwise, as N—oo, to the characteristic functions,

,ug ), of classical probability measures m( ™) on (KxR3)™, i.e.

n N . n
( )(61’ 5 €niMy e o5 Mn) = /eXP(ZJ.=12(3J'-Uj +vi'€j))dm£ )(611" ey Eni M,y - '17711)
(2.23)
Moreover, mS") is the restriction to (K xR3)(™) of a unique probability measure m, on
(KxR3)N
(B) The initial form of m is given by
dm(n)(:c T v,) = II7 dm(l)(a:- v;) (2.24)
0 lyer o3bmyVUlyee oy Un j=1 0 ol ] =
where, as a consequence [3] of (I.1) and (1.3), m ( ) is given formally by
dmo(z,v) = oo(z)é(v — uo(z))

i.e.

-/dmgl)(m,v)f(:c,v) = [dwao(z)f(z,uo(z)) (2.25)

* This last condition ensures that the model meets the requirements of Refs. [5,8] for
the derivation of the results given by (A)-(D) below.
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for test functions, f, on KxR3, that are continuous and have compact support.

(C) The probability measure m, evolves according to the Vlasov hierarchy, in its weak form,
i.e.

d
a./f(n)(l'},. 3w TnyVi,y. .,'vn)dmgn)(m;,. 9w TnyV1,. .,'vn) =

of (ﬂ) (n)
Z,_ /v, : oy Tni V1. o Un)dmg (Z1,. o3 TnjV1y. +Un)

af™ "
_Z,_ /VU("’J $n+1) (ml, yTn;V1,. -,”n)dmg +1)(561,- 3 ZTn4+1301,. '1'Un+1)

(2.26)
for test-functions f(™) that are continuously differentiable and have compact support.

(D) [3,5] The decorrelation property (B) is preserved at all times, i.e.
dmgn)(:cl,.. T} Vlyee oy Vp) = dm( )(zj,vj) (2.27)

and consequently, by (2.26), mgl), evolves according to the weak form of the classical Vlasov
equation, t.e.

iff(m,v)dmgl)(m,v) = /v'%f(ma”)dmgl)(‘cav)

/VU(.?: - (z v)dm )(a:,v)dmgl)(y,w) (2.28)

(E) [9] This last equation has a unique solution, for the given initial conditions. Further,
it is related to the (unique) solution of the Newtonian mean field theoretic problem

v); T = —-/dmo(y,w))VU(Xt(z,v) — xt(y, w)); (2.29)

with
xo(2,v) = 25 Vo(z,v) = v | (2.30)
by the formula

] dm)(z,v)f(z,v) = [ dm§)(z,v)f(x:(2,v), Va2, ) (2.31)

for test functions f, that are continuous and have compact support. Thus, defining

Xi(2) = xe(z,u0(2)); Va(z) = Vi(2,u0(2)) (2.32)
it follows from (2.25) that (2.29-31) may be re-ezpressed as
dX(z t(x
242) (o), T ] dyao(y)VU(Xo(x) — Xe(®))i Xo(z) = 73 Va(z) = uo(c)

(2.33)
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and

/dmgl)(z,v)f(:c,v) = ]dza‘o(z)f(Xt(:c),W(a:)) - (2.34)

The Coulomb Model (™), The problems posed by this model stem from the singu-
larity in the Coulomb potential, U,. Our treatment of the model will be based on certain
regularity assumptions, designed to represent the idea that the repulsive character of the
inter-electronic forces tends to keep the particles apart and thus tames the Coulomb sin-
gularity.

We express the first of these assumptions in terms of the one- and two-particle spatial
densities, p(M:1), p(N:2) specified by (2.16). We employ these densities to define the condi-

tional expectation, Et(N)( f(z,y)|z), of a two-point function f(z,y), given z, by the standard
formula

] dzp" ) (2) M (f(=,y)|2)g(z) = [ dzdyp""? (2, y) f(z,y)g(z) (2.35)

for all continuous functions g on K. We then introduce the following regularity assumption,
to the effect that the Coulomb repulsion keeps the electrons apart sufficiently to ensure
that the magnitude of the internal electric field remains bounded.

(R.1) For any finite 7(> 0), there is a constant, B.(< o), such that

j dyp™V ()| VU(z —y)| < B, (2.36)

and
eEM(VU(z — y)| |z) < B, Vte[0,7], zeK (2.37)

Comments. (1) This is implicitly a condition on the initial state ¢gN). It is indeed
restrictive since wave-functions can be constructed in such a way that their evolution

leads, in the limit N—oo0, to a catastrophic collapse, in which the microscopic dynamics
breaks down within a finite time [10].

(2) Assumption (R.1)) is weaker than the corresponding one of Ref. [3], which required
that pgN’z) itself was uniformly bounded over finite time intervals and led to a smooth
hydrodynamics from which dynamical phase transitions were excluded. By contrast, (R.1)

admits the possibility of singularities in both pEN’l) and pgN’z), in the limit N—o0, and

thus, as we shall see, of hydrodynamical phase transitions.

The following Proposition is an extension of results obtained in Ref. [3] to the situation
where the assumption of the uniform boundedness of pgN’z) is replaced by (R.1). It is a

straightforward matter to check that the proofs given there of these results prevail under
the above weaker assumption.
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Proposition 2.1. Assuming the conditions (1.1-4) and (R.1), the above results (A)-(C)
are valid for the Jellium model, with the modification that here the convergence of ,u,SN‘"') to

uﬁ") is subsequential. Thus, the system evolves according to the classical Viasov hierarchy
(2.26), subject to the initial conditions (2.24) and (2.25). Furthermore, the magnitude of
the electric field, in the limit N—oo, satisfies the estimate

f dm{P(y,w)|U(z )| < B, Vz€K, te[o,7] (2.38)

We now assume that, as in E_(.,N), the macroscopic decorrelation property (1.4) persists in
time, i.e. that the (assumedly tamed) Coulomb singularity does not lead to correlations
of long range on the microscopic scale.

(R.2) The factorisation property (2.27) prevails at all times.

As an immediate consequence of Prop. 2.1 and (R.2), we have

Proposition 2.2. Under the further assumption (R.2), the single particle probability
(1)

measure, m; °, evolves according to the weak form (2.28) of the classical Viasov equation,
subject to the initial condition (2.25).

Our next regularity assumption is that as the (assumedly tamed) Coulomb singularity does
not affect the uniqueness property (D), that was operative for the regularised model.

(R.3) The Vlasov equation (2.28), subject to the regularity condition (2.38) and the given
initial conditions, has a unigue solution.

Our last regularity condition is the counterpart to (R.3) for the Newtonian mean field
dynamics, as given by (2.33).

(R.4) The Newtonian mean field problem (2.33), subject to the regularily condition

[tuns@)IVUXu(z) - Xulw)] < B, VeeK, tefo, ] (2.39)

has a unique solution.

The following Proposition is an immediate consequence of Prop.2.2 and assumptions

(R.3,4), since equations (2.33) and (2.34) imply that mgl) satisfies the Vlasov equation
(2.28).

Proposition 2.3.Under the further assumptions (R.3,4), the time-dependent macroscopic
probability measure is given by (2.34), with (X;,V;) the unique solution of the Newtonian
problem (2.33) for the Jellium model.
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3. Eulerian Versus Stochastic Hydrodynamics.

The Newtonian mean field theory, given by (2.33), corresponds to a Lagrangian hydrody-
namics, in which X,(z) and Vi(z) are the position and velocity, respectively, of a ’fluid
particle’; and the Vlasov equation (2.28) is just the Liouville equation representing its
probabilistic description. Our aim now is to investigate the conditions, both for the Jel-
lium model and its regularised version, under which the Vlasov dynamics reduces to a
deterministic Eulerian hydrodynamics. In fact, we shall show that it does so, provided
that X, is an invertible function of position; and that otherwise it is stochastic. Note here
that the invertibility of the canonical transformation (z,v)—(x:(z,v), Vi(z,v)) does not
imply that of the mapping z— X, (z)=x:(z, uo(z))-

Case (a): X; Invertible. In this case, the Jacobean

(Xl,taXZ,t’X3,t)
3(-'61,1’2,503)

Ji(z) =2 (3.1)

with z; (resp. X;.) the j’th component z (resp. X¢), is strictly positive, and so we can
define

ai(z) = o0(X; ' (2))/ Je(2) (3.2)
and
ui(z) = Vy(X; ' (2)) (3.3)
Thus, since, by (2.34), (3.2) and (3.3),

f dm(z,v) f(z,v) = / dzay(z) f(2,ui(z)) (3.4)
for continuous functions f on K, i.e., formally,
dmy(z,v) = a¢(2)6(v — ue(z))dzdv

it follows that u¢(z) and o¢(z) are the drift velocity and normalised particle density, re-
spectively, at position z and time ¢.

It follows now from (2.14), (2.22), (2.33), (3.2) and (3.3) that u.,o; evolve according to
the following Euler-Maxwell hydrodynamical equations, previously obtained in Ref. [3].

Bat

57 T View) =0 (3.5)
But
i T @ V)u =B, (3.6)
where, for the Jellium model,
V.Et = (0'1 - 1) (3.7)

and, for the regularised one,
V.E, = (o —1) (3.7)'
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where

o{(z) = / dyg(z — y)o(y) (3.8)

Case (b): X; Non-Invertible. In this case, we cannot employ the formulae (3.2) and
(3.3) to define the time-dependent density and drift velocity. Instead, we have to consider
the situation where the equation

Xi(y) == (3.9)

has several solutions, labelled by an index set J, for y as a function of z and ¢, i.e.

y = {¥D(z)lje T} (3.10)

In this case, equation (2.34) implies that

[P e nfen) =3, [d2eP @0 @) (3.11)

where
7”(2) = (N @NED @) w(=) = WY (=)) (3:12)

and

(Y12, %)) ¥id)

() —
Kt (a:) N 3(31,32,33)

(3.13)

Thus, (3.11) signifies that, formally,
dmy(z,v) = Zj(ya?hﬁ(v - u‘(,")(m))d:cdv

i.e. that the macroscopic state of the system at time t corresponds to a staf:istica.l mixture
of different streams, the j’th of which has density o'gj) and drift velocity u&’ ). This implies
that the local density and drift velocity are now stochastic variables of a hydrodynamics

still governed by the Vlasov equation.

We may summarise the above observations in the following form.

Proposition 3.1. If X; is invertible, then the macroscopic dynamics of the system cor-
responds to a hydrodynamics given by the Euler-cum-Mazwell equations (3.5)-(3.7) (or
(3.7) ). Otherwise, it corresponds to the flow of a mizture of streams, and its evolution is
of a stochastic type, governed by the Vlasov equation (2.28).

Comment. Unless the domain of non-invertibility of X; is confined to a surface, the
resultant mixture of streams does not correspond to a shock wave. On this basis, it will be

seen that the example of Eulerian hydrodynamic breakdown in §4 is not that of a shock
front.
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4. Example of Hydrodynamic Phase Transition.

We shall now provide an example of initial conditions, which lead to a transition from a
deterministic to a stochastic flow, in both the regularised and the Coulomb models. These
are conditions where both o and uo are functions of just a single coordinate, say z;, and
ug is directed along Oz;. In this case, the flow becomes effectively one- dimensional, for
the following reasons. If

ng)(z) i=Xi(z+b)—b

for arbitrary vectors b in the plane Oz,z3, then, in view of the periodicity of K, if X is
a solution of the Newtonian problem (2.33), so too is Xt(b). Hence, by the uniqueness* of

the solution of (2.33), XtEXt(b), which implies that the component X; ; of X; depends on
the coordinate z; only, and that X, (), X3 :(z) reduce to z, + £2(t), =s + £3(t), where
the ¢'s are functions of ¢ only. Furthermore, it follows from the z;— and z3—components
of (2.33) that these functions are both zero. In other words, the component X; ; of X;
depends only on z;, while X, ¢, X3 ; remain fixed at z,, z3, respectively. Hence, the macro-

scopic dynamics reduces to a one-dimensional flow. For notational convenience, we shall
henceforth drop the suffix 1 from X; ; and z;.

Thus, by (2.33),

Xi(a) =z +uaet+ [ dstt-9) [ dm@FILE - K@) @D
where
1 1 BU
F({B) = —/od$2/0d$3§;($,mz,z3) (42)
Let
Jo(z) = a)‘;f’) (4.3)

Then, by Prop. 3.1 and the implicit function theorem, the neccessary and sufficient con-
dition for deterministic hydrodynamics is that J; has no zeroes. We note also that the
definition (4.3) permits us to re-express (4.1) in the form

X.(z) = « + uo(2)t + f : ds(t — s) f :dyo'o(y)F( / " d20,(2))) (4.1

The Regularised Model. Here, U = U, and thus, by (4.2), F is a continuously differ-
entiable function. Hence, by (4.1) and (4.3),

Ji(z)(1 — /Ods(t - s)]odyao(y)F'(w —y)) =1+ uy(z)t (4.4)

* In the case of the Coulomb model, this is a consequence of assumption (R.4).
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where the primes denote differentiation w.r.t. z. Thus, defining
IF'|| = sup{|F'()| |z€[0,1]},

and tg,%; to be the times given by

to = 2/||F"||*/? (4.5)

and
t1 = min{t(> 0)| (1 + uy(z)t) = 0 for some z€[0,1]} (4.6)

it follows immediately from (4.4)-(4.6) that J; is strictly positive, and hence that X,
is invertible, if 0<t < min(tp,t;). Therefore, by Prop. 3.1, the system evolves, in this
regime, according to a deterministic hydrodynamics, given by equations (3.5), (3.6), (3.7)’
and (3.8).

On the other hand, if the initial conditions are such that ¢; < %5, then it follows from
(4.4)-(4.6) that J; changes sign during the interval €(2;,%y) over some spatial domain
D(c[0,1]). Hence, by Prop. 3.1, the hydrodynamics of the model becomes stochastic, and
is (still) governed by the Vlasov equation (2.28).

We may summarise these results as follows.

Proposition 4.1. The reqularised model ezhibits a deterministic hydrodynamics, given
by equations (3.5), (3.6) and (3.7), over the time interval 0<t < min(to,t1). However,
if the initial velocity profile is such that t; < iy, then the flow undergoes a transition to
stochasticity at time t;.

Comment. It will be seen from the derivations of this result that, in the stochastic phase,
the domain of non-invertibility of X; is, in general, not confined to a single value of z, i.e.
to a surface in K. Thus, in view of the comment following Prop. 3.1, the hydrodynamic
phase transition described here does not correspond to the formation of a shock wave.

The Coulomb Model. We shall prove the following Proposition for this model.

Proposition 4.2. Under the specified assumptions, the hydrodynamics of the Coulomb
model takes the deterministic form (3.5)-(3.7) at all times, provided that the initial density
and velocity profiles satisfy the condition

(o0(z) — 1) + (up(2))* < (00(2))* Vz€[0, 1] (4.7)

Otherwise there is a transition to a stochastic flow at a certain time T, given by the least
positive value of t for which

ao(z) + (1 — ao(z))cos(t) + uy(z)sin(t) = 0 (4.8)

for some z€[0,1].
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Comment. Again, the domain of non-invertibility of X; in the stochastic phase is not
confined to a single value of z, i.e. to a surface in K; and thus the hydrodynamical phase
transition does not correspond to the formation of a shock wave.

To prove this Proposition, we shall first establish the following lemma.

Lemma 4.3. If X, is invertible for t€[0,7], where T > 0, then the regularity condition
(2.39) is satisfied.

Proof. We note first that, by (2.13) and (4.2),
F(z) = Zw_liexp(27rin:c)/(21rn)

which implies that F is square integrable, hence absolutely integrable, over [0,1]. Thus,
since, by (3.2), (4.2) and (4.3), the Lh.s. of (2.39) is equal to

f dyos ()L WIF(Xe(z) - Xe(o)

1
= [ ayou( X W)IF(X(2) - )
0
by the invertibility of X, it follows that the condition (2.39) is satisfied.

Proof of Prop. 4.2. Since U = U, here, it follows from (2.13), (2.14), (4.1) and (4.3)
that

Ji(z) = 1+ ug(2)t + /:dS(t —8)Js(2)(-1 + /:dydo(y)S(Xa(x) -X,(y)) (49

where now § is the Dirac distribution on [0,1], subject to periodic boundary conditions.

Let us first suppose that X, is invertible, i.e. that J; is strictly positive, over a time interval
0<t < 79, for some positive 7y. In this case,

Jo(2)8(X () — Xs(y))=8(z — y) Vs€[0, 7o)

and therefore (4.9) reduces to

Ji(z) = 1 + ug(z)t + /:ds(t — 8)(ao(z) — J5()) (4.10)

(dit; + 1)Jy(z) = oo(2); with Jo(z) = 15 Jo(z) = uf(z) (4.11)
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where J, = dJ./dt. Hence,
Ji(z) = op(z) + (1 — oo(x))cos(t) + ug(z)sin(t) (4.12)

In view of the non-negativity of oy, this equation implies that J, is strictly positive for all
t>0 if and only if the condition (4.7) is fulfilled. Otherwise, J, changes sign at some point
z€[0,1] when t reaches the value 7 specified in the statement of the Proposition.

We may thus summarise these results as follows.

(a) If (4.7) is satisfied, then the function X; given by substituting the formula (4.12) for J;
into the r.h.s. of (4.1)' is invertible and satisfies both the Newtonian mean field equation
(4.10) and, by Lemma (4.3), the regularity condition (2.39), for all ¢>0. Hence, by (R.4), it
is the unique solution of the Newtonian mean field equation, and persists for all positive ¢.

Hence, by Prop. 3.1, the model exhibits the Eulerian hydrodynamics given by (3.5)-(3.7)
at all times.

(b) If (4.7) is violated, then, by the same argument, the system exhibits this deterministic
hydrodynamics for times t€[0, ), with 7 as specified in Prop. 4.2.

(c) If (4.7) is violated, then there must be a transition to stochastic flow at ¢ = 7, since an
assumption to the contrary becomes invalid when ¢ passes through that value.

The results (a)-(c) establish the Proposition.
5. Concluding Remarks.

We have shown here that the quantum dynamics of the Jellium model leads to a hy-
drodynamics, which supports both deterministic and stochastic flows, and exhibits phase
transitions between them. This hydrodynamics is therefore richer than that of the deter-
ministic flow given by the Euler-cum-Maxwell equations. Furthermore, since the flow in
the stochastic phase corresponds to a statistical mixture of different streams, one might
envisage that this carries a germ of turbulence.

As regards possible ramifications of the present work, we note that the above hydrody-
namical properties of the model stemmed from its Vlasov dynamics, which is simply the
Liouville probabilistic version of its Lagrangian hydrodynamics (cf. §3). This suggests
that, more generally, a natural way of formulating the theory of stochastic flows, even of
turbulence, might be via a probabilistic treatment of Lagrangian hydrodynamics. That
should presumably have some connection with Foias’s [11] formulation of stochastic hy-
drodynamics on the basis of a Liouville equation governing Navier-Stokes flows. It need
not, however, be equivalent to it, since, as we have seen in §'s 3 and 4, the Eulerian and
Lagrangian pictures of the present plasma model are not equivalent.

Finally, we remark here that the hydrodynamics obtained here is completely inviscid. The
reason for this, as in Ref. [3] (cf. discussion there at the end of §1), is that our macroscopic
description is effected on the largest available length scale, L, and that, consequently, the
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viscous forces are 'scaled away’. Thus, the hydrodynamic picture we have obtained should
be regarded as no more than a skeletal version of that of a real plasma.
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