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§I Introduction

We consider a many Fermion system, in dimension d > 2, formally characterized by the
(renormalized) generating functional

S(¢,8) = log _% ] lO¥I 98] AD) I1 dvk.o d";k,a (I.1)
k,o
for the connected Euclidean Green’s functions, where the action
A, %) = —V($,¥) — (A p) f dkPrpe — / dk (iko —e(k))Prtpr (1.2)
and
V(%) = 2 [ T dki @0)* 6(kithakota) Yy Py (K1, k2| Vs, ka) Y, Yk, (1.3)
4 = =
= % E H dkt (27')“16(’01%2—103—]64) (klakzivlk3gk4>¢k1,a¢k2,r¢k4,r¢k3,o
o,re{t,1} J =1

In these expressions, the internal and external electron fields
_ {$(&T) _ [ #(&1)
0= (3e]) w0 =(4e])
(&) = ($(&1) ¥(&6 1)) #(&) = (#(&:1) B, 1))

where ¥(¢,0), ¢(€,0), ¥(£,0) and @(£,0), € = (t,x) € R x R, o € {1,]} , are genera-

tors of an infinite dimensional Grassmann algebra over C and

k = (ko,k) € R x IR* dh =% dk = £k
Yro = [ dEeB-p(E,0) (k&) = —kot + (k,X)
k?

e(k) = & —

When we wish to make explicit the dependence on the chemical potential y, we expand
the notation e(k) to e(k, ). For a function f

1 = [ dt £(¢)

so that, in particular

B = [dedone = X [ e

oe{t,l}

We assume that the interaction (ki,k2|V|ks,ks) is real and in addition rotation,
reflection and time reversal invariant. Precisely,

(kl,k2|V|k3,k4) = (Rkl,szlV|Rk3,Rk4) for a.ll R € O(d)

(S1)
(k1 ka|V|ks, ka) = (Thy,Tho|V|Tks, Thks)
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where Rk = (ko, Rk), Tk = (—ko,k) . We also assume

(khk2IV|k3,k4> = (—ka,k2|V) - kl,k4>

= (k1,—ka|V|ks,—kz) (52)

and that (kl,k2|V|k3,k4> is short range.

The counterterm —é&u(A,u) [ dk¥rtps in the action renormalizes the radius of
the Fermi surface. It is discussed in the next section. Finally, the denominator 2 is
chosen so that

5(0,0) = 0

One of our long term goals, stated precisely near the beginning of the next section,
1s to give a rigorous proof that the standard model

(b1, k2| Vks, k) = V(ky —ks) — a26( (e — ko)™ pibiacia)” (1.4)
1, %2 3,Re) = 1 3) — alU\wp —WwWK; — K3 (k2 —k3)2+w(ks —k3)? .
for an interacting system of electrons and jellium phonons has a superconducting ground
state at sufficiently low temperature. To explain why Ward identities are required to prove
that the condensate of Cooper pairs is stable, we briefly review the overall strategy.

We investigate the long range behavior of correlation functions at low temperature
using a renormalization group analysis near the Fermi surface [5,6]. This entails slicing
the free propagator around its singularity on the Fermi sphere. The renormalization group
resums the dominant graphs of the theory to create an effective slice-dependent interaction.

The natural scales correspond to finer and finer shells around the Fermi surface.
Fix a constant M > 1. For each j = 0,—1,—2,... the j-th slice contains all momenta in a
shell of thickness M’ a distance M’ from the singular locus { k € R*! ] ko =0, k| =
Vv2my } The propagator for the j-th slice is

ei(k3€1_§2)_

Ci(gl,gz) = o / dkm 1,-(k§ J e(k)z)

where 1;(k3 +e(k)?) is the characteristic function for the set M7 < |iky — e(k)| < M7*1.
For simplicity, we have introduced a sharp partition of unity even though a smooth one
is required for a complete, technically correct analysis [6, II.1]. Summing over 5 < 0, we
obtain the full infrared propagator C({1,£2) = >, Cj(é1,&2).
i<o

These shells induce an infrared renormalization group flow. It was shown in [6]
that the important part of (I.3) comes from the reduced interaction A (s',—s'|V|t', —¢').
Expanding in spherical harmonics

A, =s'|VIE, =) = 3 An(0)ma(s',t")

n>0

For appropriate a the coefficients in the expansion of (I.4) satisfy Aq(0) < 0 and |Ae(0)| >
|An(0)], n > 1. That is, the electron phonon interaction is dominated by the zero angular
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momentum sector, which is attractive. We assume that this is the case for the rest of this
section.

The set of coupling constants { An ‘ n>0 } evolves under the renormaliza-
tion group flow. At scale j their values are denoted { An(j) ] n > 0 }. In the ladder
approximation the flow equation is (see (6, 1.85])

A(i = 1) = Aa(d) +B(5) Mn(5)*
where 8(j) > 0 and Jkrfwﬂ(]) =p4>0.

Thus, in the ladder approximation, A¢(j) grows slowly as j goes down to the
symmetry breaking scale § = —[1/)o(0)] and then quickly takes off to infinity. The other
coupling constants remain much smaller than A¢. Of course, this approximation breaks
down at about scale §. The divergence of a flow generated by a “Fermi surface” away
from a Gaussian fixed point towards a nontrivial fixed point is typical of many symmetry
breaking or mass generation phenomena in condensed matter physics.

The renormalization group analysis described in the preceding paragraphs reveals
three distinct energy regimes. Fix a 3> 1 and let A ~ M% be the BCS gap. In the first
regime at scales j for which M7 > aA the effective coupling constant A¢(j) can be
used as a small parameter. Symmetry breaking takes place in the second regime where
2A < M? < aA. In the third regime M7 < —};A the physics of the Goldstone boson

dominates. As explained above the effective coupling constant is not small in the latter
two regimes.

In [6, 1] the first regime is controlled nonperturbatively in 2 + 1 dimensions
and perturbatively in 3 4+ 1 dimensions. That is, in 2 + 1 dimensions the full model has
been constructed down to scale § and shown to obey the natural estimates suggested by
perturbation theory. We remark that it is also shown in [6] that, for a fixed external field
that selects a single phase, the renormalization group flow, truncated to any finite order
of perturbation theory, converges to a nontrivial pairing fixed point. The main idea for
controlling the intermediate regime is an intrinsic decomposition of the Fermi surface into
N = M~(4-1)¢ ¢cglors” and the accompanying 1/N expansion (3].

This paper is devoted to a tool that is essential in the third regime. Cooper pairs
interact with each other through a long range force mediated by the “Goldstone boson™.
The Goldstone boson is a massless particle, in d+ 1 dimensions, whose propagator behaves
like (g2 + const q%]~! near zero. This singularity superficially generates nonrenormalizable
power counting for d = 2,3. The Ward identities of Corollary IV.5 imply that the power
counting is in fact superrenormalizable. A detailed discussion of power counting is given

in §V.

The Ward identities of §IV relate certain expectation values. The “string” and
“ladder” amputation algorithm developed in §III can be applied to these Ward identities to
identify classes of diagrams that add up to zero. This is feasible at low order, but because
the symmetry breaking mixes orders, the classes become very complicated. Oppermann
and Wegner|[7] and Hikami [8] have derived the low order graphical analogues of our Ward
identites for the Anderson model. We imagine that the methods of this paper can also be
applied to the Anderson model.
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The simplest way to see the Goldstone boson is to make a Hubbard-Stratonovich
transformation writing the exponential of the effective interaction Vg, given by the renor-
malization group flow at scale §, as an integral over an intermediate boson field 4. Let

Ao(8) = —2g% and
Ve = —292/ ds dt dg 1+ D PL(—+H P (—s+ D P1(s+D)
= —2¢° / dp dq (f dtfljr(w%)dh(—t%)) B(p,—q) (/ ds1/f1(—s+%)¢ﬂs+%))

with B(p,q) = (@m*+'8(p+q). If (71,72) is a €C* valued Gaussian variable with the
real, even covariance

(ri(p)vi(q)) = &:; B(p,9q)
then
e7V = e VtVeg=Verr — o= VHVeu / exp (g / d¢ T(e)v(o) \I'ce)) dp(+)

where 7 = ol9! 4 o%+42.

The propagator for the Goldstone boson is gotten by integrating out the Fermion
field, computing the effective potential for v and expanding about its minimum. This is
done in detail in §V. The effective potential is a Mexican hat. The propagator of the
component 7tan of v tangent to the circle of minima looks like [g2 + const q*] ™! near zero
and is given by

(Fran(P1); Yean(p2)) — (27)2F18(p1 + p2)

= —92 /ds dt (J’s—plﬂz—al - 1/)—8+P1l¢a1';1;t-—PzT'J—tl - ¢—1+P21¢1T>

Here the truncated expectation (A; B) is given by (AB) — (A) (B) and, on the right hand
side, ( - ) is the fermionic expectation of the model before the Hubbard-Stratonovich trans-
formation was applied. This identity, in conjunction with the amputation procedure of §III,
is used in (V.4) to demonstrate that the full Goldstone boson propagator is the sum of
generalized ladders.

In §II we discuss self-consistent U(1) symmetry breaking and derive a Ward
identity using global U(1) symmetry transformations. In §III we determine the structure of
Feynman graphs in terms of string and ladder amputation. This makes it possible to isolate
the fragments of graphs contributing to the Goldstone Boson propagator. In §IV we derive
more precise and general Ward identities exploiting local U(1) gauge transformations. §V
is devoted to the power counting of the intermediate boson introduced above. In the last
section, we discuss the simple ladder contribution to the Goldstone Boson propagator in
great detail.
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$II U(1) Symmetry Breaking

503

We first rewrite the many Fermion generating functional (I.1) in a form that is a suitable

starting point for a rigorous construction. Let

ducod = Frew{= T [ &k buolike=c(0) b } [1 dbro dc

oge{T.1}

be a formal Grassmann-Gaussian measure. The denominator Z; chosen so that

f 1duwd) =1
Mathematically, dp(v,$) is characterized by

/e[w]ﬂw] duo.dy = e<H0e>

where, the inner product

(3,04 = j de €' 3(€) C(6,€") $(¢))

The covariance

C(&1,&2) = _/lb(fl)’/;(fz)d#(fbnﬁ)

. gilksE1€2) _
= 6(71 o2 k -7 1N
’ 4/]R""+1 ’tku — e(k)

. - —O(e(k)) 1, > i,
- i(k,x1-22) ,—|e(k)(t1—t2)| ’
= deres fm dhce ‘ { b(—e(k)), t <t
where 0
1, s>
bs) = {0, s<0
We have
Sy = log L j AP VD) = 8Oun) [ 2k duin g 0y
The proper self-energy, %, is implicitly defined by
1 d+1
Sa(k = 2 é(k —
2( 5p) lko _ e(k) _ 2(]&7) ( Tr) ( P)
in which s s _
Salbr, Orybadn)] B —mre——s S )

§(&1,01)

8¢(€2,02) lp=¢=0

(IL.1)
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The functional derivative acting on the left of a monomial moves the factor

5

g 6¢(£1,01)
#(&1,01) all the way to the left with the appropriate sign and deletes it. Similarly, the
functional derivative m acting on the right of a monomial moves the factor ¢(¢2,02)

all the way to the right with the appropriate sign and deletes it. For example,

o e = M) P s
= (€1, 01) [P+ 4] (€2, 02)
= P(€1,01)P(62, 02) el
so that
'ﬁ‘gm S(¢,9) :;15(_62,02—) |¢=$=0 = (¥(é1,01)%(¢2,02)) — (¥(€1,01)) ($(£2,02))
where

(f("/’)"ﬁ)) — % f f(¢v,$) e—V(#’ﬂl_’) = 6u(Xp) flfkd_ik'l’k d“(¢,113)

Perturbatively, ¥ is the sum of all nontrivial one-particle irreducible, two legged diagrams.

The counterterm &u(A,p) is the formal power series in A uniquely determined
[5,6] by the renormalization condition

8‘!1

— = = >
o5 SO,k =kr,m )| =0, n20

where kr = +/2my is fixed by the particle density. In other words, the proper self-energy
vanishes on kg = 0, |k| = kr and, by definition, kr is the radius of the interacting Fermi
surface.

Observe that
e‘—tsp.(.\,p)f dp1/_1p1[:pd'u‘(¢ﬂz,) _ %e—f dk (iko—e(k,ptop) ) Pr v [T dvi o ddi o
0 ? !
k,o

Therefore, the counterterm can be interpreted as the shift in the radius of the Fermi surface

induced by (kl,k2|Vlk3,k4) .

We now state one of our goals precisely. To keep the statement simple, we use
periodic boundary conditions on IR**! /LZ**?. Define duy, to be the Grassmann Gaussian
measure whose covariance is the multiplication operator

1
ko — oK) (1 — 8ko,08e(x),0)

on 2 (%’Zdﬂ). For convenience let

] ak f(k) = (Z)" S fk)

keirzdi+t
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Incorporate in the finite volume interaction Vi . a counterterm for the chemical potential
and a small external field

Vi (%,%) = V(%) + 6u(X, p; L,7) ]¢_k¢k = T‘]d‘k(tzkﬂf—kl + Y_k1Pr1)

and define the generating functional

S1.+(6,4) = log 3~ / elBHII o ~Vie (D) gy (3, )

We ultimately want to prove the

“Theorem”. Let d = 2,3 and let (k1,k2|V|ks, ks) be a Schwartz class function on R4+

satisfying symmetries (S1,2) of §1. (Actually, it is sufficient that the interaction be in a
suitable weighted Sobolev space.) Let

(£, —t|V|s',—s') = D Apmn(t',s)

be the ezpansion of the rotation invariant reduced kernel in spherical harmonics. Here
k' = (0,krk/|k|) is the projection of k on the Fermi surface. Fiz € > 0. Let A > 0 and &
be sufficiently small. If Ag < 0 and k|Xg| > |An|, 7 > 1 then the limit

S(¢,¢) = lim lim Si,.(¢,9)

™0 L—oo

exists and has the following properties:

(i) There is a A > 0 with A ~ const e~<°***/* sych that

(21l')d+1

W’k'T"/’—pl) = <TE—k'llﬁpT> == 6("" _P)

(i) The 2n point moments of S(¢,P) with n odd decay ezponentially at a rate at least
(1 - €)A.

(111) The 2n point moments of S(¢,4) with n even decay at least polynomially. In
particular, there are constants cy,ca > 0 such that

ﬁm(c1q§+czq2)/ ds dt dp (Ps—q1—s] — P—stqPst; PrptP—t] — YotipiPer) = —1

g—0

Thus there is a channel in the four point function that does not decay exponen-
tially.

One consequence of this Theorem is that the Hilbert space is a direct sum of
“even” and “odd” subspaces. The restriction of the Hamiltonian to the odd subspace has
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a gap of at least (1 — €)A between its ground state energy and the rest of its spectrum.
There is no such gap in the even subspace.

The rest of this section motivates the “Theorem”. The action
D) = — [k (k=) Bt — 80 w) [ dkde
* - o
— 2 [ II @k @o)* 8(kathatbats) YryYis (k1 k2| Vs, ks) Yo, Yi,
=1

has six basic symmetries. Namely
(1) Particle number:

A, e7) = A(p,d) Vel eU(1)
(i1) Spin: . _
Alg¥,%97") = A(%,¥) VgeSU?2)

(ii1) Spatial rotations and reflections:
AR, R§) = A §) Y ReO(d)

where (R¢)(€,0) = ¥(R7¢,0) and (R¥)(¢,0) = H(R71E,0).
(iv) Translations: For all ¢ € R*

A(Te, Tep) = A(p, %) VEe R

where (Tep)e,o = e<F4>-9, and (Te)ro = e -3,
(v) Time reversal:

'A("l’a";)# = A("pﬂ[;)

where # is the involution on the Grassmann algebra defined by 1/)f = Y7 , 1Zk# = Pk
and by complex conjugation of scalars.
(vi) Charge conjugation:

A(igt, ') = A%, )
To verify (v), note that
(k1,k2|V|ks, ka) = (ks,ka|V]ki,k2)

follows from the reflection invariance and symmetry (S2) of V. Observe that, in contrast
to the other symmetries, neither time reversal nor charge conjugation commute with the
number symmetry. However, their product
(vii) CT:

A, 3)°T = A, )

does commute with the number symmetry. Here, CT is the involution on the Grassmann
algebra defined by %$T = ik, , $CT = 4t and by complex conjugation of scalars.
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By definition, a general symmetry & of the action is broken if

AU, ) = A%,%) but  SU(¢, ) # S(¢,9)

where S is the generating functional (I.1), carefully defined by some limiting process. In
this paper we study the situation when the number symmetry is broken

S(e¢,e7¢) # S(¢,9)

but symmetries (ii,iii,iv) and (vii) above are inherited by the generating functional.

(i)~ (5 ) ()
Vi, 0 e ) \ ¥,
" - - - e 0
(Prr ¥i1) = (P ¢k,1)( 0 ei¢)

is a subgroup of SU(2). Applying this symmetry to the first derivatives of S we obtain
) i /O
(!bk,a) et ¢<¢k,a>

("nbk,a) = ('SBk,cr> =0

for all k, 0. Thus the second derivative of S simplifies to, for example,

The symmetry
(viii):

forcing

6

84(&1,01) = ($(&1,01)9(&2,02))

(¢’¢) 6(€2,02) 'e» $=0

There are sixteen two point expectation values

(Prrpr)  ($rr¥oL)  (Pei¥er)  (Pei¥pl)
(brrbpr)  (brrdhpr)  (Pui¥pr)  (Yr1¥p1)
(Brror)  (Perp) (Peitpr) (Pritpl)
(Prrdpr) (PrrPo1) (Pri¥pr) (Pr1¥p1)

obtained by differentiating S twice with respect to (?15)(5 ,a) . By conservation of momen-
tum, that is translation invariance, the distributions in the first and fourth rows vanish
unless k& = —p while those in the second and third vanish unless k& = p . By anticom-
mutation, the second row determines the third row and the second column determines the
third column.

The four corners, (Yi1¥p1), (Yri¥p1) > (Pr1¥p1) <¢k11/)p1) of the above table
and the four central elements, (z,kaqbpl) (z,bklz,pr) (Pr1¥p1) > (¥rk1¥p1), vanish by SU(2)

invariance. For example, by symmetry (viii)

(Yerde1) = € (Prrdpy)
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forcing it to be zero. The other cases are similar. Thus there are eight

( (rrdbpr)  (Yr1¥—p1) ) ( (brrdopr)  (Y—-r1¥p1) )
(P—ki¥pt) (P-r1¥-p1) (brr¥-p1) (b—k1¥P-p1)

potentially nonzero two point expectation values with the second matrix determined by
the first and all matrix elements vanishing unless k= p .

For this reason it is algebraically convenient to combine the four internal physical
fields v¥x1, ¥ k|, Ykt and ¥_i) into a pair of 2-vectors

z)- (o)
(k) = =1 -
®=(g@) = (&
W(k) = (1(k) Ca(k))=(Per P-x)
called “Nambu fields”. The external physical fields are combined into

$'(k) 3 ( Pt )
@ k = = -
*) (‘I’z(k)) 7 \é-n
B(k) = (B1(k) B2(k)) = (P b-k1)0”
Note that the external fields are twisted by ¢*, the third of the Pauli matrices

1 _ 0 1 2 0 —'l 3 _ 1 0
"_(1 0) "“(z‘ 0) "“(0 —]

With this vector notation all potentially nonzero expectation values are contained

(k) T;0p)) ) = ( <§£b_'°§f;£;>> ég’!’_"ﬂ‘_”i)) = (2m)*+16(k — p)S(k)
and
((Zi(k)®i(p)) ) = —(2m)™+ 8(k — p)S(R)"
while

g j _ | ($rr¥pr) <‘/’k bp >
(<\P (k)% (p)>) - ((‘;—leﬂb;) <J’—i:1%5—:1>)

and ((‘i’t(k)‘ifj(p») remain identically zero.

Lemma ILI.1 Suppose the generating functional S inherits the symmetries (ii,ii1,1v) and
(vii) from the action A. Then

(kR wm)) = ((T®T;E)) = 0

Furthermore
S(ko, k) = S(ko, k|) S(0,k) = S(0,k)*
Saa(k) = —511(Tk) S1(k) = S_H(Tk)
S22(k) = S'_gz(Tk) S12(k) = S_M(Tk)
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Proof: The first statement has already been proven. The identity
S(ko,k) = S(kOalkl)

is an immediate consequence of the symmetry (ii1). Next

(Pk1¥—p1) = (b-r1¥—p1) = — (P-p1¥P—k1)
= "<¢TpT"LTkT> = —511(TP)(2”)d+15(TP—Tk)
= —Sll(Tk)(ZTF)d+15(k — p)

S2a(k)(2m)* 1 6(k — p)

In passing from the first to the second line we used SU(2) invariance with

(0 i
I9=\i o

To pass from the third to the fourth line we used invariance under spatial reflection.

Similarly,

S12(k)(2m)*18(k — p) = ($rr¥—p)) = —(bTarP-1p1) = (P-Tp1PTrt)
= S21(Tp)(27)*"*'6(Tp — Tk)
= 521 (Tk)(27)* 1 6(k — p)

We used CT invariance in the second line. The proof of the third and fourth identities is
similar.

The third fourth and fifth identities may be combined to give S(k) = S(Tk)* .
The last identity follows at once. =

Formally, the Grassmann-Gaussian measure in Nambu fields is
du(%,%) = 3-exp {—f dk \i'(k)(ikoll—e(k)a?’)‘ll(k)} knid\pi(k)d‘i:,-(k)
and is rigorously characterized by its characteristic functional
[e[§T]+[®§] duy(e,@) = e<HOE>

where the covariance

((Z(R)5(p)) ) = (2m)**6(k — p)O (k)
with

~ 1 ikl 4 e(k)e® [ [iko — e(k)]" 0
k) = ikoll —e(k)o® k2 +e(k)? ( 0 [ik0+e(k)]"1)
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The generating functional (I.1) becomes, in Nambu fields,
S(®,8) = log %/e[;mw] e~ VE B8O [k ¥ WD) g g F) (I1.2)
where

V(P,¥) =2 [ dsdtdg(P(t+2)0* ¥(s+1)) (t+8,—t+2|V[s+2,-s+2 ) (P(-t+2)0* ¥(-s+1)
2 2

(11.3)
Define the real numbers A; and A, by

A = Sl = k)
By Lemma II.1 '

H = —Su(0, [k = kp)
Let dua be the Grassmann-Gaussian measure with covariance

Ch = - 1 _ _ikg]l+e(k)a'3+A
tkoll — e(k)o® — A kZ + E(k)?
where
A = Ajo! + Ayo?

and

E(k)? = e(k)? + A? = e(k)? + AZ + A2
When ko =0 and |k| = kr the off-diagonal components of

[ #®©2) dua(%,9) = - (“““““" By — i

e : : 2m) 15k —
kg + E(k)2 A] + ?,Ag lko — e(k)) ( Tr) ( P)

are exactly the off diagonal components of S(k).

We want to treat the interacting Fermionic measure as a perturbation of dua.
For this reason, we multiply and divide by

ef ak F(k)AFE(k)

to obtain

S(Q,Q) — g % —V(‘I’,‘i’)—csy.[\i’a ¥] dﬂ'

/e[§~p+{:4] o~ V(X ) —bu[ ¥ F]-[FAT] [FAT] dji

NI*-'
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Define a new proper self-energy by

1
iko — e(k)o® — A — X(k) (

S2(k,p) = 2m)**16(k — p)

Inverting,
X(k) = ST (k) —iko + e(k)o® + A

To be consistent with the definition of the physical chemical potential x it is necessary
that

¥11(0,kp) = X22(0,kr) = 0

To be consistent with the definitions of A; and A, it is necessary that

S12(0,kr) = Ci12(0,kF)
Szl(O,kF) = Czl(O,kF)

Since C11(0,kp) = 022(0, kF) =0 a.nd

S11 Sz _1: 1 S22 —S12

S21 S22 det S \ —S21  Sn
the conditions on ¥;,(0,kr), X22(0,kr), S12(0,kr) and S»1(0,kr) may be combined
in

2(0,kr) = 0 (I1.4)

We must renormalize to ensure that the condition (II.4) is fulfilled. That is, we
introduce the renormalized action

Ap(T,¥) = —V(¥,¥) - / dk ¥ D(Ap,a) T} — / dk Wi (iko—e(k)o® — A) T,
and generating functional

Sr(®,8) = log & /81&w+§§1 e VEY)- [ ak (WD) g (IL5)

One can prove [6] that, for each A;, A, and p , the counterterm
D = Dy(\, p, A)at + Dy(A, i, A)o® + Ds(A, p, A)o®

is uniquely determined as a formal power series in A by the renormalization condition
(I1.4). The coeflicient Dj; is the difference between the bare and physical chemical
potentials. On the other hand, there are no physical parameters to shift to accomodate
D, and D, . Therefore, the constraints

Dl(AHu,A) = A1

(11.6)
DQ(A, K, A) = Az



512 Feldman et al.

must be imposed to ensure that
Sr(®,®) = S(®,®) (IL.7)
The constaints (I1.6) are a nonperturbative analogue of the BCS gap equation.

In the Nambu notation, the number symmetry is given by
(k) — €% W(k)
(k) — T(k)e "
The result of applying the number symmetry to a quadratic monomial is
¥ (k)o? T(p) — ‘i'(k)e—waa ajeioaa‘ll(p)

B ol cos 26 + o2 sin 26 Fe=1
= W(k){ —c'sin20 +0%2cos20 ;=2 ¥(p)

o® 3=3
so that
Ar(e® T, &) = _V(T,T) - / dk W R(20)D(2,p,8) T
—/ dk \i’k(iku—e(k)03 = R(249)A)'I';e
where
cos@ —sinf 0O vy
R(0)(oc-v)=0c-| sinf cosd O vy
0 0 1 V3

Recalling that the counterterms are uniquely determined as formal power series, we obtain
D(As H R(zo)A) = R(ZQ)D(Aa Hy A)

It follows from the last identity that the set of solutions of (II.6) is invariant under rotations.
If (I1.6) has a nonzero solution then

D%(AHU“JA) + Dg(AH“"A) = Ag + Ag
determines A% = A% + A2 as a function of X and g, but A;/A, is completely free.
We have shown that the assumption that
S2(0,kr) = Ca(0,kF)

forces |A| to be a solution of the BCS gap equation. However, the phase of A has not been
determined. It must be fixed externally by imposing, for example, boundary conditions.
To select a particular solution A of (I1.6) we introduce a term rA, r > 0 in (I1.2)

S(®,®,r) = log % / JEE+TE e—V(‘I’,‘i’)-i-ftfk ¥ (k) [rA—bpc®] ¥ (k) du(¥, ¥)

= 'SR(§’ éa T‘)
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where
(SR(Q,@,T‘) — log _31: /6[3‘1’4—‘1’*] e—V(‘I’,'i’)_fttk ‘if(k)(D-—rA)‘I’(k) d[.LA('I’,‘i’)

provided
Dl(A,[J,,A,T) = Al
Dg(A,p,A,?‘) = Az

The counterterm D is now determined by the r dependent renormalization condition

2(0,kp,7) =0
The limit,
].iI(I]1+ Sr(®,®,r) (T1.8)

subject to the constraint, imposes “boundary conditions” on (II.2).

To give mathematical meaning to (II.8) we regularize and take an additional limit.
For convenience we use a slice cutoff on a continuous momentum space rather than the
periodic boundary conditions in the statemnet of the “Theorem”. Precisely, fix M > 1
and introduce, for each integer h < 0, the regularized propagator

pr(k)
ik — e(k)o® — A

on(k) Ca(k) = (IL9)

where

pu(k) = Y F(M7H(k] + E(k)*))

0>i>h
and f(z), ¢ >0 ,is a smooth function satisfying

0 mSlormE%]\/I‘1

fle) =
1 IM*<z< M

1= ) f(M*az)

i€EZ

Observe that ps(k) smoothly excises a shell of thickness M" about the Fermi surface.
The ultraviolet end of the system is finite. Nevertheless, for convenience, an ultraviolet
cutoff is also included.

The generating functional at cutoff h is

Sr(®,8;r,h) = log & /e[&w+~i»§] e VE [ kT BD-r0E®) g (g ;)
(IL.10)
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where dua(¥,¥;h) is the Grassmann-Gaussian measure with the regularized covariance
(I1.9). By a slight generalization of [1, Lemma 5], Sp(®, ®;7,h) exists. That is, for all A
in an h-dependent disk around zero, each of the connected Euclidean Green’s functions

2§ _ L s
— Sg(®,®;rh e
,-1;[1 6@, (&) R ) 11 5®;, (&)

is a well-defined distribution on IR?P(¢*)  In particular, the coefficients Dy(A, p,A;r,h)
and Dy(A,p,A;r,h) of the counterterms are convergent power series in A uniquely
determined by the renormalization condition

%(0, k| = kp;r,h) = 0

Our goal is to rigorously control the limit

lim lim Sg(®,®;r,hk)

r—0+ h——o0

subject to the constraint
Di(A, p, D57, k) = Ay
Da(A, py Ajryh) = Ay
and construct the many Fermion system (I.1). An important ingredient will be Ward

identities for Sg(®,®;r,h) .

We now derive the simplest Ward identity for Sg(®,®;r,h) using the global
number symmetry. The action at cutoff A is

P - B . - = o ikg—e(k)o®—A
R(Y, ¥;r,h) = —V(¥,¥)— [ dk Tp(D(rpa) - rA)Tx— [ dk T (F=02=2) W,

Of course, P+(’°) is infinite outside the support of px(k) . We only use this action to
motivate a Ward identity in which

= . 3_
- / dk B, (Reel)ei=0) g,

is absorbed into the well-defined Fermionic-Gaussian measure dua (%, ¥;h) .

Now, under the number symmetry,

T(k) — %" W (k)
B(k) — F(k)e %’

the action

Ag(¥,¥;r,h) — Ag(¥,¥;r,h)— / dk ¥(k)(R(20) — 1)(D — rA — 255) ¥ (k)
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and . o,
[@F + TB] — [Be'? T + e % P)

To accomodate the new terms generated by applying the number symmetry to the action,
we generalize (retaining the same name) the generating functional by allowing the external
field to be a self-adjoint traceless matrix valued function J(k) = Ji(k)o! + Jo(k)o? +
Js(k)o* of k. Namely,

Sr(®,®,J;7,h) =log 3= /eﬁww] TR A e dpa (¥, %;h)

Formally, the simplest Ward identity is
Sr(®,®,0;7,h) = SR(e_w"a‘I’,@emaa,I(G;h);r,h) (II.11a)

where
I(6;h) =(Dy — rA; — 717)(1 — cos 20, —sin 26,0) - o

(II.11b)
+(Dy — rA, — pu(k) )(sin28,1 — cos26,0) - o

Again, the factor 1/pn(k) in I(6;h) is infinite outside the support of px(k) . However,
integration against dpa(®,¥;h) produces compensating factors of pi(k) . For example,
integrating by parts,

/ T ( / dk B (k) 1(6; h)'I'(k)) F(¥, %)

)

}?(q?,ﬁ?)giﬁzﬁj

=~ [ dustesar e [k Cal®) a7 10 1) Ca k) g

— tr fd‘k Ca(k)pr(k)I(0;h) x /dp,A(q:,\if;h) F(¥,9)
The odd looking factor 1/pn(k) in I(€;h) is an artifact of the smooth cutoff
~ pr(k) , which was chosen for technical reasons in [1,2,5,6]. A smooth cutoff is particularly

useful when estimating renormalized diagrams. If periodic boundary conditions are im-

posed to regularize the infrared singularity, one obtains a, perhaps more natural looking,
Ward identity. Let L > 1 and define

i} - -
SR({’,&,J;T-,L) - log E':':l: /e[Q'I'-{—\In}] E—V——ETL T F(k)(D-ra-1)¥(k) d,uA(‘I'.'i’;L)
where the Grassmann-Gaussian measure

dpa(®,&;L) = 515 exp{ Z Ld+1 (k) (iko—e(k)o® — A)\Il(k)} kHid\Ili(k) d¥;(k)

All sums and products over k are restricted to those points of the dual lattice
that lie in the shell 0 < k2 + e(k)? < 1. The corresponding Ward identity is

27 7d+1
TZ

Sr(®,®,0;r,L) = SR(e“w“ai’, ‘i’eie"s, I(6;L);r, L)
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where now

I(6; L) =(D; — rA; — Al)(l — cos 26, — sin 29,0) o
+(D2 — rA, — Az)(sin 28,1 — cos 29,0) -0

We next give a sample application of the Ward identity derived above. The
renormalized four point tensor S/*;,:,**(s,t,¢;J,h) is defined by

54 i3 13 (k17k21k31k4)'] L h’) = Szliz i3i4(37t7Q) J;T:h) (zw)d+15(k1 - k2 - k3 +k4)

where
s = %(ks -+ k4)
t= %(k1 + k2)
q=1ks—ky
and
S;i‘l:z 131’4(61:&2%533&.4)-]}1) S (@ Q J T h)

6§|1(61)6‘I’:4(£4) 6*’2(52)6§13(§3) F= § 0

We show that some components of the four point tensor S;‘iziai“(s,t,q; J,h)
necessarily develop a singularity at ¢ = 0 in the limit h — —oco and then J — 0.
Differentiating the Ward identity (I1.11) with respect to § and then setting 6 = 0 yields

<z’[<i>a3\1' — 53] +/dk \I!(k) (0 h)\Il(k)) w0

where the expectation symbol

fF e[§¢+@§}e—v{~r,@)—f ak T(k)(D—rA)E(k) dpin (% &:h)

<F) rh = - <
I BT+ EE]  ~V(T )= [ dk (k) (D-rA)E(k) dpn (k)

Note that the expectation (F), , depends on the external fields &,®.
For any v = vi0! 4+ 720% + y30° set
7' =30’ = mo? - po’ (IL.12)
In the event that v = y,0! + v,0?
v = —io’y
Evaluating the derivative of [

ol

88(0 h) (D1 — TAl = pTA(kL))(O’ —2,0) o+ (D2 = T‘Ag = ﬁ)(Z,0,0) A

=2(r — 1+ 545 )A%
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provided the BCS constraints are fulfilled. Substituting

o <]d‘k 'i’(k)A#‘I'(k)>,.,h = <i[‘i’a‘3‘1’ — 03] + Z/d‘k T(k)(1 - phl(k))A#‘I’(k)>r,h
| (1L.13)

Next, differentiate (I1.13) with respect to ®(p;) on the left and with respect to
®(p2) on the right and set & = & =0.

(@ ¥ 0 o] = 20 (W) FE); [ arEAIEH)

0,nh

v2 [ @ B0 ()T () FRAT(R)),

The notation (F), , , designates that (F')_, is evaluated at ® = & = 0. The truncated
expectation value

(F§G)r,h = <FG>r,h - (F)r,h (G)r,h

Let F and G be monomials in the fields. The subtraction built into (F;G), , “connects”
F to G. Diagramatically, the fields in F' and G are represented by ingoing and outgo-
ing half-propagators. The Feynman diagrams contributing to the truncated expectation
(F;@G),,, have the property that every half propagator of F is connected to some half
propagator of G and vice versa. By contrast to the fully connected expectation Sy, these
graphs need not be connected.

By definition,

lim  lim [(‘I'(Pl);‘i'(l’z)),.’h,ff"i] = [Sa(p1,p2), o°]

r—0+ h——
= [S(p1), o°] (2m)* é(p1 — p2)

Restricting p; and p; to the Fermi surface, assuming that the number symmetry is broken
(that is, A # 0) and recalling the renormalization condition (II.4)

Jim lim [(‘I’(Pi);‘i'(pé)),.,h : 03] = [Ca(pl), *] (2m)*&(p} — p3)
Al
~ %8 em)s(s} — p3)

£ 0

where

p' = (0, £ v2mp)

In the event that the limit

r—0+4+ h—

it ()% [ dk (A0

R
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exists and is finite, we conclude that

N o i g
- 2z (@06, ~py) = lm lim [ dk R0 (R(p) B (p2); B(R)ATE(R)),,
Assuming that the right hand side approaches zero as the ultraviolet cutoff is removed,

we get a contradiction for all sufficiently large ultraviolet cutoffs. So, the limit cannot be
finite. See [9, (8-115)] for a similar result.

§II1 String and Ladder Amputation

In this section we study the topology of connected graphs constructed from 2n vertices e,
n interaction lines Apnpn, and n—e particle lines _, . Bach vertex is attached
to one interaction line, at most one incoming particle line and at most one outgoing particle
line. Thus, there are four possible configurations at a vertex:

By definition, a vertex has 1 — a “incoming external particle legs” and 1 — 8 “outgoing
external particle legs” when it is attached to a incoming particle lines and 8 outgoing
particle lines. External legs are not part of the graph. However, it is convenient to draw
them in to aid enumerating them. Our goal is to decompose each of these graphs having
e > 6 external particle legs into an amputated general vertex and a set of general ladders
and a set of general strings. When e = 4 the graph is expressed as a general ladder with
two particle irreducible rungs joined by pairs of strings.

The first step is a topological classification of all pairs of intersecting four legged
subdiagrams. A subdiagram H of G is determined by a set of one or more particle and/or
interaction lines of G. By definition H is the union of the lines and the vertices at the
ends of the lines. A line of G \ H is an external line for H if it is attached to a vertex
of H. An external leg of G, say at vertex v, is also an external leg of H if v € H. Two
subgraphs H; and H, overlap if

HiNH,#0 H,¢ H, H,¢ H,

Lemma IT1.1 Let H be a connected graph which is the union of two overlapping subgraphs
H, and H,. If H, and H; each have two ezternal particle legs and no external interaction
legs then H must be of one of the two following forms:

If H is not a vacuum graph, the second form is ruled out.



Feldman et al. 519

The first form is read as

H, =

H, =

or with H; and H, exchanged.

Proof: Any external line of H; N H, must be an external line of H; or of H, or of both.
Hence all external lines of H; N Hy must be particle lines. Let

n; = the number of external lines of H; N H, belonging to H;
n, = the number of external lines of H; N H, belonging to H,
ng = the number of external lines of H; N H, not in H

Since H; ¢ H; N Hy and H is connected, n; > 1. Since H, ¢ H, N Hy, ny > 1. Since H,
and H,; have two external legs, n; +ng < 2 and nz + nyp < 2. As n; + na2 + ng must be
even, we must have n; =ns =1, ng =0o0rny =ny =2, ng = 0. |

Corollary II1.2 Let G be a connected graph with external legs ¢y, -+, L., € > 4. For
each 1 < i < e either there is no two legged subgraph of G having & as an external

leg, or there is a unique mazimal two legged subgraph S; of G with &; as an ezternal leg.
Furthermore S;NS; =0 forall 1 #£7.

By definition the string-amputation of a connected graph G having four or more
legs is gotten by deleting each S; together with the line of G that is an external line of S;.
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Lemma IT1.3 Let H be a connected graph which is the union of two overlapping subgraphs
H, and H,. The subgraph H, need not be connected. If Hy and H, have two and four

ezternal particle legs respectively and no external interaction legs then H must be of one
of the following five forms:

i1)

#1) w)
v)
Proof: Asin the proof of Lemma III.1,
ny 21 ng 21
ny +ng <2 ne, +ng < 4

ny +np +ng € 2Z

Consequently, (n;1,7n2,ny) must be one of

n 11 1 2 2
ns 1 2 3 2 4
ng 0 1 0 0 0

form (2) (i) (s2) (dv) ()

For example, (n;,n2,np) = (1,3,0) implies that the subgraph H; and H, each one external
leg which is external to H. This gives form (7). ]

Lemma ITI.4 Let H be a connected graph which is the union of two overlapping subgraphs
Hl and Hz. Tha.t s H = H1 UHg, Hl ﬂHg 7& @, but H]_ Q’: H2 and Hg ¢ Hl. Note
that H, and H, need not be connected. If Hy and H, each have four ezternal particle legs

and no ezxternal interaction legs then H must be of one of the following ten forms or their
reflections about the central shaded square:
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3] == - i)
ii3) iv)
v) ] vi)
V1) viir) |
) z)
Proof: As in the proof of Lemma III.1,
ny 21 ny 2> 1
ny+npg <4 ny +np < 4

ny +np +ng € 22

We have the table, for ny > n,,

n 11 2 3 2 2 3 4 3 4

ns 11 1 1 2 2 2 2 3 4

no 0 2 1 o o0 2 1 0 0 0
form (i) (4) (i) () (v) (vi) (vid) (vies) (iz) (=)

In preparation for amputating generalized ladders from many legged graphs we

prove
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Theorem II1.5 Let G be any string-amputated connected graph with e > 6 external particle
legs and no external interaction legs. Let G; and G, be overlapping four legged subgraphs
of G without ezternal interaction legs. Furthermore, assume that G; and G, each have
precisely two legs external to G. Then we have one of the two possible configurations:

11T
111

Proof: Define H = G, UGy, Hi = G;, H = G2. As G is connected and string-
amputated, G; and G, and consequently H are necessarily connected. It now suffices to
apply Lemma III.4 and then connect H into the rest of G in all possible ways. The two
permissible configurations arise from Lemma III.4 forms (i) and (iz). Forms (i), (wiz),
(viii), (iz) and (z) are ruled out by the requirement that G have two legs external to G.
For forms (v) and (vi), if G; and G, were each have two legs external to G, then G would
have a total of four and two external legs, respectively. The configurations

arising from forms (¢2) and (i2) are not string amputated. I

Corollary II1.6 Let G be a string-amputated connected graph with external particle legs
¢y, -+, L., e > 6 and no external interaction legs. Define £; ~{€; ifi = j or if £;,¢;
are the external legs of a four legged subgraph of G which has exactly two globally external
legs. Then ~ is an equivalence relation and the corresponding equivalence classes have one
or two elements.
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Proof: We show that if 7, 7 and k are three distinct indices then either : % j or 1 # k.
Otherwise, there would have to be two overlapping four-legged subdiagrams, with one of
the subdiagrams having ¢; and ¢; as its globally external legs and the other having ¢; and
£} as its globally external legs. This contradicts Theorem III.5. u

The graph below contains no four legged subdiagram with precisely two globally
external legs. Hence its equivalence classes are all singlets.

We define a connected graph to be one particle irreducible (1PI) if it cannot
be disconnected by cutting one particle line. Let G be a string amputated, connected
graph with e > 6 external legs. Then by Theorem IIIL.5, there is, for each pair of distinct
equivalent external legs a unique maximal four legged 1PI subgraph whose globally external
legs are the given pair. Furthermore, the 1PI subdiagrams corresponding to different
equivalence classes are disjoint. By definition the ladder amputation of G is gotten by
removing all of these 1PI subdiagrams. For example, under ladder amputation

— - e o
= 0 . = 0
— M [ ~ -
and
| |
| —H —  _, — -
T — — T —

| 1

Thus the ladder amputation of G need not be connected. For example
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We now take a closer look at the structure of the “ladder” subgraphs that are
removed in the above amputation process. Each such subgraph is four-legged, connected
and string-amputated. Furthermore, the four external legs are paired into two incoming
and two outgoing legs. Such a diagram is said to be channel 2PI if it is impossible to
disconnect the pair of incoming external legs from the pair of outgoing external legs by
cutting at most two particle lines.

Let G be a connected, string-amputated four-legged graph with two of its external
legs designated as incoming and the other two designated as outgoing. Let H; and H; be
four-legged subgraphs of G and suppose that G’s incoming external legs are also external
legs for H, and H,. We claim that, if H, # H,, then H; and H; cannot both be channel
2PI. If, for example, H; is properly contained in H;, then H; is disconnected by cutting
the internal line(s) of H, that are outgoing external lines of H,. If H; and H, overlap,
then only form 1) of Lemma II1.4 is possible and neither H; and H, are channel 2PI. Thus
there is a unique channel 2PI subgraph of G containing G’s incoming legs. Remove this
subgraph and string-amputate the result. This leaves another connected, string-amputated
four-legged graph. Iterating, we get

Theorem IIL.7 Let G be a connected, string-amputated four-legged graph with two of its
ezternal legs designated as incoming and the other two designated as outgoing. Then G
has a untque decomposition

e D = o T B =~ =

e —tF

Here, the four legged bozes are channel 2PI.

The results of this section will be used in §IV to interpret the Goldstone Boson
propagator graphically.
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§IV The Ward Identity

We now use a local gauge transformation to derive a more general Ward identity. Let P
be a general propagator and define the action, Ag(¥,¥,®,®,J;r, P) by

AR(¥,%,8,8,7;r,P) = A0, ,8,8,J;r) - /dk &, P10,
where
A, 0, %,8,77) = (B + 8] - V(¥,¥)— [2 WOD-rA-TO)F(E)

and

A = Ao + Age?

D = Dio! + Dyo? + D3o®

J(€) = (8o + Jo(€)a’ + T5(€)o’

The interaction V(¥,W¥) is defined in (I1.3).

If P = ppCa with cutoff p, (see (II.9)), then the counterterm D =

D(X, p, Aj7,h) in
Ap(¥, ¥, & &, J;7,h) = Ag(¥, ¥, ®,&,J;7,p,Ca)
is determined by the renormalization condition
2(0’ |k| = kp;m,h, A) =0
The generating functional corresponding to the action Apg is
Sr(®,®,J;r,P) =1log L fef‘ﬂ‘l”‘i”*'*w’"'-”) [1d¥i(k)d¥ (k)
ki

There is some redundancy in this generating functional. The expectation value of F(¥, ¥)
is

JF(0, )eArTE 2 2I0P) ] dWi(k) dF (k)

<F(‘I'"il)> o J’eAR(Q,'i',é,-i,J;r,P) Hk,z’ dWi(k) d¥ ;(k)
Differentiating ;
(2m)*1 Gy Sn = (F'(0)
and
(@m0 st (W) (k)) - (k) (k)

6&,(k) “F 683 (k)

(T(k); T ;(k))
where the truncated expectation value
(F;G) = (FG) — (F) (G)
We have
o

TSt = e Y [~ e e — (S Sn ) (S b))

i,J

= @M o [ Sn S + (S 5% ) (57 S )]
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Theorem IV.1 (Ward Identity) Suppose that the interaction
(ky, k2| Vks, ka) = V(ky—ks)

on the support of the delta function 6&(kitks—ks—ks). Let 6(€) be a smooth function on
IR . Then

Sr(®,®,7;r,p1Ca)
— 8g (e-w(e)asq, , P06’ ’ e—iG(E)GBJ(é)eiQ(E)"s +I(6;h) ; 7, prCa +P(9,h))

where

I(6;h) = (1- r)(ﬂ = R(zo(g)))a
= A;(1 —r)(1 — cos26(£), — sin 26(£),0) - o
+ Az(1 —7)(sin 26(€),1 — cos 26(£),0) - o
P(8;h) = pa(k)(Ca(8) = Ca) + (74O pu(k)e™ O — py(k)) Ca(6)
Ca(8) = e~ 106)° o, £i8(6)0°
1
iko — 12203 —e(k + a3V0) o® — R(20(£))A

when the BCS constraints D; = Ay, Dy = A, are satisfied. An operator f(k)g(&) 1is
multiplication in position space by g(£) followed by multiplication in momentum space by
f(k).
Recall that
cos§ —sinf O 0
R(#)(v-o)=| sinf cosf O v | -0

0 0 1 V3
Elementary manipulations yield
00 5 2 _3
P(O;h) = pr(k)Ca(0) 157 + 5= (k-V8+ V8- -k+(V0)>c®) — (1 - R(20))A ) Ca

'S (emie(f)o‘aph(k)eie(f)aa _ Ph(k)) CA(B)

Proof: To obtain the Ward identity we make the change of variables

T(£) = O @'(¢)
T(¢) = T'(§)e O
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and use L, .
e—:Ocr 006100 - 0,0
e—i00% 51 iba” _ cos 20 o' + sin 20 o
e""w"ra azem"a = —sin 20 o + cos 20 o
e—ieca o3 ei303 — o3

Now
V(¥®,¥) = %/d&dﬁz (T(£1)o* T (&) V(E1—&) (T (&) T (£2))
— V(¥ )
and

- f dk T(D—rA)¥), = — [ de T'(£)e~007° (D —r A0 ' (¢)

- ] de B'(€)(D—rA)T'(£)— [ de &' (£)(R(26) — 1)(D—rA)T(¢)

The field (¥, ¥) is a Grassmann-Gaussian process with covariance pn(k)Ca so

that (', ¥') is a Grassmann-Gaussian process with covariance e=*&°p, (k)Ca ei0(&)e
Hence

P(8,h) = e O p,(k)Cae®O7" — py(k)Ca
= 7O ) (k)" Cp (8) — pa(k)Ca
= pa(k)Ca(0) - pa(k)Ca + (e7O7 pu(k)e O — pi(k)) Cal(0)
Subtracting
pu(k)Ca(8) — pn(k)Ca

= pu(k)Ca(0) (ig—za:” +e(k+0°Vl)o® —e(k)o® — (1 - R(ZG))A) Ca

= pn(k)Ca(8) (ig—ga”* + 5= (k- VO+VO-k+(V8)’0®) — (1 - R(ZB))A) Ca

Recall that, for v = 710" + 7202 + v30°, the notation v# is defined in (I1.12).

Proposition IV.2 Suppose that the interaction

(k1 ks |V]ks, ka) = V(ky—ks)
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on the support of the delta function 6(kitk,—ks—ks). If the BCS constraints are satisfied,
then

2r (H(E)A#T(E)) — B (T(E)o L)) + 55 é 8;((8; )(€)T(€) — T(£)(8;¥)(€))

= (T B(E)) — i (B(E)r T (E)) — 2 (T(E)T#((E)) + U
+ terms independent of J, ®,®

where

U =tr (A#phCAACA(l — ph) -t (1 - Ph)AuOAACAPh)(fag)
—itr (0" phCaA(1 - pu)Ca(iko —e(K)*) — o*(iko—e(k)*)(1 — p)Ca ACapH) (€, €)

AlL€) = <(6‘I'(£ )Amt) (Al’%t g‘l'(f)» + <g~iv(£')“4i;‘lt gﬂﬂ)

In momentum space

([ @ %o+ (2% - qoo + 55" + 5 (0, 1) ) #(R)

and

= z<f dk (\i‘(k+q)as‘1'(k)—<i>(k+q)a3‘Il(k))> —2</ dk dp 'i'(k+p+q)j(p)#'ll(k)>

+U + terms independent of J, ®, ®

Proof: If dup)(%, ¥) is any one parameter family of Grassmann-Gaussian measures,
then

& [ PO %) dupo (2, %) = - [ durio(¥,9) [dtae' whP(e,6) 55
Hence, for even elements F' of the Grassmann algebra,

Z log feF(w.\r)-fdede'@(s)P‘l(s,e’;e)‘P(f’)Hd‘I'i(k)d‘i’*’(k)
& &

) det5

d

= 1 log Z¢ /EF(T"i')dnu'P(e)(‘I,a\i’)

_ 1 F ! d_ 1, & '] [ [
T T T eFdune /d“P(‘)e ]dfdﬁ tr P8¢ ’E){(s@(gr)F) (Fﬁ‘l'(f)) + .s@(mFWm}

Z d Zo
+ Zo de Z

Now replace §(£) by €6(£) in the Ward identity, differentiate with respect to ¢
and then set € to zero. One obtains the derived Ward identity

0=—3i([6()T(E)*B(E)]) + i ([6(€)B(€)r>T(€)])
+2([8( c)\IJ( )6(E)T*(£)®(€)]) — 2(1 — ) ([6(£) T (6)AFE(£)])

" ]dgdg' tr%;P(f,f';sﬂ)h:O{ ((me ),Alnt) ('Aiﬁtgv(g;)> 3 (;i’({,)m}gt gi'(é)> }

_z_d_&‘
Z, de Z
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We now evaluate the derivatives. Since
AR (T, ¥, 8,2,0;7) = /dn (®(n)¥(n) + ‘i‘(n)‘ﬁ(n))wv(‘l’,‘i’)“/dn ¥ (n)(D-—rA-J)¥(n)

we have

6'1’(5' Alnt §(€ ) 5‘1’({ )V(‘I’ ‘i’) — (D—TA-—-J(&’))\I’(éq)
‘Al}gt g‘I’(‘f) = §(E) (¥, \I') 5% (8) ‘i’(‘f)(D—TA~J(€))
STy AR 5%© = ~55e V(Y Vg — (P-rA-J(§)8(¢ - ¢)

The derivative of the propagator is

LP(¢,85€0)|,_, = —ipnb0*Ca +iphCabo® —i60° prCa +ipnbo®Ca
= —i6(£)o* (prCa)(€ — €') + i(prCa)(€ — £')o*0(E")

Recall that 8(£) is a multiplication operator in position space while pj(k) and Ca(k) are
multiplication operators in momentum space.

Let

A¢,6) = ((ﬂ'(s )Amt) (Aﬁt%ﬁ)) (&1’(5)“411?!57_>
Then
- [ dede g Pe,€5e0)] o, AELE)
= i / dede’ (= i6(€)r* (pnCa)(€ — &) +i(onCa)(€ — €)a°8(¢)) A(¢',¢)
— i [ac o) [ de' tr (o (orCa)(E — &) A(E€) — AEE) (prCa)(E — E)0°)
Since the derived Ward identity is valid for all smooth functions 6(¢) we have
= — i (B(E)* B(O)) + (RO T(E)) + 2 (HETHOT(E) - 201 - ) (B(E)A*(©))
+i [t (*(pCa)E — €) A€, 6) — AE,E) (rCA)E - O)°)
+ R
= — i (B(E)r* B(E)) +5 (B(E)o*T(E)) + 2 (HETHEOB(E) — 21 - 7) (T(OA*F(©))

+i tr (0" (pnCaA)(&,€) — (40aCa)(E, €)0°)
+R

where R is a remainder that is independent of J, ® and &.
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To identify the cancellation between 2 (@({)A#‘I'(f» and the terms containing
A, we use the integration by parts formulae

U(¥,¥)

5% (¢)

b)isr ) PE€)

[ ©UE ) dur (¥, 9) = [dun(w,9) [ de Piee)
[ ¥ dur (¥, %) = [ dun(w,®) [ a (0w,

with P = ppCa and the notation N = fe‘Ai*;“ dup. For any two by two matrix M

( (él)M‘I’ 62 f‘I'(El M'I’(fg)e R dpp = _/trM‘I’(£2)\i’(£1) e'AiIrl“ dﬂ'P

/d,upf dntr M nxv(gz) )H’m (1, 61)
=" P(gz’el)MN_/dﬂP/dn tr M ¥(¢;) (e n 6\11( )) P(n, &)

— —tx P(62,6)MN — [dup [dndn’ 15 MP(2,1') s s P, )
= —tx Pléa, &)MN = N [ dndn' tx MP(&2,1) A m)P(n,€)

or, dividing by A,

(T(&L)ME(&)) = —tr P(é2,6)M — /dndn’ tr M(prCa)(é2 —n")A(n',n)(prCa)(n — &1)
= —tr M(paCa) (&2 — &1) — tr M(prCaAprCa)(2,é1)

In particular
(T(OATE(E)) = —tr A (paCa) (£ = 0) — tr A% (paCa4paCa)(6:¢)

Substituting, the derived Ward identity becomes

2r (T(§)AFT(E))
=i (B(£)o*B(€)) — i (B(6)o*T(¢)) —2(F(E)TF () T(E)) +2(T()AF T(¢))
—i tr (*(PaCaA)(£:6) - (ApaCa)(E,€)0" ) — R
=i (U(E)aB(€)) — i (B(E)o>V(€)) — 2 (L (E)T#(£)¥T(8))
— i 15 (% (PnCaA)(&,€) — (4pnCa)(E, €)0” — 2i A (pCaApaCa) (€, €))
_R’

where now 2tr (prCa)(e=0)A# appears in the J, &, ®-independent remainder R'.
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Multiplying and dividing by Ca
—itr (a3phC’AA — AprCaoc® — 2% A#phCAAphC'A)
= —itr (.;3 phCaACA (iko —e(k)o® — A) — (iko —e(k)o® — A)Ca ACa pho®
-2 A#PhCAAC'APh)
= —itr (0°phCaACA (iko —e(k)o®) ~ (iko——e(k)a-s)C’AACApha"’)
+ ((m(ﬁ _iodA — 2A#)phCAACAph)
= br ( — Ad®phCAACA(L — pr) + (1 — ph)asAC’AACAph)
= —itr (a3phCAACA(iko—e(k)a‘°’) — (iko—e(k)o®)CaACA pha3)
+ tr (A#paCaACA(1 - pa) + (1 — pa)A*CA ACapH)
= —ttr (UsphCAAPhCA(ikO —e(k)o*) — o®(iko —e(k)o’ )PhCAAC'APh)
+ tr (A%paCaACA(1 = p1) + (1 - pr)AYCAACAPH)
it (crsphC’AA(l — pr)Ca(iko —e(k)o®) — o (iko —e(k)o®)(1 — ph)C’AAC’Aph)
Hence
2r (T(E)AFE(E))
=i (B(£)c*®(8)) — i (B(£)o T(¢)) — 2(T(£)T#(£)¥(8))
—itr (USPhCAAPhCA(':kO —e(k)a®) — o*(iko —e(k)aa)PhCAAPhCA)(Es £)
-R +U
where the remainder
U = tr (A%paCaACA(L ~ pu) + (1 - pr)A*CAACARH ) (£,6)
—itr (0*paCaA(1 — pa)Ca(iko - e(k)o®) — o (iko — e(k)o*)(1 — pn)CaACaph)(€:€)
can be expected to disappear when all cutoffs are removed.

If I(£,n) is the kernel of an integral operator, then the kernel of the commutator

d 03]
(ko = Tika)(ey) = = (5 + oo ) HEm)

since

(ko I£)(€) = — [ dn g—&r(e,n)f(n)

(tiko)(©) = - [ dn I(e,n)%f(n)

- [an (%’;I(ﬁ,n)) 7(n)
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So, by the chain rule 5
(koI — Iiko)(&,€) = —B—&I(ﬁ,ﬁ)

Consequently,

—2 tr (UsphCAAphOA(iko —e(k)a3) — 0'3(‘”80 —B(k)o's )PhCA APhCA)(‘fsg)

o)

= - 155'01‘ (UaphC’AAPhOA)(C €) + 5=tr (PhCAAPhCAkz — kzPhCAAPhCA)(f,ﬁ)
.9 § 2

= 1 o prLaAdppa)lG, == TlPprCUAAPRUAK,: — KijpphUAAPRUAKS G,
a&t( Cad c)(§5)+2m§1t( CaAprCak} — k;pnCaAprCak; ) (6,€)

. J_zi;l tr (k;prCa AprCak; — K2 pnCadpnCa ) (6:€)
= —iggt (7*0rCadnnCa)(6:6) - 3 Gte (s1CasonCals) )
(kJPhC'AAPhCA)(E £)
Extracting another derivative
—1 tr (a3phCAAphC’A(iko—e(k)03) — o (iko —e(k)03 )phCAAphca)(ﬁ,ﬁ)

d
_ —t—ggtr (0' phC'AAphCA) (€,6) — L ; [3—th (p,‘,,cgﬁAt,:»,,c'A)(5,17)|17 e]

1 o o
— ; %, [_256—,“( hCAAPhCA)(E’n)|n=§]

= 2 (O ¥(6)) - 55 T 0 (ENOE) + 55 3,0 (MO0
+ terms independent of ®,®
Recall that

fF(\I’,\i’)eAR(‘P"I"*’*‘J;T’P) Hk,i d‘I’i(k) d'i’i(k)
f eAr(¥, ¥ ,%,&,J;r,P) Hk,i d¥i(k) d¥;(k)

(F(¥,¥)) =

depends on the external fields J, ® and ®.
Finally, the derived Ward identity becomes

2r (B(E)A* L (€)) — iy ((€)0* ¥(0)) + 51z _z 8;{(6;%)()%(6) — L) )(¢E))
= i () 2(0)) — i (B(E)° T(e)) — 2(L(T*(O)W(E)) - R" + U
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as claimed.

Now apply [dfe~i<#€>- 1o both sides of the derived Ward identity.
2r< / dk B (k+q)A*T(k)) - q0</ dk \i’(k+q)a3\I'(k)>
it Jé g / ak{ (a5 + k;) B (k + q) B (k) + k; B (k+q) (k)
=i</ dk \i:(k+q)a3«1>(k)> —i(/ dk i-(k+q)a3~p(k)>

- 2(/ dk dp B (k-+p+q)T(p)* W (k) — B + T

</ dk ¥(k+q) (ZTA# — qo’ + Ej;n—qz + # (q,k) )‘I’(k))

- / ak (B(k+9)o* B (k) ~ B(k+q)o* B(R)) ) — 2( f dk dp & (k+p+q)T(p)* T (k))

(@, By, = LEEBAEE0D) [, dT(E) dbi(h)
! 0o feAH(‘I',‘i',O,O,O;r,P) Hk,i d\pi(k) d‘i’i(k)

denote the expectation with the external fields ®,® and J set to zero. Recall that the
two point function is

(T (k) 5(p)) ) = (20)* 8k — p)S(R)

Proposition IV.3 Suppose that the interaction
(k],kle|k3,k4) = V(kl—kg,)

on the support of the delta function &(kitk,—ks—ks). If the BCS constraints are satisfied,
then

() E(t+q+p) ;/ dk ¥ (k+q)(2rA% - goo® + 7ha® + & (a,k) ) (k)

s i(S(t)aa — a2 S(t + q))(zw)““&(p) + 2;(0172@(W>(0)
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Proof: Recall that the expectation depends on the external fields. Differentiating on the
left with respect to ®(p;) and on the right with respect to ®(p;) and setting # =® =0
yields

(®(2:)¥(p2) 5 j ak F(k+q) (2rA% — uo® + 7 + & (a,k) )T (k)
- i<‘I’(p1)‘i’(p2+q)a-3 P W(py — q)\i’(pz)>0 + 5T 5(0)

== i(S(pl )0'3 - U3S(P2))(2")d+16(P1 —p2—q) + g.i,(pl)Ug*(Pz)(O)

Finally make the change of variables
p1 =t
p2=t+q+p

Introduce the notation

Qu(A(£)) = / de e I<UE - B(£)A(E) T(€)

= / dk dp ¥(k+p+q)A(p)¥ (k)

for a general quadratic polynomial in the Grassmann algebra. When A(§) is a constant in
position space, its Fourier transform has a delta function forcing p = 0 and Q simplifies to

Q,(4) = f dk B(k+q) AT (k)

Define
(Qm(A); e Qpn(A)3 qu(A#)5 B qm(A#))o
_ d+1)(m+n)é 6 é ) & : .
= (2m)\ D s - ey S Sy SR(0,0,58 + 5% A%;m paCa)| ;s

Proposition IV.4 Suppose that the interaction
(k1 ka|Viks, ke) = V(ky—ks)

on the support of the delta function &8(kitk—ks—ks). If the BCS constraints are satisfied,
then

= 22 (Qatpi(A%); Qp (A); -5 Qpi(A); -5 Qam (AF))

i=1

(d+1)(m+n)é ... 8 [ .. 8 rT
+(2) o0 Gen e 5 V=it =
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Proof: Upon evaluation at ® = & = 0 and J = jA + j#¥A# the Ward identity of
Proposition IV.2 becomes

(Qq (27‘A# — qoo® + i%{qz + "::I (q,k))) = -2 (Qq(jA# - j#A)> + U + terms indep of J

d+1 +n)é .48 [ [ e FPE :
Now apply (2m)(“*Dmt™ s - Stomy i@+ $7%(amy 2nd set j = 5% = 0 to give

<Qq (2TA#_‘10‘7 T3 q b ( :k));Qm(A); 5 Qpa(AD); Qm(A#) """ Qq,.(A#)>

== 22 (QQ'FP&(A#); Qp;(A); # s Qy".(A); cen qu(A#)>0

+2) (Qetai(A); p (A); -+ Qs (A )55 Qg (A7),
i=1
(d+1)(m+n)é 8 ) r7
+(27) §i(p1)  8i(pn) 6:%(q1) 6J¥(Qm) U1 =j¥=0

since, for example,

(2m)* Sy Qe A — j#A) = (2m) 1 sy f‘fk dp T(k+p+q)(i(p)A* — j#(p)A) ¥ (k)
= / dk B (k+py+q)A* (k)

= Q'H'Pl (A#)

Corollary IV.5 Under the hypotheses of Proposition IV.4

"'(QO(A )i @pa (D)5 2pa(A); Qq;(A#) qu(A#)>0

- Z (Qp(A#); Qi (A); -5 Qpi(A); -5 Qg (AF)),

+ Z (Qai(A); Qpy (A);+++; Qg (AF); -3 Qg (A#)),
1 (d+1)(m+n)é .8 s .6 T
2(21r) 5i(p1)  87(pn) 65%(q1) Ji#(qm)U|j=j#=0

In particular, when all the external momenta are zero
((Qo(A))" (Qu(a*))™™) = = n((@a(a))"" (Qu(a*))™),
+m {(Qo(8))™ (o(a®))"™ ™).

3 n 5 m o
e %(27‘.)( +1)(m+n)( J(o)) (——61,#(0)) Ulj:j*:o
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§V Power Counting and the Goldstone Boson Propagator

In this section we write the model (I.1) in terms of an intermediate boson field and examine

its power counting. Superficially, the power counting is nonrenormalizable. However,
Corollary IV.5 is applied to show that this is not the case. We also use the results of §III
to define the Goldstone Boson propagator in perturbation theory.

We split the interaction (II.3) into an “effective interaction” and an “irrel-
evant” remainder. In [2, 6] it is shown that the dominant part of the interaction
(t+4,—t+ %|V|s+%,—s+%> is that with ¢ ~ t', s ~ s' and ¢ ~ 0. Recall that
t' = (0,kpt/|t]) is the projection of ¢ on the Fermi surface. So, consider the reduced
interaction

%/ ds dt dg P+ Pa+d) (', —t'|V]s', —5") P(-t+ ) P(~a+1)

In this paper we have assumed that the number symmetry is broken in the zero angular
momentum sector. In other words, the zero angular momentum coupling constant Ag
of the decomposition A(t',—t'|V|s',—s') = D] 5, Aama(t',s') into spherical harmonics
obeys Ag < 0, [Ao| > |Aj| for all 7 > 0. We remark that in [6] the coupling constants
Aj were defined by A (t',—t'|V|s',—s') = — >, Anma(t',s') making attractive coupling
constants positive.

Setting Ay = —2g?%, we consider the effective interaction
Vet = —292f ds dt dg Pr(+H) P (—t+DH P (s + D P(s+)
= -2¢° f dpdq (f dti%(z%)'«h(—w%)) B(p,—q) (/ ds¢¢(—s+%)¢1(s+g))
with B(p,q) = (m*6(p+q). If (71,72) is a € valued Gaussian variable with the

real, even covariance

(vi(p)vi(q)) = &:; B(p,q)

e7Vert = / exp (g / d¢ ¥(e) 7(&)'1’(5)) dp()

where v = alq! + o242,

then

Performing the fermionic integration

/e_v‘f‘ du(e,¥) = //exp (g/df W) 76 ‘I’(E)) dp(v)dp(¥,¥)

= / det (1—gCv)du(v)

we obtain (the exponential of) an effective interaction for the intermediate boson field .
Here, v is a multiplication operator in position space acting on C*-valued functions on
R and C is the multiplication operator in momentum space given by

_ . \tpo + e(p)d’®
W) = ) oy
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where p(p) is the characteristic function of the set { p € R*** | P + e(p)? < 1 }. Thus
p(p) imposes an ultraviolet, but no infrared, cutoff on the Fermions.

Formally,

det(1 — gCv)du(y) = e—%(de'v(e)’—logdet(l—gc"r)) I dve®
gERI+

The mean field effective potential per unit volume is obtained by evaluating the exponent
in the line above at a field 4 that is constant in position space and normalizing by the
volume. The result £(|y|) is given by [2, §V]

£(r) = %7'2 - /dp log (1 + gz—,———po_i(e’z)p), 1‘2)

where r = ,/43132. The graph of the effective potential is a Bordeaux wine bottle or

Mexican hat whose absolute minimum is at g|y|. ~ exp {'*Tn‘%f} and has depth approx-

™m
imately E(gv|')r|.‘)2 and curvature at the minimum approximately —g* . The depth of

the full, unnormalized, effective potential is enormous due to the volume of space-time.

Symmetry breaking forces the value of v to be concentrated near some point on
the circle |y| = |y|.. The phase is determined by a boundary condition. We may suppose
that v is concentrated near A/g. Then it is natural to shift v by A/g and define the radial
and tangential components

v = saztr(vA)A + 5agtr (yA#)AF
- A/g+7radA/|A|+7tanA#/|Al
where |A| = VA2, While ;.4 and 4t are globally defined they can only be interpreted

as radial and tangential components in a small neighbourhood of v = A/g. In the new
variables the measure

— Const /egfdf ‘i"‘y,‘l’-{-fdf ‘i’A‘I’emlAugfde‘y“ddy(‘y,)dp-(‘l',‘i')
= const /eyfdf 'i""'l'e"ml/gfdﬁ“ddl-b(‘v.)dﬂa(‘l',‘i’)

where ¥, = Vrad A/|A|+7tan A% /| Al is the shifted field and dpa is the Grassmann-Gaussian
measure with covariance
p(k)

= ik — e(k)o® — Ap(k)

Ca

Expanding the integral

/69 J 4 e N det(1 — gCa7s)
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in powers of g generates vertices

I |
2-loop 3-loop 4-loop

The 1-loop cancels |A|/g [ df 7raa- Absorbing the second order Taylor expansion of the
2-loop around momentum ¢ = 0 in the ultralocal meaure du(~,) yields a Gaussian measure
whose covariances for vraq and yian are const =2 and const A%2g~2(const g2 + q*)~!.

We now determine the deep infrared power counting of a connected vacuum graph
G whose v*? generalized vertex is an n,-loop with n, > 3. The restriction n, > 3 is justified
because the most singular part of the 2-loop has been absorbed in the bosonic measure.
The weight of a generalized n,-loop vertex, arising from its fermion lines, is g™*|A|2~ ">
since the supremum of each of the n, propagators Cp is 1/|A| and the single momentum
loop integral yields A%. Recall that, in the deep infrared regime the momentum k in the
loop satisfies |ko|, ||k| — kr| = O(|A]).

To complete the power counting, we introduce a bosonic scale 7 by multiplying
the above propagators by x(M? < |q| < M7*t1). The following table gives the supremum
and the volume of support in momentum space, up to irrelevant constants, of the radial
and tangential bosonic propagators.

supremum in volume

field momentum space of support
j -2 d+1)j
FYr_ad g ) M( )J
Yian giAT M Bl

The graph G has ), n,/2 boson lines and 1+, (n,/2—1) independent bosonic
momentum loops. If all the boson lines are 4;,q lines, the power counting for G is

M0 [T g™ AP " (g72)™ /2 MU+ DI/2-1) < ppd+D)i (M(d+1)j/2/|A|)E”(m-2)
Ford > 2,
MUDIT2 | A] < M312 [|A| < M3

since, in the deep infrared regime M7 < |A|. In this case we have positive power counting
for all generalized vertices.

On the other hand, if all the boson lines are 4ian lines, the power counting for G
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is
M(d+1)j H gn,, iAI'Z—n‘, (g—2A2M—2J')ﬂv/ZM(d+1)j(n‘,/2—-1)

— M(d+1)j 1 A2 M 3(d—1)iny—(d+1);

In each factor v, the coefficient of j in the exponent is 3(d —1)n, —d —1. When d = 3,
resp. d = 2, this gives positive power counting for n, > 4, resp. n, > 6.

To relate the power counting for small n, to Corollary IV.5 we prove

Proposition V.1 Let n > 3. Then

(V1 (P1); Ve (P2); *++ 3 7wa(Pn)) = (I—g—l)n(Q_m(A“");Q_m(A”’); e 5 Qopa (A)),

where the indez w € {rad, tan} and A™! = A, A**® = A#. The ezpectation on the left
hand side ts integration against

1, ~Vier 9 [ d€ ¥ ¥ —|A]/9 [ déveaa dpiva)dpa (2, %)

where Vi, is the irrelevant part of the interaction. When n = 2

2
(Yor (P1); Yo (P2)) = (Zﬂ)d+15w1,w25(P1 +p2) + (I—‘Z‘]) (Q-p,(A™); Q—pz(Aw2)>o

Proof: We apply the integration by parts formula

[ @At = @nt [ ot dun)

to obtain

/FYw(p)A('Y’)e_vinegde ‘i"Yl'I’e—lAifg fde’vr‘ddﬂ(’h)dﬂA('I’,'i’)

o (27r)d+1 / g-y (A_, (,.Ys)e—Vin:ledf ‘i"h‘l’e"{AI/Q fdf‘yuddﬂ.(‘y.)dﬂA(‘I’,‘i’)

]A} /Q_p(Aw)A(‘)’ )e~ inegfdf ‘i"Y"I'e—iA”"fdh‘“"dy(-y.)dp,ﬁ(\r',\i')
NEPTON “Viee 9 [dE v, ¥ _—|A|/g [ dE Yena ;
— L—L——L—lg 8(p) | A(ys)e Ve e dp(v.)dpa(e,®)
Thus

(PP AM)) = (@m) A () + 1 (Q-p(A%)A(r)) — Blm)*+6() (A(2.)
(V.1)
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Applying (V.1) with A = 1 yields |

(1u(P)) = & (Q-p(A%)) — Bl(2m)**6(p) (V.2)
Applying (V.1) with A = v,,(p2) together with (V.2) yields
(Yon (P1); Vw2 (P2)) = (Veou (P1)72 (P2)) = (Veor (P1)) (e (P2))

= (2m)** 60, 0,601 + P2) + 1 (702 (22) (2 (™) = (@5, (A1) ) )

= (2m)" 60, 0, 6(p1 + P2) + h7z (Qopa (A1) @, (A7)
(V.3)
upon applying (V.1) with Q_, (A“1) — (Q_p,(A“?)) in the last line.

The relationship between the ordinary and connected n point functions is given

<J_1':Il'rw,-(pg > >I1 < (7w; (P5); )>

IIeP, mell

by

where P is the set of all partitions of {1,2,---,n}. Substituting the Ansatz

(Yor(P1)) = 17 (Q-pu(A*)) = L2l (2m) 1 6(p1)

(’le(Pl);'}’wg(PZ)) = T%ﬁ(Q—Pl(Awl) Pz(sz))+(27r)d+15w1,w25(p1+p2)

<7W1(p1);7w2(p2); Tt ;'Yw,,(Pn)) = 'A’?( pl(Awl) Pz(sz) Q_P"(Aw" ))

into the right hand side gives precisely the same result as repeated application of (V.1) to
the left hand side. u

We now return to power counting. By Corollary IV.5 with » = 0 and Proposition
V.1

n <(’)’md(0); )n_l (7tan(0); )m+1> <(‘)’rad(0) )n+l (Yean (0); )m_1> + error terms

When cutoffs are removed the error terms disappear. Thus, it suffices to consider general-
ized vertices having at least two ;.q half-legs.

Once again, consider a connected vacuum graph G whose v'! generalized vertex
1s an n,-loop with n, > 3. If all the boson legs, save two per generalized vertex, are vian
legs, the power counting for G is

M(d+1); H g™ |A|2—n,,g—2 (g—zAzM—zj)(n,,—z)/zM(d+1)j(n,,/z—1)
— pMlet1)i HM%{d—l)jn.,—(d—l)j

= M(¢t1)i I1 Md-1)i(n./2-1)
v
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This gives positive power counting for all n, > 3, d > 2. Consequently, the symmetry
broken model is superrenormalizable and our perturbative analysis is finished.

Finally, we consider the two point expectation

(o) (9)) = (M) buwblp+0) + (1&7) (Q-p(8%) 2 o(A"))

0

= (2m)*16, . 6(p + q) + (p_%[)z / ds d‘t(‘if(t—p)A‘”\I'(t);'i'(a—q)A“’"I%s))U

We refer to it as the ‘Goldstone Boson propagator’ even though it contains both radial
and tangential components of the intermediate boson field. By Theorem IIL.7

= o ' p w, "'D"' e "‘D”“ \ q
dsdt ( ¥(1—-p)A“ P ;‘I’ s—)AY V(s = 4—A :? w'
] s < (t-p) (1); W(s—g) ( )>0 _t\< i Che ses 4] A

(V.4)
in which the four-legged box is the sum of all channel 2PI graphs and the two-legged box
is the full two point function. Thus the ladder amputation, defined following Corollary
II1.6, amputates Goldstone Boson propagators.

§VI The Simple Ladder

We now analyze the simple ladder

— - q/2

ﬂ < < <+ < < o

D) . € (VL1)

’7’ > > »>- > > 6

——4q/2

Note that this Feynman diagram is drawn in terms of Nambu fields. Despite the fact that
the arrows on the two sides of the ladder are pointing in opposite directions, the important
components of this diagram concern the scattering, in physical fields, of Cooper pairs. If
its external lines are not amputated, the ladder is a contribution to the four point function

<‘I’t+%_‘3‘i't_%n,‘ilﬁ%'a\l',_%J). The o = 1 component of the ‘i’,+%,a combined with the
6 = 2 component of the ¥,_1 5 gives a Cooper pair 1,[;,+%T1$_,+%1 of total momentum ¢

and relative momentum s.

We wish to retain, in the evaluation of (VI.1), only the most important part of
the interaction. To get some idea as to what the most important part of the interaction
is, consider the second order ladder
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——q/2

ﬂ < < < «

> i

> > >
'7 > > >

——4q/2

with propagator C(k) = p(k)[iko —e(k)a®]~!. Here p(k) just provides an ultraviolet cutoff.
In this section, unlike the rest of the paper we use an ultraviolet cutoff that ignores ko,
excluding momenta k with large spatial components k. The value of this diagram, after
amputation of the external lines, is

- )\2] dk<t+§,k—§|v|k+§,t—g><k+§,a—§IV|a+§,k—§>(asC(k+§)o3)ﬁ,a(03C’(k—g)aa s
=u)\2/ dk<§+z,;~tlv|g+k,g-k)<§+k,§—k|V|§+a,§—a>(a3C(k+§)03)ﬁ,a(a?’C(k-g)cra)fm
assuming V obeys the symmetry
(k1yk2|Viks, ka) = (k1, —ka|V]ks, —k2) .

Consider the matrix element a=f=1,y=§=2. Then the propagators

p(k +q/2)
i(ko + 90/2) — e(k + q/2)

. . p(k —q/2)
(70~ 012074 = T a7

(e°C(k +4/2)0°)p,a =

To maximize the value of the integral we need both propagators to spend as much time
simultaneously near their singularities as possible. But for kg + ¢o/2 and ko — go/2 to be
simultaneously zero it is neccessary that go = 0 and ko = 0. For e(k+q/2) and e(k — q/2)
to be simultaneously zero k must be on the sphere of radius kg centered at —q/2 and on
the sphere of radius kr centered at q/2. The set of such k’s is much larger when q = 0
than otherwise. The value of the matrix element is maximized when ¢ = 0 (in fact it
diverges if and only if ¢ = 0) and then the dominant contributions to the integral come
from kg near zero and k near the Fermi surface.

The argument of the last paragraph can be made with greater precision and
generality (see [6]). The conclusion is that the most important part of the interaction is
(k',—k'|V|s', —s') with the prime signifying that

k
L. s
k= (‘” lkaF)

and s' run over the Fermi surface.
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View (t',—¢'|V|s', —s') as the kernel of an integral operator on L?(krS%~1). By
rotation invariance we can expand it

At —t'[V]s',—s") = ) Aama(t',s")

n>0

in spherical harmonics. So, m,(t',s') is the orthogonal projector onto the subspace of
L%*(krS5%71) of angular momentum 7, that is, of homogeneous harmonic polynomials of
degree n. We shall now restrict our attention to the case in which the coupling constant
in the zero angular momentum sector, Ag, is attractive, that is negative, and dominates
the other coupling constants.

So take an interaction A (k1,k2|V|ks,ks) = A with A < 0. This interaction lives
purely in the angular momentum zero sector and is attractive. Then the value of a ladder
(after amputation of its external lines) with n loops is

An(t,s,q) = =AA(g)"0® @ o° (VI.2a)

where

A(q) = —»\/ dk [o*C(k+1)] @ [0°C(k — 3)¢]
(VL.2b)
= —)\] dk [030(k+q)] ® [asc(k)’]

Think of ¢ as a fixed parameter and A(g) as a matrix mapping C*> ® C? to itself. So, A,
is independent of s and t but has two sets of double indices Ax(2,3,9)(g,v)(a,5) With a and
6 being the spinor indices of the upper and lower, respectively, external legs on the right
hand side of the ladder and 3 and + being the spinor indices of the external legs on the
left hand side of the ladder. The n'" power above refers to the n** power of the matrix

A(q).
Let us first evaluate this ladder is using the propagator

C(k)=C(k)" = P(k)m
. ko + ie(k o 17
= —tp(k) [ 0 2 By — ie(k)] :

appropriate for perturbations about the A = 0 trivial fixed point. Since

. _ dk 1 1 sgn(Rea 1 Rea and Reb of opposite sign
(=N(=ix-) [ 5 o] pposite sig

27 ko“iako—ib:A a—b 0 Rea and Reb of same sign

we find that two of A(q)’s two eigenvectors, namely e; ® e, and ez ® ey, have eigenvalue

e(k+3)e(k—3)>0  Figo + e(k + q) + e(k)
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Set ¢ = 0 and make the change of variables from k to ko, k', where

k

k' =kp—
" 1k| (VI.3a)

7 =e(k) .

Here, k', the projection of k onto the Fermi surface, runs over the sphere kS9! and
plays the réle of all the angular variables in spherical coordinates. The réle of the radial
variable is taken by 7. Note that, for k near the Fermi surface n = 32 (|k|+kr)(|k|-kr) =
const (|k| — kz). The measure

d—1
d%k = (Ikﬂ) dk'd|k|
F

- (Eﬂ)d—l dk'd (VL.3Db)
k| \kr !

m 2m 4271
oy B i dx'd

where the surface measure dk' on krS%~! is normalized so that f 1 dk' is the surface area
of kp G911,
Then, the eigenvalue is

—A—m‘_/dk'd 1_*_2_m 4/ (k)ZL
(2m)%kr TR PR o)

m 2m \ 4?71 , , 1

> |A—— 11— —¢ / dk'd k) —

Mty (1) e Wi o
= +o00 .

So ), An is a geometric series with, in this case, a ratio matrix A(g) that has an eigenvalue
much larger than plus one for all small q. The series diverges. The analogous calculation for
the renormalization group flow shows that the Gaussian fixed point at A = 0 is unstable.

Next consider the ladder using the propagator

1
iko — e(k)a'3 - A
_ Zkg + e(k)03 + A

C(k) = C(k)* = p(k)

appropriate for the symmetry broken model. Here E(k) = 1/e(k)? + A2. One rung of the
ladder now takes the value

A(g) = —)\/dk p(k)p(k+q) [asi(ko-i-q(:) + e(k+q)o® + A] [Jsiko +e(k)o® + A

(ko + q)* + E(k + q)? ki + E(k)?
(VL.4)
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Define

o p(k)?
= )\/ dk 2B (k)
We now prove that

Lemma VI.1 a) The matriz norm of A(q) is bounded by

p(k)
|E(k) + E(k + q) + igo]

uA@WﬂM/dk

b) For all sufficiently small q

2

q2
IA@I <7 - col Al — Zey 319

for some nonzero constants.

c) For concreteness, take A = Ayo'.The vector [0,1,—1,0]* is an eigenvector of A(0) of
eigenvalue . All other eigenvalues of A(0) are of magnitudes strictly smaller than .

Remark. The vector [0,1,-1,0]* = [0,1,0,0]* + [0,0,—1,0]*. In the notation of (VI.1) the
first term has @ = 1, § = 2 while the second term has o = 2, § = 1. Thus the dominant
eigenvector corresponds to a Cooper pair of momentum zero.

Proof of a): Because we have chosen an ultraviolet cutoff that doesn’t involve ko, the
ko integral can be done explicitly by contour integration. There are two poles in the upper
half plane, with kg = —¢go + iE(k + q) and ky = +i1E(k) respectively, so that

fdkg [03 i(ko+qo) + e(k+q)o® + A] {03 ik + e(k)o® + A]

2 (ko +q0)? + E(k + q)* ki + E(k)?

_ [0_3 —E(k+q) + e(k+q)o® + A} [03 —iqo — E(k+q) + e(k)o® + AI
2E(k + q) (—g0 +:E(k + q))? + E(k)?

52 igo — E(k) + e(k+q)o® + A s —E(k) + e(k)o® + A
’ [ (g0 +iE(K)) + E(k+q)? ] © [ 2B(k) ]

— 1 s o 3f(E+Eg) € 3, A e 3 A
—(E+Eq)2+q§a ®a{ 5 11+ chr +Eq ® z° +E
A e A
3 q 3
L] 2) (&2 )e1
rig 1o (54 5) - (54 5) 01}

_ 1 (E + Eq) 3 3 €q LAY £ Al
_(E+Eq)2+qé{ 2 [_a e 5'E )8\ T E
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where we use E, e, F; and eq as short forms for E(k), e(k), E(k + q) and e(k + q) respec-
tively.

The four 4 x 4 matrices

e A e A A e A
11 2 oo oy = € 3, B 1
® (E,," +Eq)®(E° *E) “@’(E" +E) (E.," +Eq)®

are mutually commuting and self-adjoint. Furthermore, since %03 + % is traceless with

determinant —iz%f—z = —1, the eigenvalues of the matrix inside the brackets {  } of the

second last line of (VI.5) are, for each k, q,

0 0 —(E+ E,) —iq —(E+ Eg) +iqo
Consequently, the norm of the matrix inside the brackets { } is at most |E + Eg + 1qo|
and
p(k)p(k+aq)
A <A | dk -
ISt = '/ 0Bk )
1 k 2
IE(k) + E(k +4q) + igo
p(k)*
Al | dk
= |/ k) + E(k + q) + iqo|

where we have used the change of variables k — —k — q in the second half of the integral.

Proof of b): We Taylor expand

p(k)?
IAI/ ak E(k) + E(k + q) +iqo]

to second order in gq. Since

— [(B() + E(k + q))° +93]_1/2 = - -

5 (B0 + Bk + @) +43]

we have that

oL
—(0)=0
qu( )
8 L
0)=0 . £ 0
quaqi( ) i #
and
82L p(k)2
320 =~ l/ dk 8E (k)3
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Before moving on to the spatial directions we show tha.t (0) is O(——;) Suppose
that the ultraviolet cutoff restricts k to {k | le(k)| < 1} and make the change of variables
(VL.3), followed by n = |A|{ where |A| = /A2 + AZ:

k) _ dKdn (1427 )d/Z 1 2
A |/ B ~ N anyihr /ms1 T\t 8(n? + A2)3/2

d/2—1
Al m / , ( 2m|A| ) 1
_al_m dk'de (1+ ¢ L
A2 (2m)kr Ji¢1<1/)a| k% 8(¢2 +1)3/2

df2—-1
Al m d—1 / ( 2m|A| ) : 1
S i | Vol(krS d¢ 1+ ¢ 2772 e re
&% ey o) i<l ki 8(¢* +1)%/2

As |A| — 0, the main contribution to the integral is

1 o0 1
I de— Lt _ / ot
1= /ICISI/IAI C8(42 +1)32 48(62 +1)3/2

W |

The rest of the integral is bounded by

d/2—1
2m|A

/ d¢ (1+ kl {C) -1
I¢1<1/]A] F

by the mean value theorem. Hence it is down by a factor of O(]A|).

1 2m|A| ¢
8(¢2 +1)3/2 = SR /0 & kL 8(¢2 +1)3/2

For spatial directions i =1,2,3 the first derivative, with ¢o =0,

o] 1 _ 1 e(k +q) ki + q;
og; E(k)+ E(k+q)  (E(k)+ E(k +q))’ Ek+a) m

leads, to the second derivative

d* 1 ‘ o ek) 1 e(k)®-A’kik;
0¢:9q; Ek) + E(kk+q)lg=0  "4Ek)}*m 4FE(k)® mm

so that

8 L 5 e(k) e(k)? — A? k2
8‘11‘3‘13'(0) N lAi‘si’j/ ol {_4mE(k)3 & 4E(k)® n_ﬁ}

Again make the change of variables (VI.3) followed by the scaling n = |A|{. For |A|
small, and it is very small indeed, the dominant contribution to the integral comes from
e(k) = 0. As in the calculation above, we can replace the Jacobean from the change of
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variables and k? by positive constants without affecting the leading contribution. Then
the integral becomes

2 2
n n°—A
A 6,-,-] dn { —c +e
I l J nl<1 { 2(7’]2 n A2)3/2 1(“'72 +A2)5/2}

2
= |A|6; ; d el B B G
|Al6:,; /IC|§1/IA| ¢ { |A|(C2+1)3/2 ¥ Az (Cz+1)5/2

EINTIPRY A7 - B S U et 2
~|/\l51,1 /~°odc { |A|(C2+1)3/2 + A2 (Cz+1)5/2

C1

2
= —§|1\|5i.jﬁ

for |A| sufficiently small.

Proof of ¢): Using the notation

_ 0.1,1B al,gB
A®B = [02,13 Gz,zB]
we have
—1 0 0 0
s s |0 10 o0
TO®T=109 01 o0
L 0 0 0 -1
[ eeq SO SPtA A
(E.,_n+ia_ﬂ)® (£ﬂ+ig _ L [T e B B
E, E,] °\E E EE, | -4, A2 eeq =t Ay
| A? —Ej'z—e-'lAl —ﬁ’—;iAl eeq
- 0 Ay —Aq 0
s € ﬁ” (e AP s 1 |—-A;r 2e 0 Ay
"®(Eﬂ+*E) (E“'E ST=F | Ax 0 =B =dq
L 0 —A; A 0

The expressions ey, E — g,e and E appear in different places here than in (VI.5). That’s
permissable because we can make judicious use of the change of variables k — —k — q to
symmetrize the integrand. In the basis

1
0
e; = €y = 0

O - = O
[y

1
0
0
1 ]
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the matrices become

M —1 0 0 O
s s |0 -1 00
o0 0 0 1 0
L 0 0O 0 1
ﬂ '66q+A§ 0 0 0
€q A e LAY 1 0 ee,— A2 (e+eq)Ay 0
fa44,2 fq 2 ) = g 1 q
(Eq +1Eq)®" (E +1E) EE, 0 ~et+eg)A;  eeg—A? 0
L 0 0 0 eeq+ A2
-0 0 0 O
Al e A 0 0 0 A
3 e A’ (e Al 3_ i
a®(E11+1E) (E]l+zE)®0' Zlo o o e
] '-Al € 0

Still in basis e;, 1 < ¢ < 4, but specializing to ¢ = 0 we have

0 0
—-A%/E2 eAl/EZ
—eA;/E* €2 /E?

0 0

A(0) = - / dk p(k)zﬁ

[ I e Y o Y )
= o O o

so that e; is an eigenvector of eigenvalue 0 and e4 is an eigenvector of eigenvalue 7.

The matrix

[ -AYER?  e(p)Ar/E()
Alp) = [—e(p)m/fxp)’ o(p)?/ E(p)? ]

STM T

has eigenvalues 0 and (e? — A?)/E? with corresponding eigenvectors [e, A;]* and [Ay,¢].
Because

Al(p)A(k) = SRJeK) + A l— A,

E(p) E(k)? e(p)] [=81 (k)]

2
is of norm % , which is strictly less than 1 except on the set of measure zero

{ (P, k) | e(p) = e(k) }, the norm

2

1 1

||A./dl{p(k)22E(k)A(k) =& /dkdp P(k)zP(P)zmAf(k)A(p)||
2 2 2 1 2
<A _/d‘kdp p(k)*p(p) ERER) ~
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We just showed in Lemma VI.3 that show, for ¢ small,

2 2
90 2 lq
IA()I <7 - Co|)\|-A'§ — 3¢ N—AZ

for some nonzero constants. This then implies that the full ladder obeys

(V1.6)

3 Anlty59)]| < L
~ 1 -7+ |X|(cogs + 5e1]ql?)/A

The BCS equation (II.6) tells us that, to first order in A, ¥ = 1. But, as was shown
in §III, the (amputated) four point function as the sum of generalized ladders whose
“rungs” consist of all channel two particle irreducible four point functions. The “rung”
A(q) is just the first order contribution to the generalized rung. The BCS equation should
be interpreted as putting the above bound exactly on the radius of convergence of the
geometric series when ¢ = 0 so that

Z An(t’ S, ‘I)

n=1

1
(cogZ + 2c1]q|?2)/ A2

< (VLT)
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