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ABSTRACT

A nonperturbative renormalization theory of Euclidean field theories in hier-
archical approximation is presented in this paper. The ultraviolet limit is related
to the thermodynamic limit of a polymer system on a multigrid. General meth-
ods to present a hierarchical model as a multigrid polymer system are discussed.
We provide a sufficient condition for the existence of the continuum limit by a
bound for Moebius transforms. The use of renormalization conditions for polymer
activities is described. We study a recursive calculation scheme for polymer activ-

ities. We state a general cluster expansion formula, which is useful for estimating

Moebius transforms.
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1. Introduction

Perturbative renormalization theory deals with divergences in Feynman per-
turbation expansions of field theoretic models. Renormalization shows the way
how to define a “bare” interaction such that the effective theory becomes finite.
The approach starts with a regularized model which is finite by definition. The pa-
rameter which regularizes the model is called a cutoff. Regularization is achieved
by suppressing low momentum modes (infrared cutoff) or high momentum modes
(ultraviolet cutoff). For example, we may define an infrared cutoff by restricting
the model to a finite volume and an ultraviolet cutoff by putting the model on a
lattice. There are various other possibilities to provide a regularized model. The
ultimate aim is to remove the cutoff in such a way that the physical quantities
of the model stay finite. A model is called ultraviolet or infrared (perturbatively)
renormalizable, if it is possible to find a “bare” interaction which is parametrized
by a finite number of coupling constants such that the effective interaction stays
finite to all orders of perturbation theory when the cutoff is removed. A pertur-
bative renormalization theory was presented by Zimmermann [1] who introduced
the notion of “forest” for Feynman graphs. Gallavotti and Nicolo [2-5] invented
a perturbative renormalization theory in terms of a tree graph expansion. Each
tree graph may be represented by a sum of Feynman graphs. The GN tree graph

expansion comes from a successive iteration of truncated expectation values of the

interactions.

The GN tree expansion is related to Wilson’s renormalization group approach
[6-7]. In Wilson’s renormalization group approach high momentum modes are
integrated out step by step. Each such step is called a renormalization group step.
The renormalization group procedure starts with a local “bare” interaction. We
may consider the model with this “bare” interaction as a model where ultraviolet
and infrared cutoff are equal (and finite). Each renormalization group step lowers
the infrared cutoff. The interactions after applying renormalization group steps
are called effective interactions. They contain nonlocal terms which are induced
by the nonlocality of the free propagator. The idea of Wilson‘s renormalization
group approach is that the range of this nonlocality of the effective interactions is
of the order of the momentum range of the fields, which will be integrated out in
the next renormalization group step. In other words, the renormalization group

method analyzes a system, where an infinite (or a large) number of degrees of
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freedom are strongly coupled, by reducing it to a system, where only a finite (or
small) number of degrees of freedom are strongly coupled after an infinite (or large)
number of renormalization group steps.

Power series expansions for field theoretic models are in general not conver-
gent. For a rigorous construction of field theoretic models one needs convergent
expansion methods. Such a method, called phase space cell expansion, was intro-
duced by Glimm and Jaffe [8-9] and further developped and applied to various
models [10-13]. A rigorous block spin approach was introduced by Gawedzki and
Kupiainen [14-16]. The main technical problem of these methods is to deal with
large field configurations (large field problem).

A strategy to avoid divergences, coming from perturbation expansions in pow-
ers of coupling constants, is to control the flow of effective Boltzmannians instead
of the flow of actions. The action is the logarithm of the Boltzmannian. Intro-
duction of this logarithm in the renormalization group equation is the source of
divergences in perturbation expansion. In cluster expansion methods the usual
logarithm log is replaced by a new logarithm LOG (cp. [17,18]). LOG is a func-
tion which maps partition functions to polymer activities. Polymer systems come
from expansion methods of (classical) statistical mechanics and were introduced
by Gruber and Kunz [19-20]. Polymer systems can be applied to quantum field
theories [21-24]. The idea to introduce a polymer system, is to describe a sys-
tem with infinite (or a large) number of degrees of freedom by subsystems which
contain only a small number of degrees of freedom. The original system can be re-
covered by performing a thermodynamic limit for these finite subsystems. We see
that Wilson’s renormalization group method and the method of polymer systems
have a similar underlying idea.

Effective interactions are nonlocal, but well localized. This nonlocality of the
effective interaction causes the large field problem. Because of the nonlocality
of effective interactions suitable definitions of polymer systems are complicated
[25]. To avoid such problems, coming from nonlocalities, we consider here only
the renormalization theory of hierarchical models. A hierarchical model [26—28] is
simply defined by omitting all nonlocal terms in the effective interactions. Effec-
tive interactions for models in hierarchical approximation are by definition local
and each renormalization group step concerns only a small number of degrees of
freedom. A further reason to study a renormalization theory of hierarchical models

is that renormalization can be studied in its pure form.
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Polymers for a field theory are subsets of a special space. This space will
be the multigrid. The use of multigrids for field theory were introduced by Mack
and Pordt [21-24] (cp. also [17] for hierarchical #%-models and complete massless
lattice ®-model). In the following, we shall explain what a multigrid is.

Consider a d-dimensional hypercube z* with unit side length in R¢. Divide
this hypercube z* into L%, L € {2,3,...}, hypercubes yy,...,yz« which have equal
side length L=1. Furthermore, divide all obtained hypercubes y;,7 € {1,...,L%}
into hypercubes which have equal side length L~2 and so on. After the nth step
we obtain a split-up of the hypercube z* into hypercubes with side length L=".
Representing the hypercubes by its center points, we obtain after n steps a lattice
A, with lattice spacing L™". The disjoint union of all these lattices A,, where the
lattice points represent hypercubes, is called a multigrid A = Ag + Ay + Ay + ...
with bqse space z* C R%. The lattice A, is called the nth layer of the multigrid.
Fory € An41 and y' € A, a relation y€y' is given, if and only if the hypercube y
is contained in y'. The multigrid A = Ag+ A1 +... can be used for a definition of a
polymer system for a continuum field theory on a finite volume. The corresponding
multigrid for a theory on a finite volume and with ultraviolet cutoff would be the
multigrid Acy = Ao+ A1 +... + An.

For infrared problems we consider the following multigrid. Split R¢ into
hypercubes z with unit side length. Denote the corresponding lattice by Ap.
Define A_; by disjoint hypercubes with side length L which contain L? hypercubes
of Ag. In this way, define A_,, for all n € N. Then, we obtain the multigrid A =
Ao+A_1+A_5+... with base space Z%. Define A,, for all n > 0, by the splitting
procedure, for all hypercubes of Ag, which was described above. The multigrid
R e 3 jez Aj with base space R? is considered for models where ultraviolet and
infrared cutoffs are both removed.

The “bare” action of a field theoretic model consists of the inverse free prop-
agator and a local “bare” interaction. The free propagator is splitted up into high
and low frequency (momentum) parts. Correspondingly, fields can be splitted into
high and low frequency parts. After this split-up of the free propagator, all cou-
plings in a field theoretic model come from the nonlocality of the free propagator
parts and the coupling of different high and low frequency parts of the fields. In a
hierarchical model approximation the free propagator parts are replaced by local
operators. Then, we have to deal only with couplings which come from the dif-

ferent frequency parts of the propagators and fields. These couplings of different
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frequency parts are responsible for ultraviolet resp. infrared divergences in quan-
tum field theory. In multigrid language, the couplings of blocks z,y € A, where y
is contained in z and y is very small compared to z, and the large number of such

blocks y, are responsible for ultraviolet and/or infrared divergences in field theory.

To formulate a field theoretic model as a multigrid polymer system, one has
to define polymers and partition functions of polymers. The ultraviolet and/or
infrared limit can be considered as a thermodynamic limit of a multigrid polymer
system. The definition of a multigrid polymer system is recursive, starting with the
smallest polymers. Partition functions of polymers are defined in such a way that
they obey renormalization group equations. Polymer activities for hierarchical
models are Moebius transforms of the partitions function. When the polymer
system is well-defined, the corresponding polymer activities are small for large
polymers. By large polymers we mean polymers which contain a large number of
elements or polymers of large extension. The polymer activities are proportional
to a power of a small constant, where the power is proportional to the number of
elements in the polymer. This constant depends on the coupling constants and is

small for weakly coupled models.

The property that polymer activities are small for polymers with large exten-
sion can be achieved by imposing renormalization conditions on partition functions

respectively polymer activities.

This paper is organized as follows. Section 2 discusses the geometry of a
multigrid and provides definitions of multigrid polymer sets, which will be use-
ful in later sections. Furthermore, a sufficient condition for the existence of the

thermodynamic limit of multigrid polymer systems is presented in proposition 2.9.

Two versions of defining multigrid polymer systems for hierarchical models
are studied in section 3. In the first version, the partition fuctions for polymers are
explicitly cutoff-dependent. To show the existence of the thermodynamic limit, in
this version, one has firstly to remove the cutoff and then to show that the sum
over all polymers stays finite. In the second version, no explicit cutoff is required.
The cutoff comes only from the finiteness of the polymers. In this case, there are
no “bare” coupling constants introduced a priori. This is achieved by introducing a
polymer-dependent function (renormalization group flow function), which relates
the corresponding “bare” and effective coupling constants of one renormalization

group step. Like in the renormalization of perturbation expansions, where it is nec-
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essary only to renormalize divergent parts of Feynman graphs, it is not necessary
to renormalize all polymer activities in a multigrid polymer syster'n. Considering
this item, we introduce the notion of (n)- renormalization part polymer systems.

Section 4 studies the formulation of renormalization conditions (by introduc-
ing operators £) for multigrid polymer systems. These renormalization conditions
determine the renormalization group flow functions. Therefore, they are part of a
definition of a multigrid polymer system. As examples for renormalization condi-
tions, we consider hierarchical approximations of the ®*-theory (cp. [17]) and the
twodimensional O(N) o-model (cp. [29-31]).

Section 5 is the technical core of the paper. It describes in four steps, how to
compute recursively Moebius transforms of multigrid partition functions. We will
do this for two kinds of polymer systems.

Finally, section 6 presents an explicit representation of Moebius transforms
by using cluster expansion formulas. Proposition 6.1 states a general cluster ex-
pansion formula for Moebius transforms. Corollary 6.4 gives a cluster expansion
formula for Moebius transforms, which are introduced in section 5. This completes
the recursive procedure for calculating Moebius transforms of multigrid partition
functions.

We shall use the following set-theoretic conventions in this paper: N :=
{0,1,2,...}, R := set of all real numbers, C := set of all complex numbers, R4 :=
set of all non-negative real numbers, 4+ := union of disjoint sets, 3 := exists, | X| :=
number of elements in the set X, §§ := empty set, C:= subset or equal, C:= subset,
but not equal, and the Kronecker delta defined by

{1, X =7
Oxy =

0, otherwise,

for all sets X and Y. We write “iff” for “if and only if”.

2. Hierarchically ordered sets, entropy factors and tree graphs

Before we represent a field theoretic model by a polymer system on a multi-
grid, we have to discuss the geometric structure of a multigrid and have to define
sets of polymers. This is done, in this section, by introducing some definitions and
notations. We present here three different kinds of polymers. The special feature

of describing hierarchical models is revealed by the fact that all polymers defined
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in this section contain only one maximal hypercube. We can define an equivalence
relation of the polymer set, such that each equivalence class is related to a tree
graph. These tree graphs for polymers correspond to tree graphs introduced by
Gallavotti and Nicolo [2-5]. The difference of these two kinds of tree graphs is
that the Gallavotti-Nicold tree graphs are part of a perturbation expansion, while
the tree graphs introduced here are part of a nonperturbative expansion.

We start this section by defining hierarchically ordered sets. We shall see that
the multigrid A = Ag + A; + ... with base space z* C R? (2* = unit hypercube)

is an example of a hierarchically ordered set.

Definition 2.1. Let A be a denumerable set with a relation € such that there
exists * € A with z*¢y, for ally € A, and for all y € A — {z*}, there exists one
and only one element y' € A — {y} such that y€y'. Furthermore, for all y € A,
there exists n € N such that

Y =YoEY1EY2E ... EYn—1€EYn = 27,

where y, # yp if a # b, a,b € {0,...,n}. Then (A, €) is called a hierarchically
ordered set (h.o.s.).

The unique element y' with y€y' is denoted by [y]. We will suppose that, for
all y € A, the number of elements in

7= {y'| y'ey} (2.1)

is finite and equal to L¢, L € {2,3,...}, d € {1,2,...}. This is the case for the
multigrid A with base space z* C R? (2*= unit hypercube), previously defined in
the introduction.

The relation € induces an (partial) order relation < in A, in the following
way. Let us recall that < is called a partial ordering of A, iff (a) z <z, (b) z <y
and y 2 zimply z < 2z, and (¢) ¢ Ky and y < z imply z = y for all z,y,z € A.
For y,y' € A, define y < y', iff y€y' or there exists y1,...,yn € A, such that

YEYIE. .. EYnEY'.

The order relation < is called the vertical order relation in A. Obviously, max(A)

:= set of all maximal elements in A = {z*}.
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For all n € N and a h.os. (A,€), we define A, C A recursively. Define
Ag :={z*} and for n > 1,

Ap:={y € Al 3z € Ap_1: yEz}. (2.2)

A, is called the nth layer of A. A is equal to the disjoint union of all layers
A,,n € N. We obtain the following split-up

A=Y An (2.3)

n>0

Obviously, |A,| = L™®. | X| denotes the number of elements in a set X
For z € A, define its frequency indez j(z) € N by z € Aj(,), i.e. z is contained
in the j(z)th layer of A.

Definition 2.2. Let (A, €) be a h.o.s.. A subset X of A is called convez, iff (X, €)

is a h.o.s..

The name convex 1s motivated by the following lemma.

Lemma 2.3 . A subset X of A is convex, iff

(a) | max(X)| = 1

(b) For all y,y' € X with y < y', the following condition holds: if y" € A such
that y < y" <y, then y" € X.

Proof: (i) Suppose that X is convex. By definition 2.2 there exists a unique element
z € X, such that max(X) = {z}. This proves (a). Consider y,y' € X with y < ¢/
and y"” € A such that y < y" < y'. By definition 2.1, there exist y1,...,yn € X,
such that y€y1€... €y, €Y' and the elements y,,...y, are uniquely determined.
Then, the definition of < shows that there exists an 7 € {1,...,n}, such that
y" = y; € X. This proves (b).

(i1) Suppose that (a) and (b) hold. By (a) there exists # € X with max(X) = {z}.
Consider y € X — {z}. We have to prove that [y] € X. This is obvious, if [y] = z.
Suppose that [y] # z. Then, we have y < [y] < z. Since y,z € X, we see that (b)
implies [y] € X. a

In the following, we introduce polymers on A in a general way. For a set A,
define the set Py, (A) of all finite subsets of A

Prin(A) = {X]| X C A,|X]| < oo} (2.4)
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A set of polymers P (in A) is a subset of Psin(A) — {0}. We use the following
definitions for X, X' CA, X' C X

'P(X) :={Y g 'P{ Y C X},

(2.5)
P(X,X"):={Y € P| X' CY C X}.

For example, for a multigrid A, we may define the set of all polymers P, consisting
of all finite convex subsets X of A. We call these polymers convez-polymers. All
convex sets are nonempty. Therefore, all convex-polymers are nonempty. Further-

more, for all z € A, define
P, :={X € P| max(X) = {z}}. (2.6)

Then P, may also be considered as a set of polymers. For a subset X C A and

y € A, let us introduce the notation
Xy={y' e X|y' 2y} (2.7)

We will define recursively an equivalence relation ~ on the set P; := {X C
Al | X| < o0, |max(X)| = 1}. Suppose that < is a total order relation of A. Let
us recall that < is a total ordering iff < is a partial order relation and = < y or

y <z forall z,y € A. Since A is denumerable, there exists always a total ordering
< of A. Consider X, X' € P; with

max(X) = {a},
max(X') = {z'}, (2.8)
max(X — {z}) = {y1,...,ym},
max(X' — {z'}) ={y'1,....¥'m },
where
y’1 £ s y:n, 2.9
Yi1<...<Y -
Then the sets X, X' € P; obey the following equations
X ={z}+ ZXya )
o= (2.10)

X'={z}+>) X'y,
a=1
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We call X and X' equivalent, X ~ X', iff

m=m', j(z) = j(2'), j(ya) = J(¥'a) (2.11)

and
Xy~ X'y, (2.12)

for all @ € {1,...,m}. Denote the equivalence class of X € P; by [X].
An eztended equivalence relation ~. is recursively defined as follows. Consider
X and X' as above. X ~, X', iff there exists h € Z such that

m=m', j(z)=j(&")+h, j(¥a) =3(¥',) +h (2.13)

and

X, e Xl (2.14)

for all a € {1,...,m}.
For a finite subset X of A with | max(X)| = 1, define the entropy factor E(X)

by the number of elements in the equivalence class [X]
E(X):=|{X'C Al X'~ X} (2.15)

For instance, E({z*,y}) = LI®?, for all y € A and z* = max(A), j(z*) = 0.
We see that E({z*,y}) can be very large for very large j(y), i.e. very small
hypercubes y. The largeness of the entropy factor E(X), for all polymers X, which
contain elements z,y with |j(z) — j(y)| large, is the reason for the divergence of
multigrid polymer systems. This divergence is related to the infrared or ultraviolet
divergence in field theory.

Let P be the set of all convex-polymers. For z € A, we have an equivalence
relation ~ on P, as previously defined. The equivalence class for X € P, may be

represented by a tree graph 7(X), i.e.
X ~X = 71(X)=1(X"), (2.16)

for all X, X' € P,. We consider here only “plane” trees. Trees which differ by a
reordering of distinct subtrees are distinct. Then tree graphs may be considered

as embedded in a plane. To define the tree graph 7(X), we have to specify the
vertices and lines of 7(X). Define the core of X € P, by

core(X) :={z} +{y € X — {z}| [yn X| # 1}, (2.17)
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ie y € core(X), iff y =2 or y € X and there exists not one and only one y' € X
with y'€y. The vertices of 7(X) corresponds to the elements of core(X). For
Y,y € core(X) with y < ¢', there is a line (yy'), iff there exists no y” € core(X),
such that y < y" < y'.

For each vertex y of 7(z), assign a number n € N defined by n = j(y). This
mapping is called the momentum assignment of 7. We consider z = max(X) as
the root of 7(X) and if y' is a successor of y, then j(y) < j(y'). The fact that

equivalence classes [X] can be represented by tree graphs 7(X) is stated in
Lemma 2.4 . For all X, X' € P,, we have

X~ X = r(X)=1(X" (2.18)
Denote by £(7), V() the set of all lines resp. vertices of 7. For [ = (vv') € L(7),

define the length of line [ by || := |j(v) — 7(v")|.
For a subset X C A, define the boundary of X by

0X :={y € X| By € X:yey: or By € X:y2€y}, (2.19)
i.e. X consists of all minimal and maximal elements of X. The interior of X is
defined by
int(X) = X — 0X. (2.20)
The following lemma is a direct consequence of the foregoing definitions.

Lemma 2.5 . Let P be the set of all convex-polymers. For all X, X;, X, € P, we
have

3X1 = 8X2 = Xl - Xg
0X C core(X) (2.21)
core(X1) = core(X3) = X; = Xo.

We see that a convex-polymer P is uniquely determined by smaller sets like
its core or even its boundary. Therefore, some elements of a convex polymer P are
redundant for the definition of P. Furthermore, we see that all interior elements
of P are irrelevant for the determination of P. But we shall see later on that not
all interior elements of P are irrelevant in a renormalization point of view. The
minimal subset of P, which is necessary for renormalization, is the core set of P,

core(P). Therefore, introduce the set of all core-polymers by

P.:={P CA|3X € P: P = core(X)}. (2.22)
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In analogy to the definition (2.6), define for all z € A
Pox i={X E Ps| max(X) = {z}} (2.23)

We see that X € P, and y € int(X) imply X — {y} € P.(X). Therefore, in
order to construct all elements of P.(X) :={Y € P.|Y C X} from X, we have
to eliminate step by step all minimal elements of X.

By lemma 2.5, there exists for P € P, one and only one X € P with core(X) =
P. We call this polymer X the hull of the core-polymer P, X = hull(P). Obvi-
ously, we have for the mappings core: P — P, and hull: P, — P

core o hull =1|p,

(2.24)
hull o core =1|p.
Thus core and hull are bijective mappings and core = (hull)™!.
For all y,x € A with y < z, define the tower
[y, z]:={y' € Aly 2y’ < z}. (2.25)

The tower [y, z] is linearly ordered by <. We say that the tower [y, z| has length

([y,z]) == 5(y) — 5(=). (2.26)

For core-polymers P, the number k¥ = [([y,z]), where y,z € P and int([y,z]) N
P = 0, can be arbitrarily large. Imposing for this number k& < n, leeds to the
following definition of a third kind of polymers. These polymers will be called
(n)-renormalization part-polymers. To define this kind of polymers, we start by

defining a special subset of the set of all convex-polymers P in

Definition 2.6. A polymer X € P,,z € A, is called a renormalization part of
length n (> 1), iff there exists y € core(X) such that I([y,z]) = n and

X = [[y), 2] + X, (2.27)
The set of all renormalization parts of length n is denoted by Pr(fe"). We will use

the notation
P = ) PLem. (2.28)

m:m>n
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For all n € {1,2,...}, define a mapping hn: P — Pfin(A) by recursion. Consider
X ePzeA X ePy and X = [[y],z] + Xy with I([y,z]) = n, then define

ho(X) := {2} + hn(X,) (2.29)
and if X € P, — PL, define

h(X) = {2} + D ha(Xy). (2.30)

yET:
Xy#6

Start the recursive definition by

ha({2}) = {2}, (2.31)

for all € A. We say that a polymer X € P contains no renormalization parts of
length > n, iff A,(X) = X. We see that the mapping h,, is injective.

The mapping h, does the following. Consider a tower [y,y'] C X € P,
y,y' € core(X) and suppose that there is no y" € core(X) with j(y) = 7(y"),
y #y" and [y",y'] € X. If [([y,y']) > n, then eliminate all elements of int([y,y'])
from X. Doing this for all such towers [y,y'] C X, we obtain h,(X).

For z € A, we may also define h,(P;) as the image set of P;. Obviously, we
have hp(Pz) = hn(P)s.

Consider the elements of the image set h,(P) as a new kind of polymers.

These polymers are called (n)-renormalization part-polymers.

Since core and h,: P — h,(P) are bijective mappings, we can also define the
entropy factor E(X), the equivalence relation ~ and the tree graph 7(X), for all
core-polymers resp. (n)-renormalization part polymers X.

An upper bound for the entropy factor is given by the following
Lemma 2.7 . For all X € P,, we have
Ex)< I " | (2.32)
leL(r(X))

In this section we have defined three examples of polymers. The notion of a Moe-
bius transform for these kinds of polymers is important for the following sections.

For general polymer sets P, define a P-Moebius transform by



118 Pordt H.P.A.

Definition 2.8. Let P be a general set of polymers. For a complex-valued function
B:P — C, we call B: P — C the P-Moebius transform of B, if for all X € P

B(X)= Y  B(P) (2.33)
PEP(X)
When it is evident from the context, we write Moebius transform instead of

P-Moebius transform. Rewriting eq. (2.33) as

B(X)=B(X)- Y  B(P), (2.34)

PEP(X):
IPI<IX]
we see that the Moebius transform B is uniquely defind by eq. (2.33).

When speaking of a Moebius transform in cases of the set of all convex-
polymers P, the set of all core-polymers P, and the set of all (n)-renormalization
part polymers, we mean in the following the P;-, P; - and h,(P).-Moebius trans-
form, where z € A. For instance, the Moebius transform B of B: P — C is defined
by

B(X)= Y B(P), (2.35)
PeP.(X)
for all X € P;.

Let us remark that in the following definitions and proposition the term poly-
mer may be replaced by the terms convex-polymer, core-polymer and (n)-renor-
malization part-polymer.

The formal thermodynamic limit of B: P — C is given, for all z € A, by

B(A;):= lim B(X B(P 2.36
Ll Jim BN = PZ (P). (236)
EP,
To show the existence of this limit, we will show that the series on the rhs of
eq. (2.36) is absolutely convergent. In the next proposition, we shall present a

sufficient condition for the existence of the thermodynamic limit. For P € P,,
define the degree of P by

deg(P) := | min(P)|. (2.37)

Consider the function B: P, — C. We call B ~-invariant, iff P ~ P' implies
B(P) = B(P'). We have the following relations

V(r(P))| = |L(r(P)]+1, deg(P)= %IV(T(P))I- (2.38)
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Proposition 2.9. Let ¢ : N — R, be positive function and A be a positive
constant. Suppose that B: P, — C is ~-invariant and the following bound for the

Moebius transform B

1B < [ I e atee® (2.39)
teL(r(P))

holds, for all P € P,. Define C(L,q) := S.52, L%¢(i) and suppose
C(L,g)M\Y? < 1/4. (2.40)
Then the thermodynamic limit of B exists and we have the following bound
|B(A)| < 22172, (2.41)

Proof: Using ~-invariance, we obtain

Y IB@)I =Y Y |B(P) =) E(r)|B(r) (2.42)

P€P, T Y

With help of lemma 2.4 and lemma 2.7, bounds (2.39), (2.42) and (2.38), we get

SB@)I <YL LMg(un) ARVl (2.43)
PeP, T leL(r)
Define, for all k € {1,2,...},
o= Y [ zMgqu) A% (2.44)

V() |=k l€L(T)
and for all n € {1,2,...},
In= Y I (2.45)
k

1<k<n

By eq. (2.43), we have to prove that
I, < 2% (2.46)

holds, for all n € {1,2,...}. This is done by induction. Obviously, L =1 = K>,
Suppose that eq. (2.46) holds for all n € {1,..., N — 1}. Split up the tree 7 into

its subtrees 71,..., Ty, we see that for all n > 2,

m

L<d Y 3 et (2.47)

m>1 kirookme I,lm>1 i=1
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Thus, using eq. (2.40) , we obtain

Zk,-:n—l ) (248)

This proves the assertion. O

As we have seen in the proof of proposition 2.9, all polymers P in formulas
containing ~-invariant functions B : P — C can be replaced by trees 7(P). In
the next sections, we shall formulate all relations in terms of polymers. We could
always replace these relations in terms of tree graphs for ~-invariant functions B.

In this section, we have defined polymer sets on a multigrid A. The aim of

the next section is to represent hierarchical models by multigrid polymer systems.

3. Renormalization group equations and polymer systems

Hierarchical renormalization group equations are related to polymer systems
on the multigrid. The definition of a polymer system is in no way unique. We
present in this section two definitions of a polymer system. The first one needs
an explicit definition of the bare coupling constants. In the second definition of a
polymer system bare coupling constants will be polymer-dependent and recursively
defined. This is in analogy with Gallavotti and Nicolo [2-5] where the bare coupling
constants are expressed as a formal power series of effective (renormalized) coupling
constants.

Let @ C R™ be a space of parameters (coupling constants), which will not
be further specified here. Consider parameters A = (A1,...,A,) € O C R™ and

assign to each A a function Z, of M-component fields
A Zy: RM SRy :={aecR|a>0} (3.1)

The choice RM for the field space is not essential for the following discussion. Let
us remark that the choice of O will depend on the model defined by the function

Zx. How the region O depends on Z) is an important question, which will not be
answered in this paper.



Vol. 66, 1993 Pordt 121

In the following, we shall define the hierarchical renormalization group equa-
tions in d dimensions. To be specific, choose a special hierarchical renormalization
group equation introduced by Gallavotti et al [28]. But all results stated here do

not depend on the special manner of defining a hierarchical approximation. For
N € N and v > 0, define recursively Z,(CN) by

N N N - L?
ZM (@) =Y [ / dpy(®) 2 (@ + L 420)]" (3.2)
for k € {0,...,N — 1} . The recursion starts with
Zy () = Zay (W), (3:3)

for a parameter Ay € O. We call Z,,(¥) the bare partition function. du.(P) is

the Gaussian measure with mean zero. It is defined by
i _
dp(®) := (2mv) " M/2 dM P exp{—2—7~<I>2}. (3.4)

We have supposed here that the Gaussian measures of Z,(CN) exist. cgﬁ) are nor-
malization constants which will not be further specified.

The ultraviolet limit is defined by choosing parameters Ay, such that the
following limit

lim ZV(0) =: Z,(9) (3.5)

N—co

exists, for all k € N, ¥ € RM. For a given N, the parameters Ay are called bare
coupling constants and Z,EN) is called effective partition function with ultraviolet
cutoff N. The effective interaction is defined by V(¥) = —In Z(¥).

We study two versions to define a polymer system, which represent the renor-
malization equations egs. (3.2) and (3.3) of a model defined by the function Zj.
In the first version, we need an explicit ultraviolet cutoff, which is defined by im-
posing for polymers that they are contained in the first N layers of the multigrid.
In the second version, we do not need an explicit ultraviolet cutoff. Throughout

this section, when we speak of polymers, we mean convex-polymers.
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3.1. Polymer system defined by an explicit ultraviolet cutoff
Define, for all y € AN) .= Ao+ A1 +...4+ An and coupling constants Ay € O

relevant partition functions by
ZYIE) = Zy, (V). (3.6)

For all z € A and X € PV = Po(AM), define recursively partition functions
ZN)(X|¥) by ;
ZWN(X|T) := Z7¢ (2| D), (3.7)

if X ={z},z € ANy and

20X i=a(X) [T] [ du(@)27wle + 2 0)]

yEx:

v (3.8)
[T [ (@208, 18+ 2-420),
bt

if | X| > 2. ¢p(X) is a normalization factor which will not be further specified here.
Comparing this definition with the definition of Z ,(CN) (egs. (3.2) and (3.3)), we see
that the relation

Z(®) = 2 (AN (3.9)

holds, for all z € Ag, ALY = {y € AM)| y < z}, if the normalization constants
are related by

Y = eo(ALM) (3.10)

and Ay = Ap, for all y € Any. We see that Z(N)(A(EN)l\I') depends only on the
bare coupling constants Ay, y € Axy. We set Ay = An, for all y € Any. The other
coupling constants {),, y € A(N~D} determine the polymer system on A,
Obviously, we have Z(X|V) = Z(X'|¥), for all X, X' € P with X ~ X'.

For y € A(N—1), the parameters A, are chosen in such a way that Z!(z|¥)
will be a “good” approximation to Z™)(X|¥), for all polymers X € PN, Then,
the parameters A, are no longer independent from each other. For example, let
)\g-N) be the running (effective) coupling constant of layer A; with ultraviolet cutoff

N. The running coupling constants are related by

N
A =g, (3.11)
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The functions GgN) determine the renormalization group flow of the running cou-

pling constants AS-N). Then a suitable choice for the coupling constants Ay, for all

y € AM)| would be A, := Agi\;))
Define the irrelevant partition function RUV)(X|¥) by

RM(X|®) := =27 (a|¥) + 2N (X|T), (3.12)

forall X € 'Pa(;N),:c e AN,
The definition of the relevant partition function Z(") implies the following

renormalization group equations for the irrelevant partition functions R(™)
RM(X|¥) =0, (3.13)

if X = {z},z € Ay and

RV = =260+ 3 o) [ [ [dun@z e+ 2-40)
P: PCT yET—P

11 [ dun@rD K1+ 2400,
yeP

(3.14)
if | X| > 2. We could equivalently define R("Y) by eqs. (3.13) and (3.14) first and
define Z(™) by eq. (3.12) . Obviously, Z(™ would obey the renormalization group
equations egs. (3.7) and (3.8) .

The proof for the existence of the ultraviolet limit consists of two parts.
Firstly, choose the bare coupling constants A, = An, for all y € Axy,N € N,
such that the limit

lim ZzN(P|) =: Z(P|¥) (3.15)
N>h(P)
exists, for all P € P,z € AN h(P) := max{j| A;NP # B}. Let us recall that the
coupling constant Ay, y € AN is Ay-dependent. Otherwise, the limit in eq. (3.15)

would be trivial. In the next step, we have to show that the thermodynamic limit
1 = . 4 |
Pl}‘nkm Z(P|¥) =: Z(A|T) (3.16)
exists. This can be done by proving

> |R(P|D)| < oo, (3.17)
PcP,
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where R is the Moebius transform of R.

We have seen in this section that we need two limit processes to prove the
existence of the ultraviolet limit. In the next section, we shall define a polymer
system for hierarchical models, such that we need only one limit process to prove
the existence of the ultraviolet limit. For the polymer system defined in this
subsection we have to know the bare coupling constants a priori. The definition
of a polymer system presented in the next subsection shows that also the bare

coupling constants may be constructed in a canonical way.

3.2. Definition of a polymer system with no explicit ultraviolet cutoff

The reason that two limit processes were required for performing the ultra-
violet limit in the last section, was the introduction of bare coupling constants
AN, or equivalently the cutoff-dependence of the partition functions. Instead of
introducing coupling constants A, for all y € A, we introduce in this section func-
tions Fix: O — O for all polymers X € P. The functions Fx relate the coupling
constants of before and after one renormalization group step. We call Fx renor-
malization group flow function of X. Suppose in this section, that the functions
Fx are arbitrarily defined. In the next section, we shall see that the renormaliza-
tion group functions Flx can be fixed by imposing renormalization conditions on
the partition functions.

Suppose that for all polymers X € P, there are differentiable functions Fx :
O — 0O.Forall A€ O,X € P,z € A, define recursively partition functions

ZA(X]T) := eo(X) [[] / dpiy(®) Z g (1) ( Xy |8 + L2 0)). (3.18)
yEzr

Start the recursive definition by
ZA(0|) := Zx(7). (3.19)
Define irrelevant partition functions Ry by
Ry(X|¥) := —Zx(¥) + ZA(X|T). (3.20)

By egs. (3.19) and (3.20) follows R(#|¥) = 0. Then the renormalization group
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equations for Ry and X € P with max(X) = {z} read

RXIW) =-230)+ Y @) [ I] [ dur®Zeen(® + B9
P: PCT yE€F—P

[H /dﬂv(‘I’)RFx(A)(XyI‘I’ + L1412,

yer

(3.21)
We could equivalently define Ry by eq. (3.21) first and then define Zy by eq. (3.20).
Obviously, Z, would obey the renormalization group equations (3.18).

The functions F'x are chosen in such a way that Z,(¥) is a “good” approxi-
mation to Zx(X|¥), for all polymers X. We see in the next section, how this can
be achieved by introducing renormalization conditions.

Suppose that F is ~.-invariant, i.e. Fx = Fx/, if X, X' € P with X ~, X'.
This implies ~.-invariance of Z,(.|¥). '

We discuss now how the bare coupling constant A and the effective partition
function ZéN) can be recovered. The bare coupling constant Ax(A) is a function
of A\. Forall N € N and A € O, define Fy := Fy(~) and

AN(A) := (FN-10Fn—20...0Fj 0 Fp)(A). (3.22)

Suppose that F} is invertible, for all ¥ € {0,...,N — 1}. Then, we obtain the

effective coupling constants by
MM = Frlo Frl o o FLl (An), (3.23)

for all j € {0,...,N — 1}. We see that the renormalization group flow equation
eq. (3.11) holds with

&M = F1. (3.24)
Moreover, we obtain

ZM(W) = Z,\ (AN ), (3.25)

The proof of the ultraviolet limit is equivalent to find functions Fx, for all polymers

X, such that the thermodynamic limit
AlD) := lim Z,(X|¥ 3.26
By M) = Jim Z(X|¥) (3.26)
exists, for all A € O. The thermodynamic limit may be shown by proving

Y IRA(P|)| < o0, (3.27)
PeP,
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for an arbitrarily chosen = € A, where R, is the Moebius transform of Rj.
The foregoing definition of a polymer system may also used to find fixed

points Z* of the hierarchical renormalization group equation Z' = H(Z), where

H is defined by

- 6 A
HE)) = | [ du(@2(@ + 192" (3.28)
Suppose that the thermodynamic limit of Z exists and that the following limit
F(X) = )}i}nA Fx () (3.29)

exists, for all A € O. F is called the renormalization group flow function. By
eq. (3.18) we get in the limit X 7~ A

1. (3.30)

Z3(AID) = co() [ [ din(®)Zry (Al + L9/70)

Let A* € O be a fixed point of F', 1.e. F(A*) = A*. Then we see, using eq. (3.30),
that

ZX(T) := co(A) BT Zyu(A|T) (3.31)
is a fixed point of the hierarchical renormalization group equation (3.28).

There is one Gaussian integral for each renormalization group step. Up to
now, the partition functions Zx(X|¥) are defined by performing stepwise renor-
malization group equations. We could also rewrite the hierarchical renormalization
group equations by iterating n renormalization group steps and define partition
functions correspondingly. We follow this idea to define a polymer system for
(n)-renormalization part-polymers. For that, we want to distinguish two kinds of
polymers. The first kind of polymers needs renormalization and the second kind
needs no renormalization. This is further specified by the following discussion.
For weakly coupled models, we can suppose that Rj is small. Then we see that
the main contributions on the rhs of the renormalization group eq. (3.21) for Ry
comes from terms with |P| = 1. Iterating renormalization group eq. (3.21) further,
we see that the most “dangerous” polymers X € P, have the property that there

emerges only one line from the root z of the tree graph 7(X).
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For the following lemma, we introduce some notations. Define, for all n € N,
X C A, where max(X) C Aj,

X 1= Z v
yeEX
X" =X N0 Ajin, (3.32)
Xen =X (Aj+n + Aj+n_|_1 + .. .),
XS =XN(Aj+...+Ajrn)

and for all ®, € RM,y € A, X renormalization part of length ng, n < ng

F)((") i=Fx»n-10...0Fx»1 0 Fx,

M) e T ...+ e TEEY s g Y, (3.33)
o(™ ;=[(1-/D(n =i,

Iterating the renormalization group eq. (3.18) for renormalization parts X, we

obtain the following

Lemma 3.1 Let X € P,,z € A, be a renormalization part of length ny, and
X = [ly],z] + Xy, !([y,z]) = no. Then, we have, for alln € {1,2,...,n0}, ¥ = &,
and Y = Yn€Yn—1€... EY1E€Y0 = T,

20 =P I [,

yef(n 1
k
k+1
{[H I Zegropy(@+2 2 ))] (3.34)
k=0 y€Y, —{yr+1} =0

ZF)({")(A)(Xy"lz; Qg?))}-
=

Proof (by induction): For n = 1 eq. (3.34) is equivalent to eq. (3.18). Suppose
that eq. (3.34) holds for n < ny. By definition eq. (3.18), we have

2y (o 3947 -

ROY Xyn)[ / Ais(®) 2, o Xy|® + L1 d/2Z<I>(n) ]
=0
(3.35)



128 Pordt H.P.A.

Using X,, = X2", ¢(X2") - ¢”(X) = f™V(X), Fxzn 0 Fy”) = FY™ and

Ll—d/2<1>g,?) = @g,?+1), we obtain by insertion of eq. (3.35) into eq. (3.34)

X0 =0 | I duﬁ(cby)][l'[ [ @)

—<n-1
yex-"

{[I:I 1 ZF¥°+1’(»\)(%+Z‘I’§’§+”)]

k=0 yey, —{yk+1} =0 (336)

[ H ZF}{‘“)(A)((I’# + Z ¢§?+1))]
1=0

YEY, —{Yn+1}

n+1
Zpo 2y Kynaa| 3 254Y) }

1=0

Since X~ = X=""" ¢ X", eq. (3.36) implies the assertion for n + 1. O

Lemma 3.1 and eq. (3.20) imply the following recursion relation for R (X |¥),

if X € P,,z € Ay, is a renormalization part of length ny and n < ny

RA(X|¥) = 62{"(X|¥) + 6R{" (X|¥), (3.37)
where
s20(X19) == 20+ 70| I [ dustay)]
—_—ln-1
yeX~=
n—1 k
(I T zZgwn@+y ] 6o
k=0 yEFk {yr+1} 1=0
F<“)(A)(Z %) }
and

SR\ (X|0) = "’(X)[ 1T f dm(@y)]

yex<""1

{["ﬂl II  Zepoop(@ +Z¢’("+”] (3.39)

k=0 yey,— {yk+1}

F("')()\)('Xyn |Z q)(n) }

1=0
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We want to define recursively partition functions ,, Zx(X|¥) for (n)-renormalizati-

on part-polymers X. In analogy with eq. (3.18), define in the following a partition
function

nZA(.|¥): hn(P)U {0} — Ry

Consider an (n)-renormalization part-polymer X € h,(P). If |{y € T| X, #0}| >
2or X ={z,y1,.-.,Yk—1} + Xy,» Yk EYk—1E ... EY1Ex, k < n, then define

nZA(X[) == co(X) [[] fduq,(@)nZFx(,\)(Xy@ + [, (3.40)
yE

If X ={z}+ X,,,|i(yn) — j(z)| = n, then define

Z3X19) = 70| TT [ din(@y)

yeﬁ"

n—1 k
(I I Zgwo@+yo)] e
t=0

k=0 y€y) —{yr+1}
n

Start the recursive definition by
2 ZA(0|0) := Z,(). (3.42)

We have used the abbreviations (3.33) of cg")(X) and F)({"), for all X € hn(P).
Then, we see that
nZA(X|¥) = Zx(hy" (X)]®), (3.43)

for all X € hn,(P). This can be shown using lemma 3.1.
We want to define an irrelevant partition function ,Rx: hp(P) — R . Define

A BA(X|T) := =Zx\(T) +n ZA(X|¥P), (3.44)

for all X € h,(P). Then the renormalization group equation for ,, Ry, X € h,(P),

reads

AKX = =260+ Y @) [ ] [ da(@nZreon(@+ 17420)

P:PCF yET—P
111 /d”v(‘b)nRFx(A)(Xyl‘I’ + L),
yeP

(3.45)
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if [{y et Xy #0} >22o0r X = {z,y1,...,Yk-1} + Xy, YkEYr1E... EY1ET,
k < n and

RAX10) = =20+ (0| TT [ (o)

—<n

yeX-

n—1 k
(I 11 ZF§k+1>(A)(¢y+Z@§?+1))]

k=0 yey, —{yr+1}

[ F(n)(A)(Z(I)y‘)-F” F(")(A)(Xy"|zq’(n))”

=0
(3.46)
if X = {2z} + Xy, i(yn) — j(z)| =n.
Let us remark that for n = 1 we have hy(P) = P and ; Z,(X|¥) = ZA(X|T),

1.e. both polymer systems defined above are equal in this case.

4. Renormalization conditions, operator £ and the function Fx

The definition of the polymer system given in the last section depends on the
functions F'x,X € P. Fx will be chosen, such that the thermodynamic limit of
Zy exists. In the case Fix(A) = A € O, for all X € P, we call the corresponding
polymer system not renormalized. In general, the thermodynamic limit of a not
renormalized polymer system does not exist.

For example, consider the ®*-model in 2 and 3 dimensions. Scalar $*-models
are defined by

Z(mz ,\)((I)) = exp{——-@4 = 7@2} (41)

where & € R. In two dimensions, we choose F'x = F' , where

A
F(mz, Aj = (L_zm2 — —2—L_27,L_2)\), (4.2)
and in three dimensions
A2
F(m?*,)) = (L*m?® — %L‘zfy + L'2 ,L71N), (4.3)

for all polymers X. Then it can be shown that the corresponding thermodynamic
limit exists [17]. The reason for such a simple choice of Fx is that the ®*-model is
perturbatively superrenormalizable in two and three dimensions. For superrenor-

malizable models, the function Fx may be chosen as a polynom. Using egs. (4.2)
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and (4.3), we obtain the following renormalization group flow equations of bare

coupling constants in two dimensions

z _ A

2 il -2
M = LTy (4.9)
Ajt1 = L2,
and in three dimensions
A A2
2  _ r=2._2 = ir-2.3
Myt = L7 mj — 7”‘ v+ ﬁL T (4.5)
A1 = L7,

for all j € N. (m2,\¢) = (m2, ) are the renormalized coupling constants. Define

oeld =242
J‘""L s

a 4.6
Xj = L(4_d)j)\j. (40
By egs. (4.4) and (4.5), we obtain in 2 dimensions
Xy
~2 _ ~2 j
i1 =T T (4.7)
Aj+1 = Aj
and in 3 dimensions _ .
~2  _ ~2 j J
My = mj — L7 9 + 31 (4.8)
/\j+1 = )\j.

Using egs. (4.7) and (4.8), the bare coupling constants expressed by the renormal-

ized coupling constants in two dimensions are

Ay
2 _ .2 M
ity = i ==L (4.9)
AN = L—ZN)\,
and in three dimensions
LN —1 Xy A2~3
2 _ .2 okl
my=m' =713 TN (4.10)
AN = L=

By these equations, we see the ultraviolet asymptotic freedom and the logarith-

mic (linear) divergence of the bare mass squared for the ®*-model in two (three)

dimensions.
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The functions Fx are in general not uniquely defined. Imposing some renor-
malization conditions on partition functions, we may define the functions Fx =
(Fx,...,F2) (or some components F'%) uniquely. For that, define linear operators

Ly x. The renormalization conditions are given by
Ly, x {RA(X])HE) =0, (4.11)

for all polymers X € P,A € O,¥ ¢ RM,

The polymer-dependence of the operator £ x may, for instance, come in by

Ly, if X € pldv);
= J £ » 4.12
Fik { 0, ifXeP—Ppl) (4.12)
where P(4%) C P, and

0{Z()}(¥) :=0, (4.13)

for all functions Z:RM — R. In other words, we “renormalize” only polymers
P € P(@%) Then the renormalization condition (4.11) is trivially fulfilled, for X €
P — P4iv) | For example, choose P(4i?) .= ’P(;;") := {P € P| P is renormalization
part of length > n}. B

Suppose that the operators £y x fix the functions Flx, for all polymers X, by

renormalization conditions eq. (4.11) . Using eq. (3.20), we see that
La,x{Z2A(X[)HT) = L2, x{22()}D). (4.14)

We shall give some examples for the operators £y x. These examples are the ®*-
model and the 2-dimensional nonlinear O(N) o-model. In the first example, the
operators £y x do not depend on A and polymers X. In the second example, the
operators Ly x depend on the coupling constant A but are polymer-independent.
We could also define polymer-dependent operators £ x in our examples by im-
posing renormalization conditions on partition functions only for special polymers.

For the ®*-model, we may choose £ Ax = L, where

2 52 - -
L{Z()}HT) = exp{—cT?} [1 - %%] [exp{cqlz]Z(\I’)] S (4.15)

and c is a positive constant. Let us notice that in this case eq. (4.14) is equivalent
to the more conventional renormalization conditions
52

Z(mz,A)(Xlo) = 1, _B—lil_z_

Z(m2, (X [¥) =0 = m?, (4.16)
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for all polymers X. Therefore, the renormalization condition eq. (4.11) defines
the component F¥ (mass renormalization) and the normalization constant co(X).
Choosing

v 9t ot o

L{Z()}T) = exp{—cT?} |1+ ?6?-% o oo

, (4.17)

} [exp{c@}z@) -

we would fix Fx = (Fx, F%) (mass and coupling constant renormalization) and
the normalization constant co(X). The renormalization condition eq. (4.14) is in

this case equivalent to eq. (4.16) and

34
Ut

In Z(m2 2 (X]¥)gmo = A, (4.18)

for all polymers X. The reason for the prefactor exp{—c¥?} in the definitions
eqs. (4.15) and (4.17) of £ is to control large fields by a stability bound. In
perturbation expansion, this term is not necessary. In the example considered
here, the renormalization conditions eq. (4.11) do not depend on c.

We see that the symmetry relation Z(¥) = Z,(—¥) for the “bare” partition
function holds also for all partition functions Zx(X|¥).

As a second example, we want to consider the case where the operator £y x =
Ly depends on the coupling constants and does not depend on polymers. For in-
stance, consider the 2-dimensional nonlinear O(N) o-model. This model is defined
by the function Z: RN — R, where

Z\(T) := exp{—%j;(‘]?2 — 4)?*}, (4.19)

for ¢* := (L?* — 1)/(27), A := 1/f € [0,X]. Ao is a small positive real number.
Then, define £ by

- N
EA{ZONE) = expl =750 = 12 [14+ Y (0 - fut) =2
= a=1
el @ - PPZ@]
~a20)

for all O(N)-invariant functions Z, ¥ = (¥1,...,¥V) € RV, ¥ # 0, and unit
vector u 1= U/||¥|| = (ul,...,ul) € RV ||u|| := Zf;l(u“)z =1. If ¥ =0, take
an arbitrary unit vector u on the rhs of eq. (4.20). c is a positive constant.
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We rewrite eq. (4.20) by

N
o 5

EMZOND) = exp{= (¥ = 1)) [Z<fu)+§j<w“ —fu“)aﬁz(‘l’)lgmfm]-
a=1

(4.21)

Then, we see that the renormalization condition eq. (4.14) is equivalent to
0
ZX(X|(£,0)) =1, %ZA(XI(f +p,0)) =0, (4.22)

for all polymers X and 0 € R¥™1 is the null vector.

The renormalization condition eq. (4.14) fixes the function Fx: [0, Ag] — [0, A¢]
and normalization factor co(X).

By definition, the bare partition function Z,(¥) and the partition function
Z)\(X|¥) are O(N )-invariant, for all polymers X.

We see in our examples, that the renormalization conditions egs. (4.11) and

(4.14) do not depend on the positive constant ¢, which appears on the rhs of the
definitions (4.15), (4.17) and (4.20).

In the following, we want to discuss symmetry properties. Let S:RM —
RM be a field transformation. For a function F:R™ — R, define a function
S(F):R™ S R by

S(F)(¥) := F(SY), (4.23)
for all ¥ € RM™. Suppose that a model is defined by a function Zy: RM — Ry,

which is S-symmetric, i.e.

S(2») = Za (4.24)

and suppose that the Gaussian measure dp.(®) is S-symmetric, i.e.
du~(8®) = du~ (). (4.25)

We see that, if
[Lrx,85]=0 (4.26)

holds, then Zx(X|.) is S-symmetric, for all polymers X. Models, for which the
thermodynamic limit X A exists and the eqs. (4.24) and (4.26) are valid, are
called anomaly-free. It is possible that the existence of the thermodynamic limit
requires the definition of operators £ x which violates eq. (4.26). For such models,
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the partition functions Zx(X|¥) are not S-symmetric. Nevertheless, the “bare”

partition function Zy may be S-symmetric. In this case, we say that such models
have anomalies.

In the following, we discuss how to determine explicitly the renormalization
group flow functions Fx by the use of renormalization conditions (4.11) . Suppose

that the renormalization conditions eq. (4.11) are equivalent to
gx(A X)) v=re(r) = 0. (4.27)
Consider (Ao, o) € O?, such that gx(Ae, o) =0, Ovgx(Ao,A'o) # 0 and define
FxOGN) == A = (Bagx (Mo, N o)) TTax (N, ). (4.28)

For fixed A, we consider the fixed point equation fx(A,A") = A’. The solution X’
of this fixed point equation fulfils gx(A,A’) = 0. In the following, suppose that |
the iteration procedure for this fixed point equation is well defined and converges
to its solution X' = Fx(A).

Let A be in a small neighborhood of \g. Define A; x(A) recursively by

A0,x(A) := Ao,

(4.29)
)\i+1,X()\) = fX(/\’ Ai,X(A))-
If lim; o0 Ai, x () exists, we have
Fx(X) = lim X\; x(A), (4.30)

for all A in a small neighborhood of Ag.

In the remainder of this section we shall discuss the question how to construct
the Moebius transform Fx of the functions Fyx. Let f x be the Moebius transform
of fx. For fixed X' € P and X € P, with X D X' and Y € P(X, X') define

Frox(A) by
- ~(3)
fX’(AaAi,X(A)) — Z fY,Xl(A)- (4:31)

YeP(X,X')

Then the Moebius transform X.i, x(A) of A; x(A) is recursively defined by
Xo.x(A) := Xobz x,

& ru(d)
Nt x(N) = D Fx x(N)

X'eP(X)

(4.32)
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Then we obtain

Fx(A) = lim i x()), (4.33)

11— 00

if the corresponding limit exists. This is shown by

-~ ~(1)
Z Ait1,x(A) = Z Z Fx x/(A)

XeP(Q) XeP(Q) X'eP(X)

2lf)
Z Z fX,X'(’\) (4.34)

X'eP(Q) XeP(Q,X")
3y Fxr(h Xig(N)
X'eP(Q)
= fQ()\} )\i,Q(A))'
~(1)

An explicit cluster expansion formula for the Moebius transform f x x/(A) is given

in section 6, corollary 6.4.

5. Renormalization group equations for the Moebius transform ﬁ)\

We have seen in the first section, that to show the thermodynamic limit of
a polymer system, we have to estimate Moebius transforms. In this section, we
present an explicit method to construct recursively the Moebius transform of R,
for convex-polymer and (n)-renormalization part polymer systems. We perform
these constructions in four steps. These steps are presented in detail for convex-
polymer systems. For the (n)-renormalization part polymer system, we explain
these steps only briefly, since they are analogous with the steps for the convex-
polmer system.

The general approach is described as follows. Suppose that we know already
Ry\(P|¥), for all P € P with |P| < N. We want to construct By(X|¥), for all
X € P with |X| = N. Furthermore, suppose that ¢o(X) and Fx are known.
By definition of the Moebius transform, we know R)(P|¥), for all P € P with
|P| < N. Using the renormalization group equations of Ry, we may compute
R)\(X|¥), for all X € P with |X| = N. By definition of the Moebius transform,
we obtain ﬁA(X |'¥). In the following, use the abbreviation

RA,X =1 ﬁ)\,X (5.1)
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and for a function F: RM — R, define

P i= [ dun(®F(@ + L192()). (5.2)

If Lx is polymer-independent, i.e. Ly x = L), then we see that the Moebius
transform 'féA of Ry :=1— L, obeys

Ra,x = 61,1x|Ra (5.3)

5.1. Convex-polymer system

We shall discuss the recursive construction of the Moebius transform EA in
four steps. In the first step, perform the Gaussian integration and set ¢o(X) =1
and Fx(A) = X € O. We take into account, in the first step, the polymer-
dependence of the operator £y x. In the second step, we have regard to the
polymer-dependence of the normalization constant co(X) and in the third step,
the polymer-dependence of the function Fx. In the fourth step, finally, we recover

the Moebius transform R for larger polymers.

1. Step (Integration):

This step is the most important one. Here, we get suppression factors, which
control the entropy factors. This works only if the operators L) x are defined
correctly and if the model is renormalizable. Consider the not normalized and not

renormalized renormalization group equations (3.21), i.e. setting
co(X)=1, Fx(A\) =X (5.4)

in eq. (3.21) for all X € P. Denote 1 — L x of the rhs of eq. (3.21) by B ,,(X[¥).
Then determine the corresponding Moebius transform Ef\" W (X|D).
Define BY ,/(X|¥), for \,X € O, X € P by

By X10)i= Rax{ 2200+ 3 mn(Za)()F 7 T (R (K1) (0
P:PCx yeP
- (5.5)

The following lemma gives the relation Ry — E}f A Where E}f’ y 18 the Moebius
transform of Bﬁ) \o Let ﬁA be the Moebius transform of R .
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Lemma 5.1 . The Moebius transform }??’;, » of B} y is given by

EK,A'(XN’) = ﬁA,X{ZA(')}(\P)

b5 R {20007 ] BP9

Y,PEP(X): yET:
YUP=X Py #8
(5.6)
and if Ly x is polymer-independent (L x = Ly),
B (X19) =Ra{ ~81,31(2()
(58.7)

Hu 23O 59 T (B (500 }@)

yET:
Xy #0

for all polymers X.
2. Step (Normalization):

For this step, we need the normalization constant ¢o(X). Define By x(X|¥)
by 1— L, x of the rhs of the not renormalized renormalization equations eq. (3.21),

where Fix(A) = M. Then determine the Moebius transform B x/ in terms of

the Moebius transform EK, s - Denote the Moebius transform of ¢y by ¢y. For

MA € O0,X € P, define By (X|¥) by

B (X|¥) := Rx,x{—Z,\(.)ﬁL S co(X) py(Za)()EFF
P:PCT (5.8)

11 m(Rx(Xyl‘))}(\P)-

yeP

The following lemma gives the relation ﬁ’i, s B AN -

Lemma 5.2 . The Moebius transform EA,A: of Byx for A\ A€ Oand X € P is

B0 =RoxBO)@+ Y 6 [Ralz0xw)
P1,P2EP(X):

PiUPy=X (59)
+B3u(PID)] |

and if Ly x is polymer-independent (L) x = L)),

E,\,A'(X|‘I’) = RA{ (—51,|X|+30(X))ZA(-)

. (5.10)
. zo(Pl)B:,x(Pﬂ.)}(m.

P, Po€P(X):
PiUPy=X
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3. Step (Renormalization):
For this step, we need the renormalization group flow function Fx. For a fixed
polymer @} € P, define the Moebius transform B A(P, Q|¥) of B A Fr(0)(QY), for

all polymers P O Q. A cluster expansion formula of B a in terms of B A\ 1S given

in section 6, corollary 6.4. By renormalization condition (4.11), we see

L, x{Bx,rx(0(X])}H¥) =0 (5.11)

and therefore, by definition,
B, rx ()(X[|¥) = RA(X|¥), (5.12)

for all polymers X.

Let us remark that we could have replaced the operator Ry x by 1 in the
definitions eqs. (5.5) and (5.8) of BY ,, and By x. Then we would also get the
relations egs. (5.11) and (5.12).

In this third step, take the polymer-dependence of F' into account. For this,
define the following Moebius transform. For a fixed polymer X', define the Moe-
bius transform E,\(.,X'|\If) of §,\,R(A)(X'|\Il), for all X € P with X D X', by

Baren(X'1¥)= Y BAQ,X'|T). (5.13)
QEP(X,X')

An explicit cluster expansion formula of B A is given in section 6, corollary 6.4.

4. Step (Induction):
In the last step determine ﬁ;\ by B a. We present the relation By — R, by

Lemma 5.3 For all polymers X, the following relation holds
RA(X|Z)= Y Ba(X,QID). (5.14)
QEP(X)

In the following, we present the proofs of lemma 5.1, lemma 5.2 and lemma 5.3.

Proof of lemma 5.1: We have by eq. (5.5) and the definitions of the Moebius
transforms ’fé)‘ and EA

B (X|¥) := Z ﬁx,y{—zx(-ﬂ‘ Z Z

YEP(X) P:PCT y€T—P—Q,€P(X,) (5.15)

r(Z3) )P T uv(ﬁfv(le-))}(\I’)-

yeP
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We may replace the second and third sum on the rhs of eq. (5.15) by a sum over

all polymers, which are contained in X,

By y(X|T) = Y 7‘\i)\,Y{—Z/\(-)

YeP(X)

) -~ (5.16)
£ Y (2 Bl ] u7(RA'(Py|.))}(\If).
P:PEP(X) yET:

Py #8

Furthermore,

B (X[1)= 3 [—ﬁA,Q{zAc)}(w

QEP(X)

Py ﬁx,v{m(zxx.)“ﬁ' A=l ] m(ﬁwaL))}(m}

Y,PEP(Q): yET:
YUP=¢Q Py #0
(5.17)
This proves the eq. (5.6). If £y x is polymer-independent, then by egs. (5.3) and
(5.6) follows eq. (5.7). a
Proof of lemma 5.2 : Using definitions (5.5) and (5.8), we obtain
By w(X|¥) = = R x{2x(-)}(¥)
+eo(X)[Ra, x {Za()HY) + B p(X[T)]
= ¥ |[FRrmow (5.18
YeP(X)
b Y [a)(RandBO)® + BAID)] |
L

This proves eq. (5.9). If £, x is polymer-independent, then by egs. (5.3) and (5.9)
follow eq. (5.10). m|

Proof of lemma 5.3 : From the definitions of B A B » and B, follow

SO Bxew= Y Y By,

X'eP(X)QeP(X') QEP(X) X'eP(X,Q)

Y. Bamn(QI¥) = Baren(X19) (5.19)
QEP(X)

=R\(X|¥)= Y Ra(X'|9).
X'eP(X)
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This proves the assertion. O

The scheme for a recursive construction of the Moebius transform R 1s

Ry = B}y = By — By Ra.

5.2. (n)-Renormalization part polymer system

In this section, we shall show how to construct the Moebius transform nfi;,,\
recursively. Since the steps for the calculation of nﬁ A are in analogy with the steps
in the foregoing section, we state the formulas for the Moebius transforms without

proofs.

We use the following abbreviation. For a function F:R™ — R and

yni---gﬂliyozxa X i= {xayls"'vyn}a A:: (Ala'--aAn)a

define
Am=| T [ dm(m}
yex STt
-n—1 k
II II 2@+ 00+ 4 LD (5.20)
k=0 ye¥, —{yr41} i=1
k

FO @ + Lr0-4/3( ),

1=1

Let ,R be the hn(P)-Moebius transform of the operator R = 1 - L. We
shall define , B y,(X|¥) and ,Bx x(X|¥), for all X € h,(P)and A € O. If [{y €
7 X, £ 0} > 2 or X = [[yh,a] + Xy € X, [§(y) — §(2)] < n, then nBan(X|¥)
(nB3 x(X|¥)) is equal to Ry x of the rhs of eq. (3.45), where Fx () = X' (co(X) =
LEx(A)=XN). X ={2}+X,,, |i(yn)—j(z)| =n, then X' = (Ay,...,An) € O7,

nBax(X|T) = nRA,X{—ZA(.) +e§M (X)), (ZA,.(-) + n R, (Xy., |.)) } (5.21)

nB3 »(X|¥) is equal to the rhs of eq. (5.21), where c[()n)(X) = 1.
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1. Step (Integration):

Let n§§, » be the Moebius transform of B} ,,. The 1. step is given by the
relation Ry — ,,E},A,. Suppose that X € h,(P). If [{y € 7| Xy # 0} > 2 or
X = [[y]aw] + Xy, y € X, |7(y) — j(z)| < n, then

B (XNT) = — o R x{Z2()}(D)

b Y R (2000 BT (B (P 1) D)

YyPET"(X): yG;:
YuP=X Py #8
(5.22)
If X ={z}+X,,, |7(yn) — j(z)| = n, then
B (X10) :=n Rox x{=22() + pU (2, ()}H(D)
+ Y ARy (B, (P | )}, (5.23)
VP ERA(PIX):

In the next step, we have to take the normalization constants ,co(X) into account.

2. Step (Normalization):

Let ,co be the h,(P)-Moebius transform of the normalization constant. Then

in analogy with lemma 5.2, we obtain the relation nﬁﬁ \ nE AN -
3. Step (Renormalization):

By renormalization condition (4.11), we see
'CA'X{"'B)"N(Xl')}|A'=(F)(c1)(A),...,F)((")(,\)) =0 (5.24)
and therefore, by definition,
nBA,A'(Xl‘I')IAl:(FQ)(A),.._,F)({“)(A)) = wbtalk |E ); (5.25)

where F}({k), k € {1,...,n} is defined by eq. (3.33). For a fixed polymer X', define
the Moebius transform nBa(., X'|¥) of B (X'|¥), where

X = (FPM),. F ),

for all X € h,(P) with X D X', by

B (XD, r@on = 2 BAQXID). (5.26)
QEP(X,X")
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Then, the 3. step is given by nﬁ;\,x — ng)\‘
4. Step (Induction):

The last step is given by the relation wBx — oRy. In analogy with lemma
5.3, we have, for all X € h,(P),

BAXID) = Y WBA(X,QlY). (5.27)
QER(P(X))

The scheme for a recursive construction of the Moebius transform ,R) is

nRA — nBK,)\' — nBA,A’ — n-BA — nRA-

6. Explicit representations of Moebius transforms

The Moebius transform B: P — C of a function B: P — C can be expressed
by an alternating sum in terms of B(P), P € P. Since alternating sums are hard
to estimate, we shall present in this section a more convenient way to express a
Moebius transform in terms of B. We shall answer the question how to relate the
Moebius transform E and e, if E and e are related by E = H oe where H:C — C
is a differentiable function . This problem is solved by proposition 6.1 which gives
a cluster expansion formula, for E in terms of &. We are going to apply this formula
to the Moebius transforms ?ﬁ? and By (see corollary 6.4).

In the following, we introduce some notations and summarize properties of
Moebius transforms. We show that Moebius transforms and Fourier transforms
share analogous properties.

For B € M(P,C), where
M(P,C):={B: P—- C}, (6.1)
let M(B) be the Moebius transform of B. The inverse M ™! of M is given by

M7 (B)YX)= ) B(Y) (6.2)

YeP(X)

This is an immediate consequence of the definition 2.8 of Moebius transforms in

section 2. Let P C Py, := Pyin(A) — {0} be a general polymer set. Suppose that
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(P, C) contains a least element X* € P, i.e. X* C P, for all P € P. Then for the
function I € M(P,C) defined by I(X) := 1, for all X € P, the Moebius transform
I'=M()is I=6bxe+, where

6x(Y) = éx,v, (6.3)
for all X,Y € P. This corresponds to the property of the Fourier transform, that
the Fourier transform of 1 is the Dirac distribution.

We shall define an algebra A(P) for polymer sets P. M(P,C) is a vector

space with a sum and scalar product defined by
(B1 + B2)(X) 1= B1(X) + B2(X), (AB)(X) := AB(X),

for all B,By,B; € M(P,C),X € P,A € C. Then {6p,P € P} is a basis of
M(P,C). Define a product - by

(B - By)(X) = By (X)Bs(X). (6.4)

Then A(P) := (M(P,C),-,+) is an algebra . The Moebius transform M: A(P) —
A(P) is a linear mapping. Let us remark that A(P) is a commutative algebra with
identity I, in the case that (P, C) contains a least element.

Define a convolution-type multiplication * in M (P, C) by

(By*By)(X):= Y Bi(P1)By(P), (6.5)

Py, PoeP(X):
P14+ Py=X

for all X € P. Then A (P) := (M(P,C),*,+) is a commutative algebra. Let
us notice that the convolution-type multiplication in M (P, C) is trivial, if there
exists no disjoint Py, P, € P. A.(Pfin) contains no identity element if |A] > 2.
But &g is the identity of the algebra A.(Pgin U {0}).

Define a homomorphism ~:(C,+) — (M(Pyin, C), *) by

g (X):=qg*, (6.6)
for all ¢ € C, X € Py;n. Define the function M fi,: M(Pfin, C) — M(Pgin,C) by
Min(B) = (=1) * B, (6.7)

for all B € M(P¢in,C). Since ™ is a homomorphism, we obtain

M7L(B)=(+1)* B, (6.8)
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for all B € M(Pfin,C). Define the injective mapping ¢: M(P,C) — M(Psin,C)

by
J(B)(P) = {B(P), if P € P; (6.9)

0, otherwise

and the characteristic function x» € M(Pfin,C) by

1, if P e P

xp(P) = { 0, otherwise. L
We get the following relation for the Moebius transform M
M(B) = xp - Myin((B)), (6.11)
for all B € M(P,C). Thus we get by eqgs. (6.7) and (6.8)
MB)(X)= Y ()X (6.12)
Y:YEP(X)
We have used the explicit expression
@=B)X)= Y ¥ VB(), (6.13)

Y:YCX

for all ¢ € C,B € M(Pfin,C), X € Pyin.
We may define another convolution-type multiplication *y in M(P,C), for
all P C Pysin by

(Bi*uB2)(X):= > Bi(P1)Ba(P2), (6.14)

Py, P CP(X):
PiUPy=X

for all B;,B; € M(P,C) and X € P. Then A,,(P) := (M(P,C),*y,+) is a
commutative algebra. & is the identity of A.,(Pysin U {0}) and éx+ defined by

eq. (6.3) is the identity of A, (P), if X* € P is the least element of P. We obtain
the following relations

M—I(Bl *u Bg) “—”M_I(Bl)'Mul(Bz) (615)

and

M(Bl 5 Bz) = M(Bl) *y M(Bz), (616)
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for all By, B; € M(P,C). These equations correspond to the property of Fourier
transforms that the Fourier transform of a product is equal to the convolution
product of the Fourier transforms.
In the following, suppose that a polymer system on A is given by a subset P
of Ptin, such that
(1 P=:X*#0 (6.17)
PeP
and X* € P,i.e. X* is the least element of (P, C). Consider the following problem.
Suppose that the functions H:C — C, e: P — C and E: P — C are related by

E(X) = H(e(X)), (6.18)

for all X € P. How is the Moebius transform E of E related to the Moebius
transform € of e ? Define the induced mapping H,: M(P,C) — M(P,C) by
H.(e) := Hoe foralle € M(P,C). We are looking for a functional H,: M(P,C) —
M(P,C), such that

H.(e) = Hu(?) (6.19)

or equivalently

H.=MoH,oM™, (6.20)

where M is the Moebius transform. To formulate an answer of this question, we

introduce some definitions and notations. Define the set of all n-clusters by

Co(X*) :={(P1,...,P)| L€ P,Pr=X"PipnNA— | JP. #0}  (621)

a=1

and for X C A, the set of all n-clusters in X
Co(X,X*) :={P € Cp(X*)| supp P C X}, (6.22)

where supp (Py,...,P,) := |J,_, P.. The set of all complete n-clusters in X is
defined by

Co(X, X*):={P €Cy| supp P = X}. (6.23)

We omit X™* in the notations of n-clusters, i.e. write in the following, for notational

simplicity, Co(X*) = Cp , Cn(X, X*) = Cp(X) and Cp(X, X*) = Cp(X).
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For an n-cluster P = (P,..., P,) and parameters s1,...,5,—1 € [0,1] and a

function e: P — C, define recursively

S é k .
Eoron,p(Y) = {esa’;--s“-hp(y)’ Y € Uspey Poj (6.24)

Sk€sy,...sx_1,P(Y), otherwise,
forall k € {1,...,n —1},Y € P. We use the notations

Spn—1 :2(31:» %2 87 Sn—l)

1
d = dsy...dS,—
f Sn—1 A 81 Sn—1 (625)

Flg,aq) = H(sl .. 8g-2).
a=3

When it is clear from the context or when it is irrelevant what n is, we omit the

subscript n — 1, i.e. we write s,,_; = s. Define e, p: P — C by

esp(X)i= Y Ep(Y), (6.26)
YEP(X)

i.e. e, p is the Moebius transform of es p. €sp is called the interpolated function

of e.

The answer of our foregoing question, i.e. the relation of E and € is given in

Proposition 6.1. Let H: C — C be a smooth function and E,e € M(P,C) be
complex valued functions, such that

E=Hoe. (6.27)

Then, we obtain

E =H,(9), (6.28)
where H,: M(P,C) — M(P,C) is defined by

H(B(X):=3 > /ds_f(s_)[H B(P)]|03 H(A) r=p-1(B), (%)

n>l PECx(X): a=2
P=(Py,...,Pn)

(6.29)
for all X € P and B € M(P,C).

In order to prove proposition 6.1, we will show E = H (€) for the special case
H = exp.
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Lemma 6.2 . Let E,e € M(P,C) be complex valued functions, such that
E(X) =exp{e(X)}, (6.30)

for all X € P. Then, we have for all k € {1,2,...},

E(X) = Z > [ $n—1f(8n He(P) exp{e, _ p(supp P)}

n=1 PECn(X)
P=(Py,...,Pn)

b Y [ TP e, p(X)).

PEC, (X): a=2
P=(Py,...,P})

(6.31)

Remark: For k > | X|, we have Cx(X) = @. Thus, the second term in eq. (6.31)
vanishes. Using the definition 2.8 of the Moebius transform E, we see then by
eq. (6.31) that proposition 6.1 holds, for H = exp.

Proof of lemma 6.2: The proof is done by induction. The assertion holds trivially
for k = 1. Suppose that eq. (6.31) is valid for k. For P = (Py,..., Px) € Ci(X)

and s,_; = (s1,-..,8k—1),8k € [0,1], define
ifY C ..U Py
)= {00 e T (63
and
es, o P(X)i= DY & e.p(Y) (6.33)
YEP(X)
Then,

exp{eik_lgp(X)} = exp{eik_lysk,P(X)}L?k:l

1
=exp{€_3_k_1’p(3upp P)} +] dskask exp{eik_lssknp('x)}
0

=exp{es, ,,p(supp P)}

+ Z / dskaskes p(Pk+1)eXp{63k,P'(X)},

Pri1:Prp1 €P(X)
(6.34)
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where s; = (81,...,8%), P’ := (P1,..., Pk, Pr41). Since

0 if P’ é Ck+1(X),
OspCs, P(Pit1) = {3 5218(Pes), H P’ € Cipa(X), (6.35)

we get by inserting eq. (6.34) into the second term on the rhs of eq. (6.31), the
assertion for k + 1. O

Proof of proposition 6.1: Eq. (6.27) is equivalent to

B(X) = exp{e(X) o} HV)la= (6.36)

From the remark after lemma 6.2 follows

exp{e(X) JHOh= Y Y Y /d_j(s

X'eP(X)n21 Pecn(X'
PR ey (6.37)

11 g(Pa)]af_IH(/\)lhebp(X)-

a=2

This proves the assertion. O

For bounds on Moebius transforms, the following lemma is useful.

Lemma 6.3 For all n > 2, we have

1
= 6.38
fdﬁn—lf(in—l) (TL _ 1)' ( )
Proof: Use .
F(ny) = [ (51 sn-2) = s 72s57% 50, (6.39)
a=3
This proves the assertion. O

We state as an application of the abstract cluster expansion formula eq. (6.29)
the following
P b %
Corollary 6.4. Suppose that f and B are defined by eqs. (4.31) and (5.13).
Then the following cluster expansion formulas hold, for all polymers X, X' € P
with X D X',

Fox®=3 ¥ [ e T K 1 O T 0,10,

n>1 PGCn(X)
P=(Py,...,

(6.40)
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BA(XXl‘I’)—Z Z dsf(s) H P, (A)]02 1B XN 5 ey, p2)?
(Fx)s,p()

n>1 PECy (X) a=2
P=(Py,...,

(6.41)
where C,(X) = Co(X, X').

In some cases, the conservation of positivity in cluster expansion formulas is
important. Suppose that e € M(P,C) is positive, i.e. ¢(P) € Ry, for all P € P.
Then the interpolating function e, p is positive, for all n-clusters P = (Py,..., Py,)
and s = ($1,...,8n—1). This is shown by

es, P(X) = sres,  P(X)+(1—sz) ey, 1,P(UP)+83k LP(X— UP) (6.42)

forall X D Ui:l P, and

es, P(X) =€, | P(X), (6.43)

k _
for all X C (J,_, P.. We have used here the abbreviation s; := (s1,...,8k).
In other words, e, p is constructed by a successive application of linear convex
combinations. Since linear convex combinations preserve positivity, we see by

induction that the interpolating function e, p is positive, for positive e.

7. Summary and Outlook

We have studied in this paper the renormalization theory of models in hierar-
chical approximation. Iteration of the hierarchical renormalization group equation
leeds to definitions of multigrid polymer systems. We have presented two versions
of introducing an ultraviolet cutoff for multigrid polymer systems. The first (more
conventional) version of a polymer system, was defined by starting the renormal-
1zation group equations with a “bare” Boltzmann factor, given by “bare” coupling
constants. In the second version, an explicit use of an ultraviolet cutoff was not
necessary. Instead of “bare” coupling constants, we introduced polymer-dependent
renormalization group flow functions. These renormalization group flow functions
relate the corresponding coupling constants before and after one renormalization
group step. Using these functions, we may reconstruct the “bare” coupling con-
stants. The ultraviolet cutoff in this version is given by the finiteness of the

polymers. The ultraviolet limit is equivalent to the corresponding thermodynamic
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limit of the multigrid polymer system. In later sections, we used only the second
version of a multigrid polymer system.

We have studied the use of renormalization conditions of polymer activities.
The renormalization conditions determine the renormalization group flow func-
tions (or some components of it). The renormalization conditions were formulated
by requiring that the application of an operator £y x to the irrelevant activi-
ties Ra(X|¥) gives zero. As examples of the operator £ x, we considered the
®*-model in 2 and 3 dimensions and the 2-dimensional nonlinear O(N) ¢-model.

We have studied the explicit and recursive construction of Moebius transforms-
of irrelevant activities. For this, a general cluster expansion formula (proposition
6.1) was helpful. This recursive calculation method is necessary for a proof of
recursive bounds and ultimately, the proof of the existence of the thermodynamic
limit. The necessity of renormalization conditions, i.e. the introduction of oper-
ators £, becomes evident by a thorough investigation of the recursive calculation
scheme for the Moebius transform of irrelevant activities.

In the renormalization theory of hierarchical models studied here in a general
point of view, there are some items lacking, which are of importance. In the

following, we shall present a list of these missing items.

a) Specification of running coupling constants A € O C R™ and the region
O; global and local renormalization group flow; distinction of relevant and
irrelevant coupling constants (operators)

b) Universality classes: In which way is the model uniquely specified by the
“bare” partition functions Zy:RY — R,?

c) Explicit definition of the normalization constants co(X); definition of the
vacuum

d) The problem of stating recursive bounds on polymer activities

e) Large field problem, stability bounds, positivity, etc.

f) Convergent multigrid expansions of Green functions

These foregoing items have to be studied, if one is considering concrete mod-
els. These items may also serve as starting points for further investigations on
renormalization theory of hierarchical models.

The strategy for a renormalization theory of hierarchical models, suggested in
this paper, can also be used as an outline for a renormalization theory of complete

field theoretic models (without hierarchical approximation). The consideration of
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hierarchical models is not very restrictive for an investigation of a general renor-

malization theory.
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