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On the definition of time delay in scattering theory

M. Sassoli de Bianchi and Ph. A. Martin
Institut de Physique Théorique, Ecole Polytechnique Fédérale de Lausanne

CH-1015 Lausanne, Switzerland

(23. IV, 1992)

Abstract. We show that the time delay of a scattering process, defined as the difference of
interacting and free sojourn times for increasing spatial regions, can only exist for sequences
of dilated balls. The transformation properties of the Eisenbud-Wigner formula under
translations are discussed.

1. Introduction

The theory of time delay has been the subject of numerous studies in the past. A
commonly adopted definition of time delay involves the concept of the average sojourn
time of the particle in a finite spatial region ¥. Consider a potential scattering system
with total hamiltonian H = Hy + v and free hamiltonian Hy = —A/2m, where A is
the laplacian on L?(R"),n < 3 (m is the mass of the particle and we have set i = 1) and
denote V; = exp(—iHt), U, = exp(—iHyt) the corresponding evolution groups. We assume
that the potential v is such that the wave operators Q4 = s—limt_.ooVL U4: exist and are
complete and the scattering operator S = Qiﬂ_ is unitary [1].

To each finite spatial region ¥ C R™, one can associate the corresponding total and
free sojourn times in ¥ with incoming state ¢

o0 o0

Too) = [ atl Boviop I, T8(0) = [ atll Pl | (1.1)
—00 -0

where Py denotes the projection operator onto the subspace of states localized in the

region ¥. Then, the time delay of a scattering event with incoming state ¢ is defined as

the difference of the total and free sojourn times as the region ¥ extends over the whole

space (see the review article [2])

T(p) = lim 7x(p) (1.2)

with
s(p) = Te(p) — T2 () (1.3)
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A large litterature is devoted to the proof of the existence of the limit (1.2) and its identity
to the Eisenbud-Wigner time delay formula ! (see in particular [3]-[11])

() = =i (4,510 (1.4

Although they bring into play a variety of mathematical methods, all the above mentioned
references use only sequences of balls centered at the origin in their proofs. Therefore the
question arises: does the limit (1.2) exist with other approximating sequences of regions
X, for a sufficiently large class of potentials and of incoming states?

The authors generally do not motivate the choice of balls centered at the origin.
Sometimes they hint more or less explicitely that it is a matter of convenience and that
the time delay should not depend on a particular choice of a sequence ¥ — R™ in the
limit (1.2) 2. The purpose of this note is to clarify this question by establishing the two
following points. Let ¥; be a fixed spatial region containing the origin. We assume that
¥, is a convex subset of R® with "smooth surface” i.e., the boundary 8X; of X; is a
(n — 1)—dimensional differentiable manifold. Considering domains X, (0) that are dilation
of X1 from the origin and their translates £, (c),c € R",

B(c) = {xe Rﬂ% €%y, >0} (1.5)

we show that
(i) limy—co Tx, (c)(¢) can exist in general only if ¥; is a ball centered at the origin;
(ii) in the latter case, the limit agrees with the E-W formula (1.4) only if ¢ = 0.
Since the results (i) and (ii) are of geometrical origin, we first establish them in the

context of the classical scattering theory in section 2. We treat the quantum mechanical
case in section 3 and present some comments in section 4.

2. Classical scattering

We follow essentially the treatement presented in [11]. Let {x(t),p(t)} be a classical
scattering trajectory with asymptotic momenta py = lim; 41, P(t) (IP+| = |P-]| = |P|
because of energy conservation) and set %(t) = x(t) — p(t)t/m. Denoting by —t_ and ¢,
(t+ > 0) the times at which the particle enters and leaves the region X,(c) and assuming

1 In this paper the general formula (1.4) is referred to as the Eisenbud-Wigner (E-W)
formula. Sometimes, E-W formula designates the energy derivative of the phase shifts in
the special case of spherical symmetry.

2 For instance, in [3] it is noted that the result of proposition 2 of this reference is

independent of the choice of ¥, but in fact its application to potential scattering requires
the use of balls centered at the origin. See also the final discussion in [10].



Vol. 65, 1992 Sassoli de Bianchi and Martin 1121

for simplicity that the potential v has compact support (enclosed in X,(c) for r large
enough), one has p(+t4) = ps+ and

m .
ty = :Fi;lgpi' (x; - X+) (2.1)

with x4 = i(:i:t:t) and x4 = x(:]:t:g:).

Fig. 1. Dilated region ¥, = £,.(0) from the origin.

Then, the sojourn time of the particle in X,(c) is given by

m - - m
T (o) =t-+t4 = TI;IE(P—'X— — P4 Xy) - W(P—- *X- — P4 Xy) (2.2)

The free sojourn time T3 _ (c) corresponding to a free trajectory

{0(t) = x- + p (¢ + t-)/m, p°(t) = p-) (2.3)

with the same incoming momentum p_ and entering time —t_ is
m
Tg.-(c) = “W(p_' X_ —Pp--x}) (2.4)
From (2.2),(2.4), we define the time delay 75, (c) for the finite region L,(c) as in (1.3) by

T2.0) = T, () = T8, (e) = T8.(c) T T8 (c) (2.5)

where
m

|p|2 (p-— ¥ — P+ i+) (26)

T}l.:,.(c) =
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m
o (e) = W(P+' X} — P+ x3) (2.7)

As r — oo (i.e., tx — 00), the first contribution (2.6) will be given by
rlirgo TB,.(c) ol (t lim p(t) x(t) — 11m p(t) x(t)) (2.8)

This limit (which is trivial for a potential with compact support) has been shown to exist
for a large class of potentials and to be equal to the usual classical time delay (7 is the
classical analogue of the E-W time delay (1.4)) [11].

It remains to examine the second contribution (2.7). Consider first domains X, =
Z,(0) that are dilated from the origin and let d(ii) be the distance from the origin to the
boundary 9%, of the initial region ¥; in the direction 0 (|| = 1). As r — oo we have

= (rd(p-) + B°)p- +b_ + O(r™1) (2.9)

x4 = (rd(p+) + B)b+ + by + O(r™") (2.10)

where B, B are finite quantities which vanish if T; is a ball centered at the origin, p+ =
p+/|p|, and bz are the incoming and outcoming impact parameters (see fig.1). To show
(2.9), consider, as r varies, that d(%}) = d(cosfp_ + sin gb_) = f(#) is a function of the
angle 8 between %% = x% /|x%| and p_, given by

[b-| _ _[b-|

in@ = = A1
= ] = G -
Thus, one has
b_
483) = d(p-) + 0™, 8=l +0() (2.12)
and for r large, one obtains
x§ = |x% |8 = rf(6)(cos#p_ + sinb_)
(2.13)

- (4007 55510) (0-+255) + o)

This gives (2.9) with B® = |b_|f/(0)/d(p-). Obviously, for a ball centered at the origin
f(6) =1 and B® = 0. One finds (2.10) in the same way. Thus,

p_-x =rd(p-)+B°+0(r™ ") (2.14)

Pi-x4 =rd(dy) + B+O(r™) (2.15)
For the translated domains X.(c), ¢ # 0, the same formulae (2.14),(2.15) hold for
Pp—- (x} —c) and p4- (x4 — c). Hence, one finds in general

By = 1oy (7 (@(B4) ~d(p)) + - (by ~B-) + B~ B) +O(™) (2.16)
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If the limit of T)%..(c)’ as r — 00, has to exist for all possible scattering events, then
d(p4+) = d(p-) for all p,, implying that £; must be a ball centered at the origin. This
establishes (i). In this case one has B = B® = 0 and (2.5),(2.8),(2.16) give

' S LY
rlibnolo TEe(e) =T +c lpl (p+ p—) (217)
Therefore, it follows from (2.17) that lim,_, 7, (c) = 7 only if ¢ = 0, showing (ii).

3. Quantum mechanical scattering

Here we follow the method of [6], assuming the conditions of the proposition 2 of this
reference. Let 75, (¢) be the time delay for a dilated region X, with characteristic function

1 ifX/T € 21 (3'1)

Xz, () = Xz, (x/7) = 0 otherwise

Then the following facts are true
(a) lim (5, (p) —05.(#)) =0 (3-2)
where o
o5.(0) = [ at (S Ulxs. (@U:SY) - (¢, Ulxz. (@)Uss)) (33

(b) The difference

K(0)= [ "t (0, Ulxs, (Q)Up) — 7 / g, s, (u)e) (3.4)

remains bounded as r — co and the same is true for K,(Sy).

The point (a) is a general fact which does not depend on the choice of the region X;
(see the case (B) in the proposition 2 of ref. [6]). The result (b) is obtained by the same
arguments as in (iil) p.488-489 of ref. [6]3. The combination of (a) and (b) shows that
7. (¢) can have a limit only if

= m . m a
r [ du (S s, w)Se) - (v Tox (b)) (35)
0 |p| |p|

has a limit as r — co. Noting that [;° duxs, (uk) = d(k), (3.5) can be written in the
alternative forms (using [S, Hp] = 0)

r (w, r(s1d(p)s - d(ﬁ))w) =1 [ ki) (G - 1209F)  @6)

3 Note that, except for the use of the more general region X, K, () is identical to the
definition (18) of ref. [6] (for finite r and taking (16),(17) of this reference into account).
In ref. [6] the mass m is set equal to 1/2.
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This is clearly the quantum analogue of the classical term r(m/|p|)(d(p+)—d(p-)) occuring
in (2.16). Because of the unitarity of S on the energy shell, it vanishes if X1 is a ball
centered at the origin (d(k) = 1). If T; is not spherical, the factor of r in (3.6) will
certainly not vanish for some scattering system and some choice of the incoming state ¢:
thus 75, diverges as r — oo. For the case of translated regions £, (c), it suffices to replace
xz. (q) by xz,(q—c) in (3.4) or equivalently K, () by KS(p) = K,(e'P°yp). Thus Kf(p)
and KS(Sy) are bounded as r — oo and the conclusion is the same. This shows (i) in the
quantum case.

When X, is a ball centered at the origin and ¢ = 0, it is shown in [6] that
Tim 75, (p) = (¢, SIS, Aly) = Taw(®) (3.7)

with

°= 2 \IpP |p[2

If ¢ # 0, Ao is replaced by its translate e *¢'P Age!®P = Ay —c-mp/|p|? giving in this case

lim, 75, (0(6) = Tewli) + o (0, (515 — D)o ) 39)

which is the quantum analogue of (2.17). Hence (ii) follows.

4. Concluding remarks

The present analysis shows that the definition (1.2)-(1.3) of the time delay with incom-
ing state ¢ makes sense only for balls. Classically this follows from the purely geometrical
fact that the difference between the interacting and free trajectory lengths remains finite,
in general, only for balls. Thus (2.17) or (3.8) are the most general formulae for the time
delay defined as a difference of sojourn times for sequences of increasing spatial regions.

Let us investigate the transformation properties of (3.8) under translations. If the
origin of the spatial coordinate system is translated to a point a, one has

S — Sa = e'P2Ge P2 (4.1a)
@ — pa = PPy (4.1b)
c—c—a (4.1c)

We observe that the complete formula (3.8) is invariant under the transformation
(4.1), whereas the E-W formula (1.4) is not®. Indeed, if 72, (¢) is the E-W formula for

4 The same discussion and the same conclusions apply to the classical formula (2.17).
5 The latter fact has been noted in [11]. In ref. [12], the one-dimensional analogue of
(3.8) has been obtained by dilation of intervals centered on an arbitrary point c.
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the translated system, one obtains easily (using d|p|/dHo = m/|p|)

dSa

2 () = —i ((Pa, Slm%) (4.2)

=Tew(p) +a- (% %I(S*ﬁs - f’)‘P)

On the other hand, the formula (3.8) remains clearly invariant under the transformation
(4.1), as it should by its very definition.

Therefore, the E-W formula (1.4) (obtained by setting ¢ = 0 in (3.8)) must be inter-
preted as follows: it refers to the S-operator and the incoming state ¢ in a frame having
its origin located at the dilation center of the balls. Dilations around different points will
distinguish among different translated systems according to (4.1a),(4.1b)®.

We note that the situation is simpler when we consider cross-sections. A translation
of the origin of the coordinate system will result in phase factors in the scattering ampli-
tude and thus lead to the same cross-section. In other words, cross-section measurements
give intrinsic informations on the scattering potential, independently of the choice of the
reference frame. Is it possible to obtain also such informations from the time delay? In
the case where the potential is spherically symmetric, the answer is obvious: choose as
dilation center the center of the potential itself. This is the choice made in most of the
papers without further comment. In this situation the E-W formula (1.4) agrees with the
energy derivatives of the conventional phase-shifts; thus time delay and cross section yield
in principle the same information. If the potential has no specific symmetry, there is no
privileged center and the time delay depends on a conventional choice of the origin of the
reference frame.

There exists however in all cases a more global intrinsic quantity, namely the trace
Trg7Tg of the energy shell time delay 7z = —z'S};dSE /dE. 1t is proven in [15,2] that
this quantity is independent of the choice of the sequence ¥ — R™, i.e. it is the same for
sequences of dilated regions of any shape around any center. This result is compatible with
the discussion of the present paper. Indeed, under suitable conditions, one establishes in
[15] that Sg — I is a trace-class operator, implying that the trace on the energy shell of
the term (3.6) is well defined

Tre (Shd(B)Se — d(B)) = Trz ((Se ~ DAB)SE) +Trs (AB)SE - 1) =0 (43)

It vanishes because of the cyclicity of the trace and the unitarity of Sg. The same is true for
the second term in the right hand side of (3.8) and (4.2). Hence, for any sufficiently short
ranged potential, spherically symmetric or not, Trg7g is also independent of a specification
of the reference frame. A similar result holds in the classical case [16].

€ The Larmor clock is a concievable way of measuring directly the sojourn times by
means of the precession of a spin in a weak magnetic field [13,14].
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