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The Green's function for the Morse potential is calculated in the so(2,l) algebraic approach, using the
Baker-Campbell-Hausdorff formulas.

Ever since the first notable success of the algebraic method in the calculation of wave functions and of

hydrogen atom transition amplitudes [1], renewed interest for the algebraic approach has been

emerging. Hence a certain number of potentials have been studied in the algebraic approach [2,3] and

their Green's functions have been calculated. This algebraic method consists mainly in the

transformation of the Schrôdinger equation via a change of variables, in order to introduce generators

satisfying a Lie algebra. When the evolution operator is expressed in terms of these generators in the

configuration space, it is calculable for a certain class of potentials. In this paper, this algebraic approach

is used to study the Morse potential defined as :

V(x) A e"2ax - B eax, (1)

where A, B and a are positive constants.

* To whom requests for reprints should be addressed.
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This Morse potential has been very useful in molecular and nuclear physics. In a generalized separable

and nonlocal form, it has once been used as a model for Nucleon-Nucleon [4] and P ion-Nucleon [5]

interactions. The path integral solution to the problem can be found in the literature [6,7]. Two solutions

used to be agreed on via the introduction of an auxiliary time-variable. A disagreement about

expressions of the Green's function related to this potential and requiring a mathematical clarification [8]

can nevertheless be noticed. This problem has been solved very recently [9].

The energy spectrum, propagator and Green's function have also been obtained in the phase-space

approach of Weyl-Wigner-Moyal [10] In the algebraic so (2,1) approach, the Green's function can be

obtained in a direct and nice manner. Indeed, let G(x,x';E) be the Green's function which is solution of

the differential equation :

(H-E)G(x,x';E)= -TiiS(x-x'), (2)

o o
where H(x) -1—ä— + V(x), is the hamiltonian of the particle and E its energy.

2m dx2

The transformation £, expl-^L\, then gives

(H-E)G(u';E) -fii8(4^), (3)

where

G(U';Ê) ffe;']1/2G(x,x'; (4)

The dynamics of the physical system is then governed by the new hamiltonian

fl[ç,)..fii(jL.ÉtllUlM52ç2
mw e i2 «s»
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where M 4m, w2 M, u 1 +/--2MEf
a2 M 2 \ ^2 j (6)

and B E is the pseudo-energy.

Expression (5) is the hamiltonian of a harmonic oscillator with a constant frequency, constrained to a

centrifugal repulsion.

Besides, it is well known that the radial Coulombian system can be shown equivalent to the radial

oscillator [9], with the help of a simple r Ç2 transformation. Consequently the Morse potential and the

radial Coulombian system are equivalent and accept the same group dynamics.

It is easy to see that one can introduce the three following generators

,2

T«=-£ al Mtyfa

L^2
TaW-.l(*iL+l).T3feJ. M

4ti2
%'

(7)

satisfying the Lie algebra :

[Tl ,T2] - iTi [T2,T3] - iT3 and [Tt ,T3] - iT2 (8)

The operator h(ç) can readily be expressed in terms of these generators

h(4) t1(4)+2SVt3^) (9)

Being a linear combination of the generators Tj, h{4) shows, as expected, a dynamical symmetry

so (2,1) [11]. Expressed in Schwinger's integral representation [12] the solution of the differential

equation (3), can be written as follows

<ÌwM)- ds exp[-l(H-E-io)s]fife-?)

ds exp[lEs] expWTife) + 2ti2w2T^)]j Ì%-%
(10)
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The derivation of the Green's function in the algebraic approach, has been replaced by the calculation

of the Kernel

p(t^';s) expji[T,(ç) + 2h2^)]) s(cK'). 11

We can achieve this calculation thanks to the following two Baker-Campbell-Hausdorff (BCH) formulas :

exp/JS-lr, + 2n2coT3]} =exp(-iaT3)exp(-ibT2)exp(-icTi) (12)

where

a 2hcotan((os) (13a)

b 2Ln (cos(œs)) (13b)

c 4^tan(cûs)
flu)

(13c)

and

exp(-iaT3)exp(-ißT2)exp(-iyri) exp(-icTi)exp(XT3)

with

a- k ß-2Ln(1
1-ßa l

2

IXC)
y _ c

2' ' "'..M
2

(14)

(15)

Both formulas can be easily checked within the frame of another realization of the algebra, which may

well be chosen as finite, for instance expressing Tj generators versus the Pauli matrices Oj :

Ti=ovjg2
_

T2=-i2> T3 01+kj2 (16)
2V2" 2 2V2

In order to calculate (11), we set

5(U.)=JLM_ dXexpj-MifeV)) 8<0. (17)
2fi2 2m ).^ Ufi2 I

By using (12,14,17), the kernel (11) now reads
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P(Ç£ ;s) -M- i? "" exp(-iaT3) exp(-ibT2)4
2ti' 2bt

6

dX exp|-J^L c;'\| exp(-icT,) exp|-M_ if*] ?--

2n2
Ç,1hlexp(-iaT3)exp(-ibT2)-l- dXexpf-J^'^exp^icTiJexp^Ts)^ (18a)

2«J.,^ \ 4fi2 /

¦ +IOO-K)

-M_^ exp(-iaT3) exp(-ibT2)J- dX exp(-M. Ç'\) exp(-iotT3) exp(-ißT2) exp(-iyTi) cf= (18b)
2fi2 2i'tJ-i»+5 Uh2 I

f*M« expf-M_pl + -^-
-M- Ç'1"'1 exp(-iaT3) exrf-Stofc'1-U dX l2^' 2 fcäfill
2^ 2Ì71 (,.£

11+1/2
(18c)

(^'2,,jM|i]eXp(jM_(42+iiMexp(-iaT3)exp(-ibT2)v,,,
h2c L \ifi2c/ I2h2c

(I8d)

(188)

¦iMco
*- r(«f IJ-^r] exp(Mo (^'2)cot(Ss)j (18f)

fi sin(cosJ \ih sin(û I2h

The choice of the form of the Dirac delta distribution is dictated by the desire to obtain the simple

following result :

expl-iyng1 (1 - iTT1 -H-l-f-iyT,)2 + Jf? Ç*

Moreover we have used the formula

exp(-ißT2)f(4)=exJ-i
L 34 2

<i;) expj. ^lexp;
ß 3

2 3LnS;
ii)
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exp(-l)expf-li-lf(eu)
* 4/ [2 auj

expl-!) ie**2) expl-i) ie^'%) (19)

when going over from eq. (18b) to (18c) and (18d) to (18e).

We calculate the integral contained within the eq. (18c) thanks to the Residue Theorem, by

2
decomposing the A factor and by expanding in a series the term in % from the exponential function.

2-iAc

We used the following definitions for the first and second kind Bessel functions J (x) and I (x) [13, 14],

(-x2/4)n
•VM (*fX fa '

: expfiju)«-ix)
V2/ rM)n!r(n+u.+l) V2 /

(20)

By inserting (18f) into (10) and then into (4), and by setting v n-1/2, the Green's function is then given

by

G(x,x';E) *â dsex
2fl [ti Jsinfcos) Irhsinftos)/ L2ti

(21)

By using Gradshteyn's formula [15], with v > u

I sinh(q) Is
JO

dq -f§lJ^TT exPf 4(u+v) COth(q)l
'

2 2' M.^ v(u) W.^ v(v), (22)
sinh(q) Isinh(q)/ L 2 J

(uv))1/2,-(v+1) '2 2

where M.^ v.(u) and W.^ y.(v) are the standard Whittaker functions, the Green's function becomes
'2 '2

r(P+-+1) r
G(x,x';E) ^a_ J 2_2lexp|la(x+x') M.p A

2ico rYv+1) L2 J
2

De-axjW.pv(De-ax)
'2

(23)
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with x > x' and p - —E—.

2hû)

This result (21) agrees with the one given in ref. [6].

We succeeded in showing that the Green's function of the Morse potential can be calculated by the

so(2,1) algebraic approach. Energies and wave functions may be inferred from the poles of this Green's

function in the complex plane.
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