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Abstract. In this paper we extend the theory of mean-field-dynamical semigroups
given in [DWl,Dul] to treat the irreversible mean-field dynamics of quasi-local mean-
field observables. These are observables which are site averaged except within a region of
tagged sites. In the thermodynamic limit the tagged sites absorb the whole lattice, but
also become negligible in proportion to the bulk. We develop the theory in detail for a
class of interactions which contains the mean-field versions of quantum lattice interactions
with infinite range. For this class we obtain an explicit form of the dynamics in the
thermodynamic limit. We show that the evolution of the bulk is governed by a flow on
the one-particle state space, whereas the evolution of local perturbations in the tagged
region factorizes over sites, and is governed by a cocycle of completely positive maps. We
obtain an iJ-theorem which suggests that local disturbances typically become completely
delocalized for large times, and we show this to be true for a dense set of interactions. We
characterize all limiting evolutions for certain subclasses of interactions, and also exhibit
some possibilities beyond the class we study in detail: for example, the limiting evolution
of the bulk may exist, while the local cocycle does not. In another case the bulk evolution
is given by a diffusion rather than a flow, and the local evolution no longer factorizes over
sites.
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1. Introduction.

The characteristic feature of mean-field systems can be expressed by saying that each
particle or elementary subsystem interacts in an equal way with every other such subsystem,
and responds to the average of these interactions. In this paper we will be concerned with
the limiting dynamics of such systems as their size becomes infinite. Therefore we will
consider a sequence of models comprising an increasing collection of copies of the basic
subsystem. When we speak of an interaction between the subsystems, we mean that for
each model in the sequence a (generally) irreversible dynamics is specified. The mean-field
nature of the models entails first of all that the interaction is invariant with respect to
permutation of the subsystems; the idea that each subsystem responds to an average is
made precise by the property that the generator of the dynamics of a large system can
be approximated by taking a generator involving only a few (often just two) subsystems,
averaging it over all permutations of the subsystems, and multiplying it by the number
of subsystems. This is in close analogy to lattice systems with translation invariant
interaction: there one obtains the Hamiltonian for a finite region approximately by averaging
terms involving only a few sites over all translations which map these sites into the given
region, and by multiplying with the volume of the region. In this analogy mean-field
systems are just lattice systems, whose underlying lattice has permutation symmetry rather
than translation symmetry. This analogy suggests a canonical way of obtaining a "mean-
field approximation" of an arbitrary lattice model with translation invariance: one merely
has to take the Hamiltonians of the lattice model for some sequence of regions going to
infinity in the sense of van Hove [Rue], and symmetrize each with respect to all permutations

of the lattice sites. We do not attempt to justify this procedure as an approximation
to the original lattice system. Our aim is rather to obtain as complete an analysis of the
mean-field theory as possible.

The description of mean-field systems in terms of their permutation symmetry
becomes more transparent if one looks at the intensive rather than the extensive observables.

As described above the Hamiltonian of a mean-field system divided by the number
of subsystems, i.e. the intensive variable "Hamiltonian density", has the property that for
a large system it is approximately equal to the Hamiltonian density of a smaller version
of the system, symmetrized over all permutations. Sequences of observables (indexed by
the system size) with this property were called "approximately symmetric" in [RW1], and
have become the central notion of a research programme on mean-field systems. The basic
result in [RWT] concerns the thermodynamics of Hamiltonian mean-field systems, and
is a formula for the free energy density in the thermodynamic limit in terms of a Gibbs
variational principle in one-particle quantities. This result was later extended to
"inhomogeneous mean-field systems" in which the permutation symmetry is restricted to sites
with approximately equal external or random parameters [RW2]. If one starts from a
lattice model with translation invariant interaction, the thermodynamics of its mean-field
version can be written down directly by evaluating the mean energy and the mean entropy
for homogeneous product states.

This prescription is often taken as the definition of the mean-field approximation.
However, it would be impossible to define the dynamics "in the mean-field approximation"
if this is only understood as a class of variational states. In contrast, in our programme
mean-field models are treated as quantum systems in their own right. The dynamics of
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mean-field models was treated in [DWI] from the point of view that the dynamics should
respect the set of mean-field intensive variables, i.e. it should map the set of approximately
symmetric sequences into itself. A corresponding study of the inhomogeneous case was
undertaken in [DRW], and the special properties of Hamiltonian dynamics, as opposed
to general irreversible dynamics, were described in [DW2]: in this case one obtains in the
limit a flow on the state space of the one-particle algebra, which is Hamiltonian in the
full sense of classical mechanics with respect to a canonical Poisson bracket structure on
the state space. In earlier approaches [Bol] beginning with [HL] this had been noted
only in the case when the Hamiltonian is written in terms of the generators of a Lie group
representation so that a symplectic structure can be imported from the coadjoint orbits.

The works described so far focussed entirely on the properties of the intensive
observables, which in the mean-field limit become completely delocalized. This leaves

open the question how the evolutes of a localized observable behave under a mean-field
dynamics. Intuitively, the picture is that under a completely delocalized evolution such as a
mean-field dynamics the observable would instantaneously develop a completely delocalized
tail, while initially still exhibiting a strong dependence on the original localization region.
For very large times one might expect that this dependence on the original localization
becomes weaker, especially when the dynamics is dissipative. It is therefore natural to use a

concept analogous to the approximately sequences in which the symmetrization operations
leave out all the sites of the original localization region. Put differently these sites are given
a "tag" and one aims to study the motion of the tagged subsystems under the averaged
influence of the remaining ones. This programme has been carried out in [Dui] for any
fixed set I of tagged sites. In this paper we further extend this approach allowing more
and more tagged sites in thermodynamic limit, as long as the proportion of tagged sites

goes to zero. The above intuitive picture is confirmed by our analysis.
A closely related programme for the study of mean-field systems has been based

on the work of Morchio and Strocchi [MS]. Their aim was to show how the dynamics of a
system with long range interactions can be defined in the thermodynamic limit even though
the quasi-local local algebra in the usual sense cannot be invariant under such an evolution
due to appearance of delocalized tails. Their proposal is to enlarge the quasi-local algebra
by suitable weak limits of observables capable of describing delocalized intensive quantities.
It is clear that these limits exist only with respect to a suitably chosen set of states, and
consequently much of the theory centers on this choice. For the case of mean-field theories
their programme was carried out by Bona [Bol] and Unnerstall [Unl,Un2]. In a sense
their approach is dual to ours, in focussing on the states rather than on the observables. In
particular, the permutation symmetry, which is as central to their approach as to ours, is
built in by choosing the folium of permutation symmetric states on the quasi-local algebra,
whereas in our approach it determines the connection between observables of systems of
different sizes. The thermodynamic limit of observables in our approach is always taken
in norm, whereas in the picture of Morchio and Strocchi it is typically taken in the s-
topology associated with the chosen folium of states. Consequently, our limiting object
is a C*-algebra, whereas they arrive more naturally at a W*-algebra or a von Neumann
algebra.

The paper is organized as follows. In section 2 we define quasi-local mean-field
observables. These are what we call the quasi-symmetric sequences of observables: those
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which are delocalized (i.e. site-averaged) except over local regions of tagged sites which
become proportionately negligible in the thermodynamic limit. Such sequences of observables
have well defined "thermodynamic limits" in a space which we construct explicitly.

In section 3 we formulate the notion of a mean-field dynamical semigroup as a

sequence of dynamical semigroups which preserves the set of quasi-symmetric observables,
and which furthermore gives rise to contraction semigroup on the inductive limit space. We
demonstrate that a wide class of evolutions has this property, this class being considerably
wider than in [HL,Bol,Un3]. In particular, we include the mean-field versions of arbitrary
translation invariant, possibly dissipative lattice interactions. The existence of the limiting
dynamics is subject to a growth condition which is far weaker than that required for
the original translation invariant interactions [BR]. For this class of models the limiting
dynamics is shown to have the following special form: on initially localized observables it
factorizes over the individual sites of the region of localization, while the global evolution of
the delocalized tail is implemented by a flow on the one-site state space of the system. The
non-linear differential equation for this flow is just the Hartree equation. Such a form was
obtained in [Bol], but only for Hamiltonian interactions between finite numbers of sites.
More recently this type of dynamical evolution has been considered by Bona [Bo2] as a
generalization of quantum mechanics itself, and was linked to a modification of quantum
mechanics recently proposed by Weinberg [Wei]. As a special case, our theory can be

applied to classical Markov processes: the factorization of the local evolutions has been
used to investigate the Poissonian approximation in queueing networks [Du2].

In section 4 we consider some properties of the limiting evolution in some general
cases. Firstly, we show that if the finite volume dynamics is Hamiltonian, then the limiting
dynamics is completely determined by the energy density function appearing in the Gibbs
variational principle for the equilibrium states: as a Hamiltonian function in the sense of
classical mechanics it generates the flow which describes the global evolution via a Poisson
structure on the one-particle state space. Its gradient is the Hamiltonian operator (depending

on the global state) generating the local unitary cocycle. This description is complete
in the sense that any Hamiltonian function can be approximated by one arising from our
class of models. The next level of complexity is given by the sequences of generators which
can be written in Lindblad form in terms of approximately symmetric observables. Here
the local dynamics is still given by a state dependent Hamiltonian. However, it can no
longer be expressed as the gradient of single function. We show that up to approximation

any state dependent Hamiltonian arises from a model of this type. The global flow
is no longer Hamiltonian, and is essentially arbitrary in the class considered. The flow,
and indeed the whole limiting evolution in this subclass is reversible (exists for negative
times), while all evolutions for finite size systems are strictly dissipative. Finally, in the full
class studied in section 3 we obtain an (up to approximations arbitrary) state-dependent
Lindblad generator. However, we observe that such evolutions do not exhaust the set of
mean-field dynamical semigroups. This is illustrated by describing a sequence of dynamical

semigroups whose mean-field limiting dynamics exists in our sense, but lacks some of
the fundamental features established for the lattice class: the global limiting dynamics is

given by a diffusion on the one-particle state space rather than a flow, and the evolution of
local observables does not reduce to a product of one-site evolutions. In one of the classes

mentioned above the local dynamics is still Hamiltonian, while the global evolution is not.
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The converse can also happen in the sense that any generator (e.g. a Hamiltonian one) may
be perturbed in such a way that the global evolution is unchanged, but the local evolution
becomes dissipative. We construct such perturbations explicitly in terms of permutation
operators.

In section 5 we study the relation between the local and the global dynamics. In
fact we are able to construct an example of a sequence of semigroups which is a mean-field
dynamical semigroup in the global, but not local, sense. A limiting dynamics exists for the
fully site averaged observables only. Finally, we investigate the derealization of initially
localized observables for lattice class evolutions. We prove an iï-Theorem which suggests
that in the dissipative case all local information should be lost as the local states are drawn
towards the flow of the global state. We show that under the addition of an arbitrarily
small perturbation any lattice class generator has such an evolution.

2. Quasi-symmetric Observables

In this section we describe the notion of quasi-symmetric observables, which generalizes
on the one hand the usual quasi-local observables known from lattice models, and on the
other hand the mean-field intensive variables introduced in [RW1]. In order to define the
thermodynamic limit of a physical quantity it is always necessary to define the observable
in question for all system sizes occurring on the way to the thermodynamic limit. For
example, for the usual interactions of lattice systems it is the translation invariance of
the potential which determines the connection between the energy observables at different
system sizes. Quasi-symmetry as defined here is a property not of an observable of a single
system of finite size but of a net of observables indexed by the size. Associated with this
notion is a definition of the thermodynamic limit of a quasi-symmetric observable, and
much of the work in this section will go into the identification of the space in which these
limits lie.

Before taking up the formal development let us clarify the aim of this section
by relating it to a standard construction in functional analysis, the inductive limit of
Banach spaces. There one has a sequence (An) of spaces with a system of isometric
"inclusion maps" Jnm '¦ Am —>¦ An (defined for N > M) satisfying the chain relation
Jnr — Jnm ° Jmr- The term "inclusion map" indicates that the elements Xr S Ar and

JnrXr € An will eventually be identified. In other words, we are interested only in the

sequence N \~* Xn, which is defined for sufficiently large N (e.g. N > R) and satisfies

Xn JNMfi^M for all N, M for which Jnm and Xm are defined. The space of such

sequences is then called the "union" of the An with respect to the inclusions Jnm- It is
clear that this set of sequences forms a vector space under N-wise operations. If we work
in the category of Banach spaces the limit space Aoo of the system (An, Jnm) is taken as

the completion of this union. The elements of the completion can also be represented by
sequences, namely by those for which \\Xn — JnmXm || becomes arbitrarily small as both
N and M become sufficiently large. Note that in the trivial case where all An are equal and
JNM is always the identity these sequences are precisely the Cauchy sequences. So we might
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call sequences with this property "j-Cauchy". Sequences X, X' for which \\Xn — X'N\\ —> 0

represent the same element of the completion. Thus Aoo is equal to the quotient of the

space of j-Cauchy sequences up to equality under the seminorm ||X|| limjv ||-2Gv||-

The quasi-local algebra of a lattice system is an example of this construction. Here
the An are the observable algebras of an increasing family of regions, and the embedding
Jnm is by tensoring with the identity element on all sites of N \ M. Since the Jnm in
this case are homomorphisms of C*-algebras, the union becomes a *-algebra, and the limit
space .Aoo is also a C*-algebra, called the C*-inductive limit of the An- Aoo is usually
called the quasi-local algebra of the lattice system, and we will denote it by Aioc, reserving
the symbol "Aoo" for other limit spaces to be discussed below.

A very similar construction was used in [RW1] to define the algebra of intensive
observables of mean-field systems. Here one uses the same spaces An, but the inclusions
Jnm are modified by averaging over all permutation automorphisms of the larger region. It
is easy to check that the resulting maps Jnm again satisfy the chain relation, but they are
no longer isometric, nor even injective. Nevertheless, the notions of J-Cauchy sequences
(called "approximately symmetric" in [RW1]) and the limit space Aoo make sense even in
this case. It turns out that the JV-wise product of j-Cauchy sequences is again jf-Cauchy so

that the limit space becomes an (abelian) C*-algebra even though the Jnm are no longer
homomorphisms. In this paper we generalize the construction still further: we will allow
the chain relation to be not strictly satisfied but only asymptotically for large indices. In
fact it suffices for a sensible definition of j-Cauchy sequences and the limit space to have
that limM^oo limsupjv^oo \\(Jnr - Jnm °Jmr)Xr\\ 0 for every fixed R and XR € Ar.
We will not, however, develop an abstract theory of "fuzzy inductive limits" along these
lines, but instead will focus on the case at hand, the physical motivation for the choice of
the Jnm, and the concrete representation of the limit space ,4oo-

We will consider systems composed of many "particles", each of which has observables

described by the same C*-algebra with unit A. For most of the general theory we do
not need any further assumptions on this algebra but in many models of interest A is just
a finite dimensional matrix algebra describing a "spin". In section 3, in the discussion of
mean-field dynamics in the full lattice class of generators we will make this assumption for
simplicity. By K(A) or simply by K we denote the state space of this algebra. We equip
K with the weak* topology. The evaluation of a continuous linear functional a on any
C*-algebra B on X £ B will be written as (a, X). To each particle we associate a "site"
of a lattice Af, e.g. Af 7L for systems on a d-dimensional cubic lattice. Denoting by
A{x} the isomorphic copy of A "at site z", we write Ai — ®xçi A{x\ for the observable
algebra of the subsystem localized in the finite subset I C Af. Here and below we always
use the the minimal C*-tensor product, although in applications the algebras concerned
are usually finite dimensional matrix algebras, for which all C*-tensor products coincide.
Mappings between finite regions induce homomorphisms between the associated obervable
algebras. Explicitly, if r\ : I —> J is an injective map we define i) : Ai —> Aj by

fj(A1®A2---® A|/|) 4,-i(1) ® A,-i(2) • • • A,-i(| j|) (2.1)

with the understanding that on the right hand side Av-i(x) 1, whenever x is not in the

range of 77. Note that if 77 is the inclusion map of I into J D I, r) is just the usual embedding
between the subalgebras Aj and Aj used in the construction of the quasi-local algebra of
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the lattice system as a C*-inductive limit. Since we will be interested in yet another kind
of inductive limit it will be convenient to suppress the inclusion maps rj : Ai —* Aj, and
similarly the inclusion of each Ai into the quasi-local algebra Aioc- Thus for I C J we
shall simply write Aj C Aj C 4joc-

There are |iV|!/(|JV| — |M|)! injective maps from a set of |M| elements into a set of
|-ZV| > |M| elements. In [RWl,DWl] the identification between the intensive mean-field
observables at different system sizes was made by the average of all rj, where 77 runs over all
injective maps. In contrast, only a single map (namely the natural injection rj : M ¦—? N)
is used in the construction of the quasi-local algebra. Here we will use an average over a
subset of injective maps, which generalizes both of these possibilities: for J C M C N we
define JNm as *^e se^ °f ^ injective maps r\ : M —> N such that r/(i) i for all i € I,
which is a set of \N\M\\/\M\I\\ elements. The corresponding average is

\M\I\\ ^ ,nn.3nm= |jv-\Arf-|! 2L, r] :Am-^An • (2.2)

Thus for I 0 we recover the map used in the "global" theory of mean-field systems
[RWljDWl], and for I M we get the injection used for the quasi-local algebra. The
family Jnm f°r nxed I was used in [Dui] to set up a theory of mean-field systems with a
fixed set I of "tagged particles". In this paper we go one step further, by allowing the set
of tagged particles to become infinite in the thermodynamic limit.

Thus we will take the limit not only over an increasing family of regions, we will
also consider in each region a subset of tagged sites, such that in the limit every site of the
lattice eventually becomes tagged. We formalize this by using the notion of tagged sets:

a tagged set is a finite subset N C Af of the lattice under consideration, together with a
subset A?"T C N of "tagged sites". Rather than denoting a tagged set by the pair (N,NT)
we will just use the symbol TV, in much the same way as a vector space is usually denoted
by the same letter as its underlying set, without explicit reference to the operations defined
on it. For tagged sets we define an inclusion relation M (C N as "M C N and MT C NT".
For tagged sets M GZ N we now define

Jnm Jnm '¦ 4m —* An ¦ (2.3)

This is the basic family of inclusions on which our inductive limit construction is built.
In applications one usually does not take the observables to be defined for all regions TV,

but only along some subsequence of regions (e.g. cubes). Therefore we will assume some
net (Na)a£g, of tagged sets to be given, and we will only consider limits along this net.
Allowing only sequences at this point would not introduce a simplification in anything we
do in this paper. On the other hand it is convenient to be able to state the theory for a
general net of regions in Af going to the lattice in the sense of van Hove, without being
forced to specify a particular enumeration. Therefore we allow the index set N to be an
arbitrary directed set. Readers who feel more at home with sequences are invited to take
K IN, and to substitute "sequence" for "net" throughout. This will be sufficient (though
perhaps not convenient) for all applications. Our only assumptions on the net (Na)açx
are that it is increasing with respect to the relation (C, that the tagged subsets absorb the
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lattice, i.e. (ja Nj Af, and that in the limit the tagged sites are relatively few, i.e.

|iVT|
limfaf| 0 (2.4)

a \Na\

Since the net of regions will be fixed once and for all there is no ambiguity in writing
TV —s- oo for a —* oo, and limjv /(TV) for lima/(TVa) for the limit of any TV-dependent
quantity. We will adopt this convention from now on, so in the sequel we will never refer
to the labels a or the set N.

We now single out the J-Cauchy nets in the sense mentioned in the introduction
to this section. These nets TV i—» Xn with Xn € An are the basic observables we consider.

Xn will be symmetrized over most sites in TV, i.e. over all sites with the exception of the
relatively small subset TVT. Intuitively, Xn is a local observable with a symmetrized (or
completely delocalized) tail. One should think of Xn as a net of observables "converging
to a quasi-local mean-field limit". Our formal definition is given below, together with the
corresponding notion [Dui] for a fixed set of tagged sites.

2.1 Definition. Let Xn S An for every TV in the given fixed net of tagged sets. Then

(1) the net TV h-> Xn is called a quasi-symmetric, or a quasi-symmetric observable, if
lim limsup ||Xjv -JnmXm || =0

M^oo at—oo
The set of such nets will be denoted by y.

(2) the net TV i-> Xn is called I-symmetric, if
lim limsup \\XN -JNmXM II 0

M—oo N—oo

The set of such nets will be denoted by y1.

As noted before the crucial property of the maps j for making quasi-symmetry
a notion of "convergent net" is the approximate chain relation Jnr ~ Jnm ° 3MR- This
relation will now be proven together with some other basic combinatorial facts.

2.2 Proposition. Let I C J C R C M C TV C Af. Then

W Jnr — Jnm ° Jmr-

(2) fe-^MO^Ä||<2|Ä||J|M^<4|ii|M
(3) limM->oo limsupN_oo \\jNR - Jnm ° 3mr\\ 0

Proof: All maps appearing in (1) and (2) act like the identity on Ai, and like their
counterparts with I 0 on the remining sites. Therefore it suffices to show (1) for

I 0. Suppose (2) had been proven for this special case. Then we would obtain for
the general case a bound of the same form, but with |7| subtracted from the numbers
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appearing in it. The bound as stated then follows from the monotonicity of the function
x i-> (a + x)(b + x)(c + a;)-1 when (a + x) and (b + x) are positive, and c > max {a, b}. It
therefore suffices to show both (1) and (2) only in the case 7 0.

(1) JJvm(4) can be computed by taking 77(A) for any injective map 77 : M —> TV and then

symmetrizing over all permutations of TV. It follows that Jnm ° 1 JNR ^or anV injective
77 : R —> M. Equation (1) thus follows by taking the appropriate average over 77.

(2) Consider the map jnr (resp. Jmr) defined as the equal-weight averages over all 77

with 77 : R —> TV (resp. 77 : R —» M) such that in addition rj(R) C\ J 0. Let pjy jfjN
denote the average over all permutation automorphisms of An of permutations leaving J
pointwise fixed. Then jnr Pn ° V and Jnm Pn ° "7i> where 77 and 771 are any of the

maps over which jnr and Jnm are averages. Hence jnr Pn ° »71 ° 172 Jnm ° *72> where
772 : R —» M is injective with 772(A) fl J 0. By averaging over all 772 we find

Jnr Jnm ° Jmr ¦

The rest of the proof consists in establishing the estimate

Ik ,"• ll<9|Ä||J|

Applying the same estimate to jmr, and inserting into the above equation then yields the
result. The second form of the estimate follows because |M| < |TV|.

Let J JNR denote the set of all injective 77 : R —> M, and J the subset with 77(JÏ)n J 0.

Note that for large TV the "probability" 77(A) meeting J goes to zero. More precisely, by
Lemma IV. 1 of [RW1], we have that

\J\J\< \R\\A
~ \J\ - W\

¦

Now both jftR and jnr are averages of 77 with different weights. Since ||tj|| 1 for all 77 we
can estimate their norm difference by the sum of the absolute differences of these weights.
For 77 £ J the weight in j%R is |i7|_1, and in jnr it is |i7|_1. The difference is e|j7|_1.
Thus multiplied with the number \J\ of terms we get the contribution e to the error. For
the remaining |,7\,7| e\J\ terms the weight in jfjR is still |J"|_1, but is zero in jnr-
Hence these terms also contribute e to the error estimate, and putting the contributions
of these two types of terms together, we obtain the required estimate for \\jnr ~ 3%R •

(3) Taking J MT and 7 TVT in (2) we get limsupw \\jNR - jNM o jMR\\ < 2|Ä|^,
which goes to zero as M —» 00 by our standing assumption (2.2) on the net of tagged sets.

¦
In the following Lemma we establish a standard way of showing that a given net X,

is quasi-symmetric, namely by showing that Xn can be uniformly approximated for large
TV by a net of the special form TV 1—? JnrY for Y € Ar. We will call such nets basic nets,
and denote the set of such nets by 34os- In an ordinary inductive limit 34<w corresponds
to the union Ujy4/v, which is dense in the limit Banach space Aoo by definition. This
density statement carries over to general "fuzzy inductive limits", that is, whenever the
chain relation holds approximately. Here we establish it first on the level of nets. Since by
Proposition 2.2(1) the chain relation holds for JNm with fixed 7 we can hence apply the
same reasoning to the inductive system (An, Jnm)-
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2.3 Lemma. Let Xn € An for all TV in the given net of tagged sets. Then X. is quasi-
symmetric iff for all e > 0 there are a tagged set R and Y e Ar such that

limsup \\XN - JnrY\\ < e
N

X, is I-symmetric iff in addition one can choose RT I.

Proof: (1) Let X, be quasi-symmetric. Then by definition there is for any e > 0 some
tagged set M such that limsupw \\Xn — JnmXm\\ < £• Hence we can set R M
and Y Xm- Conversely, suppose that \\Xn — JnrY\\ < £ fc>r N 3 Ne. Then
\\Xn-JnmXm\\ < 2e+ \\JnrY-jnm°JmrY\\ for TV 3 M ID TV£. Taking in this
estimate the limit limsupM limsupjy and using the approximate chain relation Lemma
2.4(2) we find that this limit is less than 2e for any e. Exactly the same arguments work
for 7-symmetric nets, with all Jnm replaced by JNm-

m

With the help of this Lemma we can clarify the relations between quasi-symmetry
and 7-symmetry for different values of 7. Intuitively, y is the limit of y1 as 7 /" Af, i.e.
the limit of allowing more and more tags. It will be useful also to have a systematic way
of removing tags, i.e. to include sites previously exempted from all symmetrizations back
into the bulk. The operator of "removing all tags except those in 7" is given by

Pn '¦= JNN -An-^An ¦ (2.5)

By Proposition 2.2(1) pxN clearly is a projection. p^N is the operation of removing all tags.

2.4 Proposition.
(i) For î c j, y1 c yJ c y.
(2) The map p1 : X. i-> (p{X.) projects y onto y1.

Proof: (1) The inclusion y1 C y for any 7 is obvious from Lemma 2.3. What remains
to be shown is that any basic net of the form TV i—? JnrY can be approximated by one of
the form Jnm^- By Proposition 2.2(2) we can set Y jpf^Y for some M C Af, and get

supiv ijVB^ ~ JnmY\ — 2(|Jf2| |J|)/|M|, which can be made arbitrarily small by taking
M large enough.

(2) It is evident that the operation pf on nets is a projection. By Proposition 2.2(1) with
TV M we have pJN o jjqM Jnm f°r 7 C J. Hence on basic nets JnrY with J D I
the projection operation produces again basic nets. Since we can approximate any quasi-
symmetric net by basic nets Jnr with RT J sufficiently large, Lemma 2.3 says that p\
maps y into y1. Taking 7 J it is clear that basic 7-symmetric nets are invariant under
the projection, hence pi(y) — y1.

m

We can now proceed to identify the inductive limit space of the system (An,Jnm)-
We will use the following notation: for any tagged set TV, and any p £ K we introduce the
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conditional expectation Ej»NT : An —* A^t with respect to the product state p^N on
the untagged sites. Thus

(a,-E<>NXNT(A)) (a®p^NT,A) (2.5)

where a is an arbitrary state of Ant, and A £ An- Since we identify A^tt with a
subalgebra of An we can consider IE^L^t as a projection of norm one on An, i-e. a

conditional expectation in the sense of Umegaki [Urne]. If we identify An in turn with a
subalgebra of A;oc we can also consider E^j as a map E^, NT : An —* A\oc- This is the

point of view taken in the following Theorem. We recall at this point that K, being the
state space of a unital C*-algebra, is weak*-compact. For any C*-algebra B, C(K,B) will
denote the space of weak*-continuous functions on K, taking values in B, and topologized
with the supremum norm ||/|| sup eK \\f(p)\\B-

2.5 Theorem.

(1) Let X be a quasi-symmetric net. Then for all p £ K the norm limit
Xoo(p) \immPNXNT(XN) G A(„c

exists uniformly for p £ K and p t—y Xoo(p) is weak*-to norm continuous.

(2) The map X £ y h-» Xoo £ C(K, Aioc) is onto, and isometric in the sense that

IIXooH lim pGvll

It is also a homomorphism taking the N-wise product of nets into the product of
C(K,Ai0C).

(3) A quasi-symmetric net X is I-symmetric if and only if Xoo(p) £ Ai C Aioc for ail p.

Proof: The core of this result has been proven in section IV of [RW1]. There "approximately

symmetric nets" in our terminology "0-symmetric" nets) were allowed to take
values in a net of algebras of the form B ® An for a fixed "initial algebra" B, and An
as above. Symmetrizations were only to be applied to the tensor factors of An, and not
to B. But taking B Aj, this is precisely a description of 7-symmetric nets. Therefore
we can immediately apply the results of [RWl](Compare also Theorem 2.1 in [Dui]).
Thus for 7-symmetric nets the limit in (1) exists, and is a weak*-continuous function
Xqo : K —> B Ai <—> Aioc- Moreover, every / £ C(K, Ai) is of the form / Xqq
for some 7-symmetric X. The isometry and homomorphism properties are also shown in
[RW1].

Since every quasi-symmetric net is uniformly approximated by 7-symmetric ones with finite
7, existence and continuity of the limit, isometry property and homomorphism property
immediately carry over from the 7-symmetric case. It remains to prove (3) and that
X i-* Xoo is onto. We have already seen that on 7-symmetric nets this map is onto
C(K, Ai). Hence suppose that X is quasi-symmetric and X^ £ C(K,Ai). Hence there
is an 7-symmetric net Y such that Xqo Yoo- By (2) this means that ||Xoo — ifa|| —
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lim/v ||-X"jv — Yn\\ 0. Hence X is approximated uniformly for large TV by an 7-symmetric
net, and must be 7-symmetric by Lemma 2.3.

To see that X i-v Xoo is onto, let / £ C(K, Aioc). Since (Jr C(K, Ai) is dense in C(K, Aioc)
we can find for any summable sequence £„ a sequence of tagged sets Rv and Xv £ Arv
such that

/ ^jooÄ„X" with ||jooß„Xl<e,,
V

where JoorXr denotes the limit Yoo for the basic net Y. J.rXr. The idea of the proof
is to pick a sequence S„ of tagged sets which increases sufficiently fast, and to set

Xn 2_, JNR»XV

s„c«
Note that every v is eventually included in this sum because the tagged subsets TV absorb
Af as TV —* oo. Since ||iooß„-^"|| limw ||j'ìvk1,-X"1/|| we can pick S„ such that for TV 3 Sv

we have HÌatr^X"!! < 2e„. The sum defining Xn is then convergent for every TV. For later
use we note that the numbers

Sn= YI \\JNR,X"\\

S„«ZN

converge to a finite limit.

We now have to show that for sufficiently rapidly growing S„ the net X becomes quasi-
symmetric. With the estimate Proposition 2.2(2) we get

\\Xn -JnmXm II < 2J \\(JNR„ —JNM°JMR„)X"\\+ 2j |b*JVÄ„-X"*']|

S,CM S„ <ZZN\S„ «ZM

ImtI
< J2 \\X"\\-4\Rv\Lm^ + (Sn-Sm) -

s„c:m
If S„ is chosen large enough the i/th term in the sum is only present if M is large in the
sense of the basic net along which we take all limits. Since |MT|/|M| —? 0 as M —» oo

in that net, we can pick Sv such that the i/h term is bounded by ev for all TV, M.
Hence the sum converges absolutely, and vanishes in the limit limM-»oo limsup^^oo- The
second term vanishes because the <5at converge. It is evident from the construction that
-X"oo limiv JoonXn Yv 3°°R* X" /• Hence X i-> Xqo is surjective.
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3. The dynamics of quasi-symmetric observables.

In the previous section we have identified the quasi-symmetric nets as the appropriate
mean-field nets of observables. Suppose a dynamics for the mean-field system is given.
By this we mean that for each TV in our fixed net of subregions of Af there is specified
a semigroup T±,n : t > 0 of completely positive unit preserving linear maps on An- We

can say that the dynamics has good mean-field properties if at least it maps the set of
quasi-symmetric nets into itself. In the first part of this section we shall formalize the
notion of a mean-field dynamical semigroup as a dynamics which in addition gives rise
to a well-defined limiting semigroup in the inductive limit space Aoo- The dynamical
semigroups considered in [Dui] had the prima facie weaker property that they preserved
only 7-symmetry for each finite 7 C Af. We will show that this is in fact an equivalent
property to the preservation of quasi-symmetry under the additional hypothesis that each

Tt,N is permutation symmetric.
In physical models it is a set of generators Gn of the dynamics Tt,N e(Gw which

will usually be provided; this by way of a net of Hamiltonians or a net of dissipative maps.
Thus one will want to determine whether a given net of generators exponentiates to form
a mean-field dynamical semigroup, and in that case to compute the limiting semigroup on
-^too*

Our aim in this section is to demonstrate that a wide class of dissipative
interactions in quantum lattice systems do indeed generate mean-field dynamical semigroups.
These can be thought of as the mean-field version of interactions with infinite range, but
subject to a relatively weak decay condition. Indeed, we are able to show that the
decay conditions required for the existence of a limiting dynamics are strictly weaker those

required for the corresponding translation invariant interaction. Of course, this class
includes interactions involving no more than a fixed finite number of sites as a special case.

Apart from proving the existence of the limiting dynamics for the class of lattice models,
we obtain a form for the limiting dynamics which shows that observables living on different
tagged sites evolve independently according to the (time-dependent) average state of the
system. This conforms with the intuitive physical picture of mean-field dynamics. We

stress, however, that mean-field dynamical limits need not in general have this property.
Indeed, in section 4.5 of this paper we construct examples of mean-field dynamical limits
which do not.

We will start the section by generalizing the mean-field dynamics of 7-symmetric
sequences as described in [Dui] to that of quasi-symmetric nets. We then describe the
dynamics of quasi-symmetric nets under the influence of generators of a fixed polynomial
degree, and demonstrate the factorization property of the dynamics in the thermodynamic
limit. Finally, we show that the dynamics of the lattice class of models can be approximated

by those with polynomial generators (i.e. those in which only a finite number of
sites interact) and show that the factorization of the dynamics is preserved by this
approximation.

We will call a net of operators T, quasi-symmetry preserving if it maps the
set of quasi-symmetric nets onto itself, that is if X, £ y =>• T.X. £ y. The proof of the
following Lemma is a straightforward modification of Lemma 2.2 of [DWI].
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Lemma 3.1. Let T, be a uniformly bounded net operators which is quasi-symmetry
preserving. Then there exists a unique operator Too on Aoo such that for all quasi-symmetric
nets X, (T,X,)oo — Too-Xfa •

Definition 3.2. A net Tt,. : t > 0 of completely positive unital (i.e. identity preserving)
contractions is called a mean-field dynamical semigroup if
(1) for each t > 0, Tt,, is quasi-symmetry preserving,

(2) [0, oo) 9 11—> Ttioo is a stongly continuous contraction semigroup on Aoo-

The requirement of strong continuity for the limit semigroup Tj|00 can be seen

as a statement about uniformity of the continuity of the TttN with TV. Indeed, it can be
shown (cf. Theorem 2.3 of [DWI]) that 3.2(2) is implied by 3.2(1) under the additional
requirement that

lim \\TttNXN-XN\\=0
t-—0

for all X. £ y.
For any 7-symmetric net X, (for example, a net which is J-symmetric for some

J C 7), we will find it useful to refer explicitly to its mean-field limit as an element of
C(K,Ai), rather than the injection into C(K, Ajoc). We will use the symbol X^ for this
purpose.

Corresponding to Lemma 3.1 we have for each finite 7 C M a notion of 7-symmetry
preservation for nets of maps. Moreover, as is detailed in [Dui], a uniformly bounded 7-

symmetry preserving net of maps T, has a unique limit T^ on C(K,Ai) such that for
all 7-symmetric nets X., (T.X.)1^ T^X^. For 7 C R, JIorXr will denote the limit
function X^o corresponding to the basic 7-symmetric net jIrXr.

Suppose that a net of maps T. is 7-symmetry preserving for all finite 7 C Af. Since

we view Aj as a subalgebra of A;oc, we canonically regard T^ as a map on the subalgebra
C(K, Ai) C C(K, Aioc) Aoo- Now the union over 7 of the subalgebras C(K, Ai) is dense

in Aoo- Thus we might expect to construct from the maps T^ a map Too as a limit of
quasi-symmetry preserving maps on y.

It will be the case in all examples which we treat that T. is permutation symmetric
in the sense that for all tagged sets TV, Tn commutes with any automorphism tt of An
induced by a permutation n of TV. Note that this means that Tt,N is independent of the
tagging TVT. With permutation invariance the notions of "quasi-symmetry preservation"
and "7-symmetry preservation for all finite 7 C Af" become equivalent.

Theorem 3.3. Let T, be a nei of unital permutation-symmetric contractions. Then the
following are equivalent:

(1) T, is I-symmetry preserving for each finite I C Af

(2) T. is quasi-symmetry preserving.
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Proof: (1)=>(2) Since T. is 7-symmetry preserving for all finite 7 C Af, it is quasi-
symmetry preserving on the dense subset of basic nets in y. Approximating any quasi-
symmetric net as closely as desired by a basic net we see that T. is quasi-symmetry
preserving on the whole of y.
(2)^=>(1) Let X, be 7-symmetric. Then X, and hence T,X, are quasi-symmetric. But
by permutation symmetry of T. we have T,X, T.p[X, p[T.X., which by Proposition
2.4(2) is 7-symmetric. ¦

It is worth remarking at this point by analogous reasoning to that used in the
proof of the above Theorem, one can compare the 7-symmetric limits and J-symmetric
limits of T,X. for an 7-symmetric net when 7 C J. Since T,X. is 7-symmetric, it is also

J-symmetric with limit (T^X^) ® lj\j. But from Proposition 2.4(1) X is J-symmetric
and X^ X^, ® lj\/. Thus the family of operators T^ obeys the consistency relation

T^(Xio <8> ljV) T^Xl <8> 1AI

Corollary 3.4. Replace definition 3.2 by the weaker statement that for all finite I C Af,
Tt,. is I-symmetry preserving and has a strongly continuous limit T1^ on C(K,Ai). If
each Tt,N is permutation symmetric, then Tt,. is a mean-field dynamical semigroup.

Proof: By Theorem 3.3, for each t > 0, Tt,, is quasi-symmetric preserving. Since for
each finite 7, t t-» T/^ is strongly continuous, T()00 is strongly continuous on the dense

set \JiC(K, Ai); and since ||T^oo|| ^ 1» 2*,oo extends to a strongly continuous contraction
semigroup on the whole of Aoo.

¦
We now turn to the question of finding nets of operators which generate mean-

field dynamical semigroups. We deal first with perhaps the simplest class of generators:
those which are constructed for each TV by resymmetrization of an interaction of a fixed
finite number of sites, and rescaled by the system size |TV|. For any C*-algebra V let B(V)
denote the set of bounded linear operators on V. Define the symmetrization operator
Symw : [JMcn &(Am) —* B(An) by setting setting Sym^y Gm to be the average over all
bijective maps 77 : TV —> TV of rj-1 (Gm ® idjv\M)J7- Thus Symw Gm is the average over the
copies G,(m) of Gm acting on all possible subsets Av(m) of An-

Definiton 3.5. A net of operators G. will be called a bounded polynomial generator
of degree R if for some R C Af and all TV D R,

\N\
W Symw Gr '

where Gr is the generator of a semigroup of completely positive unital maps on Ar, and
\\Gr\\ 7< 00.
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One sees by use of the Trotter product formula that each Tt,N e'Gjv is completely
positive.

The scaling (|TV|/|Ä|) in Definition 3.5 means that for each TV, each site responds
to a mean of its interaction with all other sites. For example if |i2| 2 then for all A G A,

GN(A ® 1n\{i}) 2(|jv|_i) X) Mil,*} 8 (<?{!,,} + G{xA))(A ® 1)

The 7-symmetric properties of semigroups with bounded polynomial generators have been

investigated in [Dui]. We can extend these as follows.

Theorem 3.6. Let G, be a bounded polynomial generator of degree R, and set Tt,.
etG- : t > 0. Then

(1) T is a mean-field dynamical semigroup.

(2) T has the disjoint homomorphism property, nameJy, for all unite I C Af
rpl _/0\T{«l-'«.oo — y^> ¦Lt,oo

i€I
where the tensor product is to be understoood in the range space Ai ofC(K,Ai), and
each Tt oo is an isomorphic copy of the same map.

(3) The restriction ofTt<<xl to the intensive (i.e. ^-symmetric) observables is implemented
by a weak*-continuous flow Tt'- t > 0 on K, i.e. for X^o intensive and t > 0,

Tt,ooXoo — Xoo o Tt
where K x [0, oo) 9 (p,t) t-t Ttp £ K is jointly continuous and TtTs Tt+a-

Proof: (1) By section 5 of [Dui], for each finite 7 C Af, 11—> Tty, is 7-symmetry preserving
with a strongly continuous limit t i—> T^on C(K,Ai). Thus by Corollary 3.4 Tt,, is a
mean-field dynamical semigroup.

(2) is proved in section 5 of [Dui] and (3) in Proposition 3.4(4) of [DWI]. ¦
We now come on to discuss the exact form of Tt,oo when Tt,, has a bounded

polynomial generator G, of degree R. For each p £ K and R 9 y define the bounded
linear operator Lp, on Aiy\ by

L"{y]A -E<RX{y]GR(A®lR\{y]) and set L" L\l} (3.1)

Thus for a fixed p the Lp, are isomorphic copies of the operator Lp on A. In Proposition
3.4 of [DWI] it was seen that Lp is the generator of the implementing flow T, i.e.

jtTtp TtpoLr">
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This is the sense in which it is said in [AM] that Lp is the generator of a non-linear
dynamical semigroup for mean-field models. But we now observe that Lp plays a more
general role: it generates local dynamics in mean-field models. For let Xn JnrXr,
making X, 7-symmetric for any 7 C RT¦ Then according to Proposition 5.2 of [Dui],

(GlxUip) (JU £ L\x)Xr)(p) E£u £ L"{x]Xr
igii x£R

We shall prove below that t i—> Lpt is the generator of what we term the local cocycle
t H+ Af in B(A) which (i) implements the flow Ttp p ° Af ; and (ii) has products which
implement the local evolutions: (T^-X^X/5) (Ap)I(X^:,)(Ttp)- We start be considering
the cocycle. In Lemma 3.7 we establish the existence of solutions to the differential equation
Af Af o LTtP. The topological Lemma 3.8 is required to determine continuity of the
solution in Proposition 3.9.

Lemma 3.7.

(1) The equation

4A? Afo7fa">
dt ' '

with initial condition Aq id has a unique solution [0,oo) x K 9 (t, p) i—> Af € B(A).

(2) The JocaJ cocycJe A of (1) has the composition law

A^oAf»" Af+t

Proof: (1) ||7P|| < 7. Thus, existence and uniqueness of a norm-continuous solution of
the integral equation

Af =id+ f dsA^L^" (3.2)
Jo

follows by standard methods (see e.g. [HS]). We clearly have the norm estimates

||Af || < eyt and lim sup ||Af - id|| 0 (3.3)

(2) For all p £ K and t > s > 0 define V(s,t) ApsAflps Then

^-Tp(s,t)=Tp(s,t)L:FtP and Tp(s,s) Kp

So for fixed s and p we have that for t > s the map t 1-* Tp(s, t) obeys the same differential
equation as Af, and has the same boundary value at the point t s. Thus by uniqueness
in part (1) above, Tp(s,t) Af for all t > s.

Lemma 3.8. Let fìo be a compact set in A. Then there exists a compact set f2 D ^o such
that for any 7' > 7,

p £ K, a £ ft ==> L" e yn
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Proof: Since for any X £ Ar, p >—? E™,(,,J is weak*-to-norm continuous and bounded,
K x A 9 (p, A) y-+ LpA is jointly continuous. Thus the set fti {LPA\ p £ K, A € ft0},
being the continuous image of the compact set K X fto, is compact. Furthermore,
suPAe«i II4|| < 7supA€n0 ||A||.

Proceed by iteration and construct in a like manner the sequence of compact sets ft2,ft3
and so on. For any 7' > 7, construct the set

ft \ A £ A A ]fa(y)_,'i,-Ai : Ai £ ft,, t, £ [0,1] \

Then ft is bounded and < LPÛ \ p £ K \ C ft. Furthermore, by construction, ft can be

approximated to within e by finite sums from the compact sets (fì„)neM and is hence

pre-compact. Taking the closure ft of ft we obtain the required set.

Proposition 3.9. For each A £ A the map (p,t) h-> AfA is jointly continuous.

Proof: Since by eq (3.3) t 1—* Af is norm-continuous, uniformly in p, it is enough to
prove that for each t, p —? AfA is weak*-to-norm continuous. Now (t, p) 1—> Ttp and
(p, A) i-» LPA are both jointly continuous. Thus by composition (t,p, A) h-> LTtPA is

jointly continuous.

For a fixed A £ A, let ft be the compact set ft corresponding to fto {A} in Lemma 3.8.
Then since

(Af - AHA / ds(Ap - AJ)7fa'"A + Aas(LT>p - Ljr'")A
Jo

we have that

sup ||(Af - A?)2?|| < 7 f ds sup ||(A> - A',)B\\ +7"V - l)st(p, a)
S€fi Jo B€«

where et(p,a) sup0<s<t supBefi ||(7;F'P — 7;Fä'7)i3||. Thus, by GronwalPs Lemma (see

e-g- [HS])
sup ||(Af - AHSII < 7_1(e7t - l)et(p,°) ¦

Ben

Since ft, Tf and [0, rj] are compact, then by the joint continuity of (p,t,A) 1—> LTtpA,
et(p, a) —* 0 as a —> p weak*. Thus (Af - Af )A —> 0 as a —? p weak*.

Now according to Theorem 3.6(2) Tf^ is constructed as a tensor product (in A;oc)

of Tt^oo : i £ I- Thus to know T<]00 it suffices to calculate one of the T/^. The purpose of

Proposition 3.9 is that it enables us to verify that a possible candidate for Tt J^ is indeed a
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strongly continuous contraction semigroup on C(K, A). With no loss of generality we take
i — \. We define for each finite I C Af the algebra

?'= IJ {jLrX\X£Ar}
RCM

Thus V1 can be thought of as a dense polynomial subalgebra of C(K, Ai) comprising the
mean-field limits of basic 7-symmetric nets.

Theorem 3.10. Let X, be {1}-symmetric. Then

(T}£x^)(p) APxW(Ttp)

Proof: Define
(ft\12x^)(p) ApX^(Ttp)

We show that Tt <» 's a strongly continuous contraction semigroup on C(K, A). By the joint
continuity of (p,t) i—> Af into the strong-operator topology on B(A), and the joint continuity

of (p,t) >-t Ttp, then for each X£o £ C(K,A) we have that (p,t) ?-» AfXio'(Ttp) is

jointly continuous, uniformly for p £ K compact and t in compacta. Hence we conclude

that TtJ,Xéo £ C(K,A) and that t t-* T^J, is strongly continuous. Furthermore we have
the composition law

(Tt{£fWxW)(p) APAf<pX^(Ttp) Apt+sX^(Tt+3p) (f^X^p)
where the second equality uses the composition law of A. Since \\Tt ^ < ||Af|| < e7*

we conclude from Proposition 1.17 of [Dav] that T}J, : t > 0 is a strongly continuous
semigroup on C(K,A).

We calculate the action of the generator of t >-* T^J, on a {l}-symmetric basic function of
degree R 9 1. By Lemma 3.7, t >-y Af is differentiable uniformly in p, and by Proposition
3.4 of [DWI], so is t t—> Ttp (in the weak* sense). So we can differentiate:

|cO41})(/0i TAP*<hx*\ut lt=o ul lt=o

E*\{D E L{*>*«
x€R

(G£xM)(p)
Thus the generator, G&}, of t \-> îfë agrees with g£] on 7><fa Since llf/^ I < efa any

k > 7 lies in the resolvent set of g£o}. For such K, (re - G^)^1* (k - G^)V^. But
it is proved in Proposition 5.3(3) of [Dui] that T>^ is a core for Goo and consequently
(re - Go^)?7*1! must be dense in C(K,A). By Proposition 2.1 of [Dav], T>W is also as

core for G^,. Since the generators Gèo and Goo agree on a core, they are equal, and so



Vol. 65, 1992 Duffield and Werner 1035

*S ?!£ for all t > 0.

¦
Using our formalism the positivity and flow-implementing properties of Af follow

straightforwardly.

Proposition 3.11.

(1) Each Af is completely positive and unital.

(2) TtP po Af.

Proof: (1) For any 77 with 1 G 77

APX (T^JoowRX ® 1r\{1])(p) Im^E^TtMX ® 1n\{1})

Since X >-* X ® 1n\{i}, îf,N and Ej,,^ axe all completely positive unital maps, Af, as a

limit of such maps, is also completely positive and unital.

(2) For A £ A,
(po Af,A) (p,Ap(j^\1}A)(Ttp)) (p,(Tt\2joo{i}A)(p))

lim (pN,TtyN JN{i}A) (joo{i}A)(Ttp) (TtP,A)
N—*oo

Before extending Theorem 3.10 to treat the evolution of quasi-symmetric observables,

note that since each Af is completely positive and unital, then by Theorem 4.23 of
[Tak] the product map Af ® ® Af (with |7| factors) on the |7|-fold algebraic tensor
product A® extends to a completely positive unital map on A/. We denote this latter

map by (Af)7. Being positive and unital ||(Af)J|| 1. We can extend each (Af)7
to B(Aioc) by tensoring with the identity map, and construct the infinite tensor product
(Af)°° limiyj^(Apy, the limit being in the strong operator topology of B(Aioc). Our
final theorem for bounded polynomial generators is as follows.

Theorem 3.12. Let Tt,. etG' with G, a bounded polynomial generator. Then At
locally implements Tti00 in the sense that for all X £y,

(Tt,ooXoo)(p) (APrXoo(Ttp) - (3.4)

Proof: Combining Theorem 3.10 with Theorem 3.6(3) we see that equation (3.4) holds for

7-symmetric nets X. with limits of the form X^, A1^ ®... Z%£}
¦ Since (Af )7 is bounded,

one obtains the stated result for any function in C(K, A/) by approximation with limits of
sums of such terms. The final form is obtained by approximating nets in y by basic nets.

¦
Recalling that (Tt)0oX00)(p) limjv-+ooIE^VT7<l/vJ*0v £ A\oc, the form of Tt,oo

given above shows that Af implements the one-site evolution of tagged sites when the
bulk (of untagged sites) is in the product state formed from p. In the remainder of this
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section we extend Theorem 3.12 beyond the bounded polynomial generators. Consider the
following nets of generators.

Definition 3.13. A net of operators G, will be called lattice class if for each finite
M C Af there exists net N h-> T^ £ B(Am) such that following condtions hold.

(1) r^ 0 for all TV CM.
(2) Tm — liniiv—?oo Fm exists in the strong operator topology.

(3) The bounds -jm supN-,M \\^m\\ are summable so that Ym I-^Itm 7 < °o-

(4) For each TV

G»^ E SsymN(r&)
MCN ' '

is the generator of a norm-continuous semigroup of completely positive unital contractions

on An-

This definition makes sense not only for nets of generators, but also of general
bounded operators on An- For Gn to generate it is sufficient, but by no means necessary,
that each T^ generates on Am- The polynomial generators (resp. operators) are the
special case, where Tj^ is non-zero only for some M, and independent of TV. The next level
of complexity is to allow the TV-dependence, but to retain only one fixed M. A generator
constructed in this way is asymptotically equal to the polynomial generator constructed
from Tm limjif rjJJ. In this case the "lattice class bound" 7 is 7 |M|supw ||rj^||.
If for each i in some index set G* is a lattice class net of operators on B(A) with lattice
class bounds 7' such that Yi 7* < °° the sum Gn Yi G'n exists for all TV, and defines

again a lattice class net with bound 7 < Yi 7*- 1* is useful to note that the sets M in this
definition enter only via their cardinality: due to the symmetrization over M implicit in
Sym^r the labelling of the set M becomes completely irrelevant. By adding up all terms
coming from M's of the same cardinality we can reduce the sum over M to a sum over
only one standard set M, say {1,...,|M|}.

The lattice class generators can be seen to arise in the following way. Let A/' 2
and let the fixed net of regions be such that TV —> 00 in the sense of Van Hove [Rue].
Suppose that a translation invariant family of generators M t—> Tm £ B(Am) is specified
for finite M £ TL Construct the generator net

Ôn E imi E Tm+* ¦

M+xCN

G, is, of course, translation invariant rather than permutation invariant. When Gm(-) —

i[$M) •] for some family ($m) of self adjoint potentials, it can be shown [BR] that a limiting
dynamics exists provided that Ymso e'M' tl^Af || is finite. But it is shown in [DWI] that
the symmetrized version of this interaction TV 1—? Gn Symw Gn is lattice class. For
lattice class interactions it is then proved in [DWI] that a limiting dynamics for intensive
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(i.e. 0-symmetric) observables exists. We see from Definition 3.13(3) of the lattice class

that this means that this dynamics exists under the condition that 7 Ymbo 1-^1 II^Afll
is finite, a considerably weaker condition than that of [BR].

In the remainder of this section we will show that for lattice class generators, the
limiting dynamics exists for all quasi-symmetric nets, and furthermore that this dynamics
is locally implemented as in Theorem 3.12.

With the Tm as in Definition 3.13, define the bounded polynomial generator net
G™ by

MCM ' '

We aim to show that G. generates a mean-field dynamical semigroup by showing that it
can be approximated by those generated by the G^1. When we assume that A is finite
dimensional this turns out to be quite easy to prove. In view of the calculation of the
0-symmetric mean-field dynamics for lattice class generators in section 4 of [DWI], we
expect that the proof for A infinite dimensional is possible, albeit lengthy.

Denote by At 'p the cocycle which locally implements the mean-field dynamical
semigroup generated by G. and denote by LM'P its generator. T^1 will be the
corresponding flow on K.

Lemma 3.14. Let G, be lattice class, and let A be Unite dimensional. Then the norm
limits

L"A Ä,iM,'A E EW>rM(4 ® l*\{i>)
M

and Af limM->oo At 'p exist, are continuous functions of p, and satisfy equation (3.2).
Af is completely positive and unital.

Proof: Summing the terms in Gf7 we see by comparison with equation (3.1) that

LM'PA= E »Wjö*^®1*«!}) •

MCM
\\LM'pA\\ < Ym'cM \\TM'\\ \\A\\. By 3.13(3) this is bounded uniformly in M and p by 7,
and the tail Ym'dM II^M'H —? 0 as M —» 00. Hence LM'PA is convergent as M -too
to the form of LPA given. Since convergence is uniform in p and for each M p 1—? LM'P
is continuous, then p —> LPA is continuous. According to Theorem 4.11 and Proposition
4.6(2) of [DWI], the flows Tf1p converge weak* as M —? 00, uniformly for t in compacta,
to some Ttp £ K, where t 1-» Tt is a weak*-continuous flow on K. Since A is finite
dimensional this holds in the norm topology of K as well. It is now a straightforward
matter to show that At ,p converges uniformly to the unique norm-continuous solution

Af of the equation Af id + /0 dsKpLT,p. Since convergence is uniform, p \-* Af is
continuous. As a limit of completely positive unital maps, Af is completely positive and
unital.



1038 Duffield and Werner H.P.A.

Theorem 3.15. Let G. be of lattice class, with A unite dimensional. Then G. is the
generator of mean-fìeld dynamical semigroup which is locally implemented by the Af of
Lemma 3.14, and which hence has the disjoint homomorphism property.

Proof: Since we work in the norm topology of Tf it is a simple matter to show that for all
finite I C Af, (Tfoof) {At)1 f(Ftp) defines a strongly continuous contraction semigroup

on C(K, Ai). One differentiates to find the action of its generator G^, on basic 7-symmetric
nets X, — jIrXr with 7 C R as

(Glxl)(p) mpRXI £ Lp{x)XR
xER

But this is equal to (G^X^p). For GJ.rXr Ym Y.(M) where for for each M> Y.(M)

is the quasi-symmetric net TV h-> YJf] (|TV|/|M|)(SymN T^)jNRXR : TV D M. By
3.13(3), M h-> IIY^^H is summable, so that for each e > 0 there exists Ms such that
\\G.j.RXR - Ymcm. y.(M)|| < e- Hence G.j.RXR is quasi-symmetric and

(G.j.rXr)Up) Hm E 'yWAi{p)
M—too *—»

M'CM

M—+00
lim BL, Y L»'MXR

xeR

feLEH\/E^«
x€R

(G.j.rXr)i00(p) ¦

In Proposition 3.16 below we show that V1 is a core for G^,. Then the above argument
shows that for s £ C : 3te(3) > 0, ((s - G.)^)^ (s - G^V1 (s - G^V1 is
dense in y1. So by the implication (4)=>(5) of Theorem 2.3 of [DWI], and Theorem
3.2 of [Dui], G£o is well-defined and G. has an 7-symmetry preserving mean-field limit
which is generated by G^,. This is true for all 7, thus G. generates a mean-field dynamical
semigroup Tt>00, and (Tt,ooXoo)(p) (Ap)°°X(Ttp).

m

It remains to show that V1 is a core for G^,. Our strategy is to express G^ in
terms of a derivative on C(K, Aj), and then use standard methods to show firstly that
the set of differentiable functions is preserved by T^J, and is hence a core for G^, and
secondly that each differentiable function can be approximated, along with its derivatives,
by an element of V1.

For a unital C*-algebra V and / £ C(K, V) we define the gradient d/(p) of / at

p£ Kby
(a - p, df(p)) yf(ta -(1- t)p) i (3.5)

at |t=0

and say that / is differentiable whenever this exists as a continuous function on K. Equation

(3.5) must be understood as being V-valued in the sense that the duality (•, •) is
between A and K, leaving (a — p,df(p)) £ V. Equation (3.5) fixes the gradient only
up to a multiple of the identity. We remove this ambiguity and fix d/ as an element of
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C(K, V ® A) by imposing the convention that (p, df(p)) 0. CX(K, V) will denote the set
of differentiable functions in C(K,V). Clearly V1 C CX(K, Ai).

This notion of a derivative also lifts to B(V). Let 77 £ C(K,B(V)). Then we
define di7 to be the element of C(K,B(V)) such that (dH)X d(77X) for each X £ V.
For example, take V A, and let L be the local generator corresponding to a bounded
polynomial generator G. of degree M. Let A £ A, p,cr £ K, and for h £ [0,1] set

Ph p + h(a — p). Then

<<7,d7>A) Hm(E£\{i} - E^V{1})Gm(A ® 1M\{1})

(|M| - 1)E^E^N{12}Gm(A ® lM\{i}) •

According to Theorem 4.11 and Proposition 4.3 of [DWI], the limit flow TtP
po Af polim^f Af 'p is differentiable and hence preserves the set of differentiable complex-
valued functions. In particular

d(f o Tt)(p) Jtp(df)(Ttp)

for a suitable Jacobian Jp £ B(A), and furthermore there exists a bound || Jt || < e7'. We

require now to prove a similar result for Af. Since we work with A finite dimensional, the
proof is quite simple. Item (5) of the following proposition also provides the last remaining
step in the proof of Theorem 3.15.

Proposition 3.16. Let A be finite dimensional. Then

(1) L is differentiable

(2) At is differentiable for allt>0.
(3) For all unite I C Af, Cl(K, A/) is invariant under f^ for all t > 0.

(4) For all unite IcAf, C\K, Ai) is a core for G^.
(5) For all unite I C Af, V1 is a core for G^.

Proof: (1)

ft"1 ||(7/» - L") - (LM'P» - LM>»)\\ < h'1 Y, dM'l - |(EM'\{i} - EM'\{i})rM
M'DM

<\\*-p\\ Y \M'\\\Tm>\\ - (3-6)
M'OM

By Definition 3.13(3) this bound is the tail of a covergent sum. Thus the limit of the LHS
of inequality (3.6) as M —* oo is zero, uniformly in h. We showed above that each LM is

differentiable, and so d7p exists and is equal to limM-»oo dLM'p.

(2) Since A is finite dimensional, we consider t t-+ (TtP, Af as an integral curve of the vector
field (p,A) (poLp,AoLp) on the Banach space KxB(A) with norm \\(p, A)|| ||/»|| + ||A||.
Since L is bounded and p t-> Lp is differentiable, one sees (from section 4.1 of [AMR])
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G»,A)| <7\\(P,A)\\,
able.

that p t-> Af is differentiable, at least locally in time. In fact, since

then in fact these integral curves exists for all time and are differenti

(3) Let / £ CX(K, Ai). Then clearly
(dfloofXp) (d(APY)f(Ttp) + (Apyjpdf(Ttp) -

(4) Let f£C1(K,Ai). Then

Giof(p) 4(A?r7(;M|
dt |t=0

VpRXIY,Lp{x)f(poLp,df(p)) (3.7)
x€I

Thus Cx(K,Ai) is a subset of dom(G^,), which by (2) and (3) is T/^ invariant. Furthermore,

C^(K, Ai) is dense in C(K, Ai) (it contains the dense subset of polynomials V1) and
so it is a core for G^.
(5) We complete the proof by showing any / £ CX(K, Ai) there is a sequence of polynomials
(/n)neN C V1 such that limn_,oo/n / and limn_»ood/n df. For then from equation
(3.7) one sees that limn_*oo G^fn G^f and so V1 is a core for G^.

Consider the set C of linear functions < /» i—»- Efa A A £ Am+i [ in V1. Clearly the algebra

generated by £ is dense in V1 and hence dense in C(K, Ai). Furthermore for p ^ a £ K
we can choose and g and h in C such that g(p) =^ 0 and (a — p,dh(p)) ^ 0. So, by
Nachbin's Theorem stated in Theorem 1.2.1 of [Lia], the algebra generated by C is dense

in CX(K, Ai) in the norm ||/||i ||/|| + ||d/||, as required.
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4. Properties of the the limiting evolution

4.1. Hamiltonian systems
In many examples the semigroups Tt,N are reversible in the sense that the generator is of
the form

GN(X) \N\i[HN,X] (4.1)

with a Hamiltonian density Hn HN £ An- For the thermodynamics of mean-field
systems it is sufficient for H to be 0-symmetric [RW1]. For the dynamics one needs to
assume more, e.g. that the generator be of lattice class as in Definition 3.13. This is readily
written in terms of 77: we want that

Hn Y JnmHm with H% £ AM (4.2)
MCN

such that Y lM|2 SUP \\HM || < °°
M N

and H^ ||-|| -limH%, exists.

Then Definition 3.13 is satisfied with T^(-) \M\i[H^, ¦].
For Hamiltonian dynamics each Tt,N is an automorphism. Since the TV-wise products

of quasi-symmetric nets are again quasi-symmetric we conclude immediately that
Tt,oo(XooYoo) (Tt,.(X.Y.))co (Tt,.(JT.)T(,.(y.))«,«, ^.«.(JT«.^«.«.^«,). Thus T»)00

is a homomorphism. Within the lattice class of generators we can say more: the local
evolutions are themselves Hamiltonian, with a /^-dependent Hamiltonian:

Lp(A) i[Hp,A] with 77" ^|M|E^{1}(F^) (4.3)
M

The growth condition on supN -&m ensures that \\HP\\ is bounded on K, and Hp has

continuous first derivatives with respect to p. This form of Lp has the consequence that
each Af is unitarily implemented: we have

d_

dt'
Apt(A) UpAUp* with ^-Up =iUtpH:Ftp and Ug 0 (4.4)

The Hamiltonian Hp is closely related to the energy density function 77oo : K —* ]R,
which enters the Gibbs variational principle for the limiting free energy of the mean-field
system [RW1]. In the Euler-Lagrange equations for this variational principle one needs
the gradient of this function, i.e. the derivatives along directions in the state space. The
gradient dHoo(p) in the sense of equation (3.5) is an element of A, also called the "effective
Hamiltonian". The thermal equilibrium states are then infinite product states with a one-
particle state p which is an equilibrium state for Hp. This amounts to an implicit non-linear
equation for p known as the "gap equation" [RW1,Wer]. Assuming 77^ to be of the form
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(4.2) we obtain

(a - p, dHoo(p)) JtHoo(t<T - (1 - t)p),
_

(4.5)

|E((iff-(1-i»M'^>i

Y\M\((<r-p)®PlMi-\H%)

M\(a - p,EPmi}HÏÏ)

M

E
M

(a-p,Hp) (4.6)

Here the first equality in (4.5) is the definition of the gradient as an element dHoo(p) £ A,
and the last line shows that 77 p satisfies this definition. It is clear, however, that equation
(4.5) fixes the gradient only up to a multiple of the identity. As in section 3, we can get rid
of this ambiguity by imposing the convention (p, dHoo(p)) — 0. Then the above equation
becomes dHoo(p) Hp - (p,Hp)l.

The identification of 77p with the gradient of 77oo is also important for establishing
an important property of the flow Tt in the Hamiltonian case: it is itself Hamiltonian in
the sense of classical mechanics [DW2]. In order to make sense of this statement we have
to introduce a symplectic structure on the state space K. The state space itself has no
natural symplectic structure (it may be odd dimensional). However, each of the leaves
of the foliation of the state space into unitary equivalence classes of states allows a non-
degenerate symplectic stucure [DW2]. Since Af is unitarily implemented we already know
that the flow Ttp p ° Af respects this foliation. The easiest way to define the symplectic
strucure on all leaves simultaneously is to define the Poisson bracket of two differentiable
functions /, g : K —> It. Using the definition (4.5) of the gradient we set

{f,g}(p) (P,i[df(p),dg(p)}} (4.7)

Note that the convention for the gradient is irrelevant here, since multiples of the identity
drop out of the commutator anyway. One now checks easily [DW2] that the flow satisfies
Liouville's equation in the form

~f(Ttp)\ ={Hoo,f}(p) - (4.8)
dt l,=o

The possibility of writing the limiting evolution as a classical Hamiltonian flow
was noticed a long time ago in [HL]. However, in order to state this, Hepp and Lieb used
the natural symplectic structure on the coadjoint orbits of a Lie group. Therefore the
Hamiltonian had to be written as a function of the generators of a group representation.
This approach was also adopted by [Bol]. It has the disadvantage of introducing an
additional auxiliary object (the group representation) which becomes unnecessary as soon
as the symplectic structure is established on the state space itself. For the dissipative
evolutions discussed below the disadvantage becomes even more pronounced.

To summarize: if each Tt,N is generated by a Hamiltonian, then the global
dynamics is given by a Hamiltonian flow, and the local dynamics is also generated by a
Hamiltonian.
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4.2. Lindblad generators from 0-symmetric nets
It is well known [Lin] that the generator of a dynamical semigroup can be written as a

sum of a commutator and terms of the form G(X) V*[-X", V] + [V*,X]V. If we want to
turn this into a net of generators a natural possibility is to insert for V a 0-symmetric net
like the Hamiltonians in the previous subsection, and to multiply the result by the system
size. It is this class that we would like to study here. We mention that the only type of
dissipative inter-particle interaction included in some previous work [Un3] was a single
term of this type.

More precisely, we demand that the generators are of the form

gn(x) \N\Yv;tN[x,va,N] + [Vay,X]Va,N
a

where Va,N Y 3nmv*,m
MCN

where 7„,m := sup ||V^M|| < oo (4 g)
N

V£°m un1 Va m exists in norm

&nd Ü Ew2w lE^.
o, \ M J \ M

M < OO

It is clear that under these circumstances the nets Va,, are 0-symmetric, and

Va,oo(p) Y(pM>V~M) ¦ (4-10)
M

Moreover, the functions Va,rx, '¦ K —> C are differentiable, and dVa,co(p)

Ym Em\i(^ovm) € A. We can then compute the local dynamics as follows:

4.1 Proposition. Generators of the form (4.9) are lattice class in the sense of definition
3.13, and hence define a mean-ûeld dynamical semigroup. The generator of the local
dynamics is

Lp(A) i[Hp,X]

where H» Y ~ (^«.oodVB*i00 - V^dK,,«)

Proof: By the remarks after Definition 3.13 it suffices to consider a single term a.
Hence we will simply omit a from the above formulas. Moreover, we may assume that V$
is non-zero only for some standard set {1,..., |M|} for each cardinality of M. Now each
of the two terms in Gn — |TV|Vjv[X, Vn] + [Vn*, X]Vn involves a double sum over M, M'
of terms of the type

g(m,m')x m {jImVmT[Xì (3%wVm')] -
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We claim that GM,M is a lattice class net of operators with a lattice class bound (|M| +
|M| )27m7M'- By the remarks after 3.13 this will be enough to complete the proof, since

Ym,m'(m + ™')27m7m' < 4(Ym ™27m)(Ym 7m)-

The expression for GN ' is the average over all pairs (tt, tt') of permutations of
{1,...,|TV|} of |TV| 7r(VAf)*[^fa'(VJvf')]; where we have identified Vm,Vm' with elements
of An living at the sites indicated. Substituting tt' ¦K~1ir" we can thus write

G^'M,) |TV|SymN (-L VV£[. ,n(VM-)]

It is easy to see that under the outer symmetrization all terms coincide, for which the
"overlap" Mr\ir(M') has the same number of elements. Let TV!cj(TV) denote the number of
permutations of {1,..., |TV|} with \M D tt(M')\ k. By definition we have Yk C*(A0 *•

Then we can write G^'^ |TV|/(|M| + |M'|) SymN rjJJ- with T^ an operator on AMUM<,
where MUM' is a set of cardinality |M| + |M'|, say {1,..., |M| + |M'|}, and

?mum> \MkM'\ Y ck(N)(VM ® llM'l)*[., 1|M|-* 8 Vm- ® 1*] -

k

This expression makes sense only for |TV| > |M&M'| (|M| + |M| but we can choose

any definition of T^ for the finitely many exceptional TV without changing the validity
of our claim. Now by Lemma IV.1 of [RW1] we have Co 1 — 0(N~1), and hence

r(M,M') lini/v TFm m,. (Vm ® 1M )*[.,! ® Vm1]- It remains to compute the the

limiting generator Lp. We could do this by adding up the contributions 7fM m,n from all

pairs (M,M').
A quicker way to see the result is to use the results of the previous section: since Va,N
satisfies the conditions (4.2) (apart from hermiticity) we know (by splitting Va<N into
hermitian and skew-hermitian part) that TV i-+ Xn |iV|[Vaijv, A ® V '_1] is a {1}-
symmetric net with Xoo(p) [dVa,oo(p))4]. Multiplying this {l}-symmetric net with the

0-symmetric net V* N we get a {l}-symmetric net with limit VatO0(p)[dVatOo(p), A], Adding
the contribution from the conjugate term in the Lindblad form, and summing over a we
find that Gn(A®V '_1) is {l}-symmetric with limit LP(A) as stated in the Proposition.¦

Since the local dynamics is generated by a Hamiltonian it might be suspected
that this forces the global evolution to be Hamiltonian as well, but this is not so. We
demonstrate this with the following elementary example:

Example: Let A be the algebra of 2 x 2-matrices, and set Vjv jjvi^fa where cr+

Then from the Proposition one readily verifies that

«*-K£ fa) • (4-u)

The flow is determined from the differential equation p i[Hp,p]. This equation can be

written in terms of the variables x pxx — pii, y — \p\2\ and the argument of pw The
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latter is constant, and we can furthermore eliminate y from the fact that Ttp is unitarily
equivalent to p, and consequently 2tr(p2) — 1 x2 + Ay A2 is a constant of the motion.
The resulting equation x x2 — A2 is readily solved, and gives x(t) — Atanh(A(i — to)),
where io is determined from the initial condition. For t —? oo we get x(t) —» —A, and

consequently J/O12 j y —» 0. Thus in the state space, which is identified with a ball in 3

dimensions, the flow moves along the meridians on concentric spheres to the southern half
of the axis. It is thus certainly not Hamiltonian.

In this example, although the flow Tt is no longer Hamiltonian, it is reversible
in the sense that it also exists for negative times. This is no coincidence. In fact, if we
replace Va,N by Va,N V* N we obtain another generator G, of the form (4.9), and from

Proposition 4.1 we immediately get the local Hamiltonian as Hp —Hp. Thus in spite of
the fact that for finite TV no Tt,N needs to have a positive inverse, Tt]0o does.

We have seen that for the generators studied in this subsection the local dynamics
is generated by a state-dependent Hamiltonian 77p. It is natural to ask whether any more
can be said about the generators of the form (4.9), or whether any function p 1—> Hp can
occur. Since we have not attempted to find exhaustive conditions under which the mean-
field limit of a net of generators exists, we cannot be expected to show the latter result.
However, we will show the only slightly weaker statement that any function p >-> Hp may be

approximated by local Hamiltonians arising from generators satisfying (4.9). In particular,
any ordinary differential equation respecting unitary equivalence classes is approximately
the equation determining the flow Tt of some mean-field dynamical semigroup. This makes

it unnecessary for us to provide examples of various types of possible behaviour of the flow:
any structurally stable phase portrait of dynamical systems, stable and unstable points
and limit cycles, as well as chaotic behaviour can occur.

The proof that approximately all Hp occur is simple. It is useful for this purpose
to think of p h-> Hp as a 1-form on K. This is permissible since gradients, 1-forms and
local Hamiltonians are all defined only up to multiples of the identity. By Proposition
4.1 77p is a sum of terms of the form \(Va,oodV* ^ — V^oodVa.oo)- It is useful to write
Vatoo f + ig- Then the contribution to the Hamiltonian is 2(gdf — fdg).

In this expression / and g can now be chosen as arbitrary real valued polynomials
on K, or even sums of polynomials converging in C2-norm. (We do not need the latter
fact, it suffices to use the polynomials for the approximation argument). In particular,
setting / gh, any 1-form g2dh with polynomial g, h can be realized. Since on a compact
set any differentiable function (of finitely many variables) can be approximated uniformly
together with its derivatives by polynomials [Lia], we can drop the constraint that g and
h should be polynomials. Since we can write any bounded function as a difference of two
squares (take the first square as a constant larger than thè upper bound), we conclude
that by taking sums we can uniformly approximate any 1-form.

To summarize, in the class of mean-field dynamical semigroups studied in this
subsection the local dynamics is still Hamiltonian. The flow Tt thus respects unitary
equivalence classes and is reversible, but not Hamiltonian. On any one equivalence class

essentially any flow is possible.
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4.3. General lattice class

In the previous section we demonstrated that essentially any function p i-> Hp can occur
as the local Hamiltonian of the local dynamics in a suitable mean-field model in the class
described. Here we address the same question for the lattice class: we will show that
the functions p h-? Lp, which can arise from mean-field dynamical semigroups with lattice
class generators are dense in the set of continuous functions associating with each state
p a generator Lp of some dynamical senmigroup on A. The purpose of this question is

to verify that we have not missed some structure theorem for the local dynamics which
would put a constraint on this function. For simplicity we will always assume that A is
finite dimensional.

4.2 Proposition. Let A be unite dimensional, and let C(K,B(A)) denote the space of
continuous functions on K with values in the operators on A. Consider the cone G of
functions L £ C(K, B(A)) such that for all p, Lp generates a dynamical semigroup, and
the subcone Gpg C G of local generators p i-> Lp arising from polynomial generators. Then
Gpg is norm dense in Q.

Proof: We consider first polynomial generators Gn (\N\/\R\)SymN Gr with Gr
extremal in the cone of permutation symmetric Lindblad generators on Ar, i.e. we consider
the form Gr(-) \R\ SymR V*[ •, V] + [V*, ¦ ]V with V £ Ar. Note that we do not require
V itself to be permutation symmetric. As a convenient expression for Lp in terms of V we
use

ISV(A) YWW{V*[MA),V]HV\MA)]V} (4-12)
xER

where 77^ embeds an A as the copy of A at site x. From this expression it is clear that
Ly^t Ly, and more generally

L>V9W (pR,W)L>w + {ps,WW)L>v (4.13)
where V £ Ar and W £ As- Note that the coefficient of Lpw depends on V and conversely.
We want to get rid of this dependence by finding suitable W for which the first term
becomes negligible, while (ps,W*W) approximates any desired function. A subclass of
the generators discussed in the previous subsection precisely meets this description: we
set Ws Jss'F wit*1 F F* £ As1- Then by Proposition 4.1 we have lims7^s(A)
i[Hp, A] with i77p W^dWoo — WoodW^,. But since F is hermitian, Woo is a real function,
and hence Hp 0. On the other hand, lims(ps,W*W) \jooS'F\ which is the square
of an arbitrary real polynomial on K. By this we can approximate an arbitrary positive
continuous function, and consequently the closure of Gpg contains all functions of the form
P l—* f(p)Jjv with / £ C(K), / > 0, and Ly £ Gpg- Any constant function Lp L is in
Gpg, since we can take the corresponding one-site generator Gn — \N\ Symw L.

Given now an arbitrary function L £ G we can choose a sufficiently fine continuous partition
of the identity, i.e. fa £ C(K), fa > 0, Ya fa — 1» such that fa has its support only near
some pa, such that Lp is uniformly close to Ya faLPa. We have just shown that the latter
expression is in the closure of Gvg- Hence Gpg is dense in G-
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4.4 Lindblad generators from permutation operators
For finite dimensional A any net of generators is of the form Gn(X) \N\ì[Hn,X] +
\-ff\ Ya\Ya N[X,VatN] + [VatN*,X]Va,N)- In this subsection we suppose that A is the
algebra of dx d-matrices, and that Hn and each Va,N is a linear combination of permutation
operators. Then Gn vanishes on any operator X commuting with permutations, and dually
pN o Gn 0 for any state p £ K. Thus every homogeneous product state pN is invariant
under the semigroups Tt,N- Since the generator of the flow is expressed by evaluating Gn
in such states, it is clear that if the Gat define a quantum dynamical semigroup, every
state p will be invariant under the associated flow. Hence the flow Tt is trivial. This
does not mean, however, that the local dynamics is also trivial. Indeed, we know from
the previous section that approximately we can realize any local generator p i—*• Lp, and in
particular any Lp such that poLp 0. However, for the mean-field dynamical semigroups
discussed in this section we do not have to invoke this approximate result: the flow is

exactly constant.
As a first example, consider the Hamiltonian case. For simplicity we choose a

polynomial generator of degree R, i.e. we set Hn JnrH Jnr Ynesn h(n)U*> where Sr
denotes the group of permutations of the sites R, Un the unitary operator implementing the
permutation 7r, and h is any function on Sr. The operator Jnr implies an averaging over all

permutations hence we may suppose without loss of generality that 77 is itself permutation
invariant. Equivalently, h can be taken as an invariant function (h(Tnr') h(ir'ir)), i.e.
it is in the center of the group algebra. The complete information about the dynamics is
contained in the energy density function

H00 (pR,H) YK*)(PR,U*) - (4.14)
¦K

Since every unitary U ® U ¦ ¦ -U U®R commutes with Uv, tt £ Sr it is clear that
Hoo(p) — Hoo(p° adj/). Thus Tfoo is constant on each unitary equivalence class. The flow
on each of the symplectic submanifolds of K is thus generated by a constant Hamiltonian,
i.e. the flow is constant in accordance with the general remarks made above. In order to
evaluate (4.14) more explicitly we use the formula tr(Ai • • • An) tr((Ai ® ¦ ¦ ¦ An)Uv),
for 7T the cyclic permutation of {1,... n), which is readily shown by expanding both sides
with respect to the same basis. We get

(pR,U„) H(tr(pk)rM (4.15)
k

where rik(^) is the number of cycles of length k appearing in the cycle decomposition of
7T £ Sr, and where we have used the symbol p for both the state and its density matrix.
Thus 77oo is a polynomial in the |7i| variables ti(pk). Put differently, 77oo is a symmetric
polynomial in the eigenvalues of p. It is easy to check that all such polynomials can occur.

The Hamiltonian for the local dynamics is Hp dHoo(p)- This is non-zero, so the
local dynamics is not trivial. From the form of Hoo it is clear that Hp is a polynomial in
p and the numbers tr(pk). In particular, [Hp,p] 0, confirming once again that the flow
is constant.



1048 Duffield and Werner H.P.A.

The simplest, though physically quite interesting example of this kind of Hamiltonian

is the mean-field version of the Heisenberg model. There we have d 2, R {1, 2},
and the Hamiltonian is Hr Yv=i a"®'?" — 2F — 1, where a" denotes the Pauli matrices,
and F CT(i2) denotes the flip operator. Then TTfap) 2tr(p2), and Hp Ap.

In the context of the class studied in subsection 4.2 the assumptions made at the
beginning of the present subsection amount to postulating that each V^N is a linear
combination of permutation operators. Thus VQ.)00 can be chosen as an arbitrary polynomial
in the variables tr(pk). Repeating the arguments in 4.2 we find that Hp is now an
arbitrary polynomial in p whose coefficients are symmetric polynomials in the eigenvalues of
p. Taking the flip F and Vn j%2^ gives a trivial dynamics because F F*, as noted
in the previous subsection. So one has to go to higher order permutations.

The next possibility is to use directly formula (4.12) for general polynomial
generators. With V F it is easily evaluated using the formula tr(A ® BF) tr(j47?). This
gives tr (a ® pLpF(A)) =tra®p (2F2 1 <g> A) - F2 A ® 1) - A ® T)F2 2 (tr(a) tr(pA) -
tr(crA) tr(p)). Hence

Lp(A) 2(p(A) - A) (4.16a)

Ap(A) e-2tA + (l-e-2t)p(A)l (4.166)

i.e. the local evolution contracts exponentially fast to multiples of the identity.

4.5 Failure of the disjoint homomorphism property
We have shown in section 3 that for a net of generators to generate a mean-field dynamical

semigroup in the sense of Definition 3.2 it is sufficient that they be of lattice class.
Here we give some simple examples to show that this condition is by no means necessary.
These examples also show that some of the characteristic features of the limiting
semigroups derived above are not valid for arbitrary mean-field dynamical semigroups, but are
consequences of the special lattice class form.

There is a standard way of obtaining a dynamical semigroup from a Hamiltonian
evolution: for any Hamiltonian 77 H* we may consider the generator

GH(A) H*[A, H] + [H*,A]H i[H, i[H, A]] (4.17)

Thus G is nothing but the square of the generator i[H, ¦] of the Hamiltonian evolution.
It is well known (see Theorem 2.31 of [Dav]) that squaring the generator of a group of
isometries on a Banach space produces the generator of a contraction semigroup, which is

just the integral of the group of isometries with respect to the convolution semigroup of
the heat equation. Explicitly, we have

„ r+°°
etG (A) / ds pt(s)elsHAe~l3H

fa°o (4.18)
^_

with pt(s) (47rt)~1/2e~4<

It is important to note that in this integral both positive and negative 5 enter. Thus
squaring the generator of a non-reversible quantum dynamical semigroup will not in general
produce the generator of another.
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We now apply this construction to a mean-field dynamical semigroup, generated
by a net Hn of Hamiltonian densities satisfying (4.2). Let us denote the resulting mean-
field dynamical group by St,N(A) exp(ii|TV|77jv)Aexp(—U\N\Hn)- We now square the
generator for each TV, getting

GN(A) |TV|2(77*,[A,77W] + [HN*,A]HN)
(4.19)

Tt,N(A)= dspt(ds)S3,N(A)

Now let X £ y be quasi-symmetric. Then so is SS,,(X,). Using the strong continuity
of S,,, we then find that Tt,.(X.) is again quasi-symmetric. Hence Tt,. preserves quasi-
symmetry. We can take the limit TV —> oo under the integral and obtain

j ds pt(ds) Ss,oo (4.20)

Hence Tt,. is a mean-field dynamical semigroup. The generator G. is clearly not of lattice
class, since ||Gat|| grows like |TV| rather than like |TV|. We know that the evolution
described by Soc on the intensive variables C(K) is given by a Hamiltonian flow. The
generator of this flow is a first order differential operator. Its square, which generates the
restriction of Ttl00 to C(K) is hence a second order differential operator. We may put
this in probabilistic terms saying that the evolution of intensive variables under Tt,oo is

given by a diffusion on K rather than a flow. More precisely, we get a diffusion along the
orbits of the flow generated by i7oo- We could also add several generators like G, and
obtain diffusions along higher dimensional submanifolds in K [DWI]. We note that the
generator (4.17) is very similar to the form considered in section 4.2: There we would have
taken \N\(H*N[A,HN] + [HN*,A]HN) |TV|_1GW. Since GN has a well defined limit it is

clear that |TV|_ Gn goes to zero. We have noted this consequence of the hermitian nature
of Hn before and used it in the proof of Proposition 4.2.

The integral formula (4.20) not only gives the evolution of the intensive observables
but also the local evolution. It can no longer be given by a local cocycle Af, because the
equation determining Af (Lemma 3.7) presupposes the existence of the flow. The root of
this difficulty is the failure of the disjoint homomorphism property (Theorem 3.6(2))for
T(jjv, which is easily verified from the form of the squared generator of Soo-
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5. Local and Global Evolutions.

5.1 Global mean-field dynamical semigroups need not be local.
The notion of mean-field dynamical semigroup which we have used in this paper, namely a
limiting evolution of quasi-symmetric nets, is a priori stronger than the original formulation
of [DWI] as a limiting evolution for the subset of intensive (i.e. 0-symmetric) observables
only. We constrast these by saying that the latter comprises an evolution of global or fully
site-avearged quantities only, which the former gives the evolution in local regions as well.

So far we have given examples of operator nets which generate in the stronger local
sense. In fact we can adapt section 4.4 to demonstrate an operator net which for which
there is a limiting global evolution, but not a limiting local evolution. Thus the present
notion of a mean-field dynamical semigroup is indeed stronger than the former notion.

Assume for the fixed net (Na)açx that |TV| takes odd and even values infinitely
often. We shall call TV itself odd or even accordingly. From the operator 77{12} 2F — 1

of section 4.4, form the bounded polynomial generator Gjv(-) \N\ Sym^TJ.^^} • ], and

set Gn (—1)'n'Gn- Thus, G, is like a bounded polynomial generator, except that the
TVth element is multiplied by the alternating quantity (—1)1-^1. Clearly the two nets

Todd {TtN | jv odd } and Tte;en {Tt,N | N even }

are mean-field dynamical semigroups in the local sense, although on different nets of
regions. But the local generators for the odd and even net are Lp'odd —Aiadp and
7p,even AiaAp respectively. Hence the full net Tt,. can have no local mean-field limit.
On the other hand, examining the global evolution one sees that the limiting flow is in
both cases trivial since p o Lp'odd p o Lp'even 0; so T°™Xoo Tte™nXoo Xx for any
0-symmetric net X, and t £ H. Since for 0-symmetric X, the subnets T^jv-iT/v for TV odd
and TV even are 0-symmetric, we need only compare odd and even terms in the full net in
order to demonstrate 0-symmetry for the full net. But

lim lim \\TttNXN-JNMTt,MXM\\ 11^X00-^X0011=0N odd —»oo M even —»oo II II " ' ' "

as required.

5.2 Dynamical stability of local evolutions.
As we have stressed earlier, for mean-field dynamical semigroups with the disjoint
homomorphism property the implementing map A plays a dual role. It implements the evolution
of local states a 1—> a o Af on the state spaces of tagged algebras, and also the flow T via
the equation Ttp po Af. Now we have seen that initially localized observables (i.e. nets
of the form jIrXr) develop in time a symmetrized tail in the algebra over the untagged
sites. Suppose that in the limit as t —> 00, this tail in fact becomes dominant, so that the
time developed observable loses all information about its initial localization. Working in
the dual picture with an intial state p on each of the untagged algebras, this would mean
that any initial local state a on a tagged algebra A would evolve through a >—> a o Af
towards the mean-field state Ttp- This motivates the following definition.
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Definition 5.1. We shall say that a local cocycle is asymptotically global in a topology

t of K if for each p,o £ K,
t — lim a o Af — Ttp 0

t—»oo

Of course, when the local generator is Hamiltonian one would not expect this type
of asymptotic result. However, it is relatively easy to find an 77-Theorem for the joint
evolution of local and global states. (In [DWI] we were able to prove an TT-Theorem for
the flow alone, but only under the assumption that for some p £ K and all TV, p is an
invariant state for Tt,N)- We shall show that the relative entropy (recalled below) of an
arbitrary local state a o Af with respect to the global state Ttp is non-increasing in time.

In the following we let S(u\,u>2) denote the entropy of u>2 G K relative to u>i £ K
as defined for normal states on a von Neumann algebra in [Ara], and extended to states
on C*-algebras in [PW,Kos] and also in [Pet]. The crucial property we shall need here is
that if 7 : An —» A" is a completely positive unital map, then S(u>\, 102) > S(ui o7, co2 °7)-
In the particular case where both states are given by non-singular densities DUl and DU2
with respect to a trace Tr,

5(«i,w2) Tr(DU2(logD„2 - log A*))

Proposition 5.2. Let Tt,. be a mean-Held dynamical semigroup whose limit has the
disjoint homomorphism property with local cocyle A and implementing flow T. Then for
each (p, u) £ K x K, the function [0,oo) 9 11-+ S(Ttp,Apcr) is non-increasing.

Proof: Since Ttp — po Af, and since by Lemma 3.14 Af is completely positive and unital,
we have that

S(Ttp, a o Af S(p oAp,ao Af < S(p, a)

Since t h-» S(Ttp,cr o Af) is only shown to be non-increasing, rather than strictly
decreasing, we are unable to infer that A is asymptotically global. In fact, in the purely
Hamiltonian case discussed in section 4.1 S(TtP, cr o Af is even a constant of the motion.
Hence we have to make do with the intuitive picture that the trajectories of the local
state at least remain in a neighbourhood of the global state. Furthermore, nothing is said
about the stability, asymptotic or otherwise, of the global state itself. Thus even with
an asymptotically global cocycle, it can happen that trajectories of the flow take wild
paths. In order to obtain an example, we can take a generator with chaotic flow, which is

possible by the completeness result at the end of section 4.2. The proof of the following
Theorem then shows that we may find an arbitrarily small perturbation which leaves the
flow unchanged, but modifies the cocycle to an asymptotically global one.
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Theorem 5.3. The set of generators whose local cocycles are norm-asymptotically global
is dense in G-

Proof: Let L £ G generate a local cocycle A. For any e > 0 let A be the local
cocycle generated by L + eW, where W is (proportional to) the generator of equation
(4.16a): WPA (p, A)I - A for any A £ A. Since p o W 0, the flows generated by
L and L + eW are identical. We denote this flow by T. Our claim is that L + eW is

norm-asymptotically global for all e > 0.

It useful to introduce for any p £ K the projection Pp : A —? A with PP(A) (p,A)l.
Thus W" -(id -P"). Since Af1 Af I 1, and dually p o Af p o Af Ttp pt we
have the relations

Ppt PpAP PPAP ApPp' APPP' (5.1)

We can therefore restrict Af to the range of the projection id—PPt. More formally, we
introduce the operators

Xp Af - P<" Af (id -P" (id -PP)AP
From equation (5.1) we find that ^PPt PptLPt. Hence Xf satisfies the differential
equation

4:XP (Xp + Pp')(L»> - e(id -Pp')) - PP'LP> XP(LP< - e id)
dt

with the initial condition Xq (id—Pp). Clearly, this is the same equation satisfied by
e~£'Af(id —PPt), and by uniqueness we conclude that

Af (1 - e~et)Ppt + e~etAp

As t —? oo the second term goes to zero, so that Af is norm-asymptotically global.
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