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Asymptotic expansion
of the Stark- Wannier states

ANDREA SACCHETTI
Dipartimento di Matematica Pura ed Applicata

Universita degli Studi di Modena, I-41100 Modena, Italy

(L. VIII. 1991, revised 2. XI. 1991)

Abstract: In this article I give an iterative scheme to compute the coefficients of the power series
expansion in the electric field parameter of the Stark-Wannier states in one-dimensional crystals.
For symmetric crystals the asymptotic expansion up to the fourth order is explicitly computed,

and for a solvable model the method is verified up to any order.

I. Introduction.

I consider the motion of an electron in a one-dimensional crystal under the action of an external

uniform electric field of strength F'. The Hamiltonian is of the form:

d
Hp = p2+V+F2?, F>0, pz“i%, (Il)

V is the potential of the crystal of period a. It is well known that, if the periodic potential
is neglected, the electron is uniformly accelerated toward minus infinity. On the contrary, the
study of the motion of an electron with Hamiltonian (I.1) is quite complicated, in fact when the
electron is also submitted to a periodic potential, due to the crystal, it remains confined in a finite
region for a large long time and, finally, will escape to infinity by tunnelling phenomena (see for
instance Bentosela 1979 and Nenciu and Nenciu 1981). Hence, generically, we have for the electron
metastable states, associated with ladders of resonances called Stark-Wannier states, but not actual
bound states. However, if the crystal potential is sufficiently singular, as in the Kronig-Penney
model, heuristic and numerical analysis (see Berezkowski and Ovchinnikov 1976 and Bentosela et

al 1982) suggest that the electron cannot escape to infinity, so that in such a case we should have

actual bound states.
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From a rigorous point of view we have that, under some restrictions, the resonances exist (se:
the latest results in Bentosela and Grecchi 1990, Combes and Hislop 1990 and Grecchi et al 199:
and Agler and Froese 1985 for the case of large electric field) although, for the general case, thi:
is still an open problem. However, if resonances exist, they are exponentially close to the rea
axis for small electric field and well approximated by the ladders of eigenvalues of the single-banc

approximation (see Avron 1982, Bentosela et al 1982 and Buslaev and Dmitrieva 1990).

The single band approximation, going back to Wannier, leads to exact first order approximation (a
least for symmetric potentials, where the Berry phase is absent). That is, H can be approximated
up to a bounded term of order O(F'), by a direct sum of two Hamiltonians, where one of these ha:
discrete point spectrum given by a ladder of eigenvalues (see Wannier 1960 and Avron et al 1977)
In terms of spectral notions for Hp, such a ladder consists of a sequence of pseudo-eigenvalues foi
HFp and gives a spectral concentration for the absolutely continuous spectrum of Hg around it:
points (see Riddell 1967). In Nenciu and Nenciu 1981 (see also Nenciu 1991), by applying the
Wannier single band approximation to Hg, where the bands are defined again so that the interbanc
term between the first band and the others is of order FN*!, N is an arbitrary positive integer
the existence of pseudo-eigenvalues of any order is given. Moreover, in Nenciu and Nenciu 198¢
the same scheme works for the three-dimensional case where the electric field is parallel with ¢
reciprocal lattice vector; an exponentially decay of the pseudo-eigenvectors along the electric fielc

direction is also obtained.

Since the latest experimental results on the Stark-Wannier model (see for instance Voisin et a
1988, Voisin 1990a and 1990b and Soucal et al 1990 and 1991) it seems that an a,pproxima.ﬁor
of the Stark-Wannier states more accurate than the Wannier single-band approximation will be
useful. In order to compute the asymptotic expansion of the pseudo-eigenvalues, coinciding with
the asymptotic expansion of the resonances (if existent), in this article I use a "time-independent”
version of the Nenciu-Nenciu method already seen in a previous paper (Grecchi et al 1990) and
suggested also in Nenciu 1981 and Bentosela 1990. More precisely, in section I I obtain a sequence
of Bloch operators H*, having non-local periodic potential of integral type, such thas the first gag
is not empty and the interband term in Hp between the first band of H”~ and the others is 2
bounded operator of order FN*1, In particular, in the crystal momentum representation (CMR;

Hp becomes Hr = EN 4+ FXN 4 iFD, where EY and X" can be computed by the following

iterative scheme:
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U/" (E/ + FWH) U7 = B/t where EFt! is a diagonal matrix

W! = PXIP{ + PEXIP (1.2)
. 4+ dUJ ; : o .
Xt = iUJ+%+UJ+(Xf—W1)UJ = X+ j-01,..., N.

Here, E/ is the diagonal matrix representing the Bloch operator H7, X7 is the interband matrix,
W is the interband matrix between the first band and the others, U7 is a unitary matrix, P,
is the projection on the first band and P{+ = I — P;. Since the boundedness of the terms
W, the asymptotic expansion for the pseudo-eigenvalues follows by computing, at each step, the

Rayleigh-Schrodinger series for E7 + FW/.

In section III, I explicitly compute the asymptotic expansion for the pseudo-eigenvalues of Hr of
fourth order in the case of symmetric crystals. By comparing this asymptotic expansion with the
F' complex one, already computed in Bentosela et al 1988, we have that the terms of second order
are generically different. Hence, the existence of a horn of singularities tangent to the real axis

for the eigenvalues of Hp, F complex, is suggested (see Grecchi et al 1990).

In section IV I verify up to any order the iterative scheme given in section II for an exactly solved
model. In this model the periodic potential of Hp consists of a ladder of §—interactions with
strength that goes to infinity. In such é case, we can de-couple Hg in a family of operators
{HF.t},c7, where Hp, is formally defined by p* + Fz with Dirichlet boundary conditions on
2m(£—1) and 27f. Hence, Hr has purely point spectrum and the Stark-Wannier states are actual

bound states.

In Appendix I briefly resume the CMR, the representation of the position operator z in the CMR

and some estimates about the band functions and the interband matrix useful in section II and

III.

I am indebted with Frangois Bentosela, Vincenzo Grecchi and Marco Maioli for many discussions
on such methods. This work is partially supported by Ministero dell'Universita e della Ricerca

Scientifica e Tecnologica.

II. Description of the iterative scheme and principal results.

Let us consider the Hamiltonian of the form

Hp := H°+ FX° (IL.1)
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where H® = p* 4+ V, X% = 2, p = Ai% and F > 0. llere, V is a real potential which
commutes with the translation operator T, (we can assume, without loss of generality, a = 2)
and is infinitesimally relatively bounded with respect to p? in the form sense. Hence, periodic
real-valued potentials V(z) belonging to L? (R) and real potentials defined in the form sense as the
Kronig-Penney potential are both considered here. By KLMN Theorem (see Reed and Simon 1975
Theorem X.17) the operator Hp, formally defined in (II.1), is essentially self-adjoint on C§°(R);

let D(HF) be its self-adjointness domain.

Let B(H®) = Uo2,[EL°, ELO] be the spectrum of the Bloch operator H°. In the following we
shall assume that the first gap (E1°, E2*°) of H is not empty, that is there exists do > 0 such that
EX = P s iy

Now, as it has been announced in the Introduction, we give an iterative scheme such that, at
the N —th step, the non-diagonal part in (II.1) between the first band and the others is of order
FN+1 N is an arbitrary positive integer. Hence, by applying the Wannier single-band approxi-
mation we obtain pseudo-eigenvalues for Hp. Since the interband term has expectation value zero

on the associated pseudo-eigenvectors, the order of these pseudo-eigenvalues is F2N+1,

In particular, we describe the iterative scheme at the first step and, by using induction hypothesis
on N, at the generic step. Since the construction is essentially the same in both cases, in the

second one we shall report as much as possible to the first one leaving out the details.

First step of the iterative scheme.

Let W° be the interband term in (II.1) between the first band and the others:

Wo = —(1-2P))[P),X°]_ = PIXO (1 - PP)+ (- PP)X°PY, (I1.2)

where P} is the spectral eigen-projection of H° corresponding to the first band [Ef’O,Ef'O]. We
have that W is bounded, because the first gap is open (see formula (A.24)), and is an integral
operator with kernel VO(z,y):

’O &L = O.’L'?"?(? o
(W°9) (=) /RV( (), (113)

where (see Reed and Simon 1978, Theorem XIIL.85 and problem XIII.134):
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Wea,q) = ]3 (2 + ) E=DubO (2 )0 () dk +

—2 /B dk /B dh /R dz {2e*== )0t (@ )uf O (2)e M0l ()ul (y) }

W0 (2) = e***u%(z) is the Bloch function of H? associated with E?(k), k belongs to the Brillouin

zone B = (—1/2,4+1/2]. Hence WP is symmetric, W° = W, and commutes with the translation

(IL4)

operator Tp,. In fact, one can verify that V°(z,y) = V%(y,z) and V°(z + 2r,y) = Vo(z,y — 2r).

Therefore defining again the operator Hg on the same self-adjointness domain D(HF) as

Hp = H'+ FX', (IL.5)

where X! = XY(F) = X°—- W% and H' = HY(F) := H°+ FWP°, we have that H' is a
symmetric Bloch operator, i.e.:

H' = HY and [D.,HY_ =0, (IL6)

with periodic potential given by V + FW?. From (IL.6) and the boundedness of W9 it follows
that the spectrum of H! is given by bands and is stable with respect to the spectrum of H® as
F — 0. In particular, choosing F < Fy, Fy := do/(4]|W°]]), the first gap (EP, Es') of H' is still
open, i.e. there exists d; > 0 such that Ex' — EM > 4.

Now, in order to prove that the non-diagonal part in (I.5) between the first band of the Bloch
operator H! and the others is a bounded operator of order F'> we rewrite H in the CMR associated

with the Bloch operator H® (see (A.13)-(A.14)):

Hrp = UYHRU®)™' = E*+ FX° +iFD, (11.7)

where 24° is the unitary transformation defined in (A.11) and (A.12) associated with the Bloch
functions of H®. Here, E® = E°(k) is the diagonal matrix (E°), . = 6™ E2(k), n,m € N, where
E? (k) are the band functions of H%, X° = X°(k) is the interband matrix and D is the derivative

operator. Under this unitary transformation W° and //' become

WO = WO(k) := d°wWou%)~! = P X°Pi 4+ PEXOP, (IL.8)

where ’Pll = (L = P1), (P1a), = & a1, a = (auw)n € @?:1152(8)» and

o' o= u°m "' = E°+ FW°. (I1.9)
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Let U° = U%k; F) be the unitary matrix such that

U (E°+ FW°)U° = E!, (E!) _ =érEL, (11.10)

5

where E! = El(k; F) are the band functions of the Bloch operator H!, n € N. In particular,
since X = x%(k) = U°50 and xL = xL(k;F) = U9k are the Bloch functions of H° and H!

respectively in the CMR, we have

(U")pm = (XRXm)e = ()n- (IL.11)
Now, since the interband term W? is bounded we can compute the asymptotic expansion of the
elements of U° and E! up to any order in F by regular perturbation theory applied to (I1.9). In
fact, for any £ € B — {0,+1/2}, we have

X%, WOoxl)

E}=Elk;F) = Eg(k)+F( 0 X0 (11.12)

n

o0
where x} = I—I—I;{)X—gll,and
nxﬂ.

_ _ — _ -1
Pl = Pl l) = hal [H‘ - z] dz, (I1.13)
2m +0

712 = 4%(k) is a positively oriented circular contour around the unperturbed isolated eigenvalue
E%(k). Hence, the Rayleigh-Schrodinger series gives the asymptotic expansion for E} and x%, as

F — 0, uniformly in n.

On the contrary, for £ = 0 and 1/2 the two eigenvalues EY(k) and E,(k), n > 1, can be too
close. In such a case we apply the regular degenerate perturbation theory, with multiplicity at
most 2, instead of the non-degenerate one to compute the asymptotic expansion of El (see for

instance Landau and Lifsits 1959).

However, in both cases we have

~.0—.___1 [-I_ -1 i
o= 97 o H z dz
I b o 1~ g o_ 1! T T |
= o Wg[E d d‘+2m£?[E 2] (”FW (E° -] ) dz  (IL.14)
-1

= — ¢ [E°-:]""d2+0(F), as F—0,

271 0



Vol. 65, 1992 Sacchetti 17

since W is bounded. Therefore, from (II.11) we have (u®)
k€ B and n € N.

= 67 + O(F), as FF — 0, for any

W1

Under the unitary matrix U? the operator (I1.7) becomes the following (still denoted Hp):

Hp = U (E° + FX° +iFD)U° = E'+ FX' +iFD, (IL.15)
where
0
X' = XY (kF) = z‘U”*%Jk— + U (X0 - WU, X! = XU, (I1.16)

In particular, (I1.15) corresponds to the operator (I11.5) rewritten in the CMR (associated with the
Bloch operator H!), in fact E! = E'(k; F) = U'H'(U')~" is the diagonal matrix whose elements
are the band functions of the Bloch operator H! and

71 v 1771\ -1 ; : 0+dUO 0t (0 0\ 170

UX'(U)" = iFD+ F (iU Tk+U (x°-w%u (11.17)

as one can verify.

Let us stress that in (II.16) all the gaps of H! are implicitly assumed open. In fact, if the n—th
gap is empty, for some n > 1, the interband term (X!), n4+1(k) is singular for £ = 0 (if n is even)
or k = 1/2 (if n is odd). In such a case, the definition of the CMR associated with H! must
be modified (see for instance Avron 1982 §2). However, in view of the crucial estimate (II.20)
this is not important, so that we can continue in the construction of the iterative process defining

formally X! as in (I1.16) without any discussion for the degenerate case.

Since the first gap of H! is open and W? is bounded, the interband term W' = W!(F) in (IL5),
between the first band and the others,
w' = PIX'(I-P!)+ (0P X'P}
= Plz (M- P)+ (O-P)aP - PW°(0-P)— (0I-P)WP] VLR
is bounded for any F < F;. Here P} is the spectral cigen-projection of H' corresponding to
the first band [E;", Ef''), distant dy > 0 from the remainder of the spectrum and coincident with
[E}°, EX)in the limit F — 0. In particular, we have that W = ||[W!]| € e; F, for some ¢; < 00

and any F < Fj, where W1 = W(k; F) := WTWY/YH) =1, In fact,

W! = PXI'PL+PEXIP, = O(F), as F —0, (11.19)
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because (UO)n , = 6 + O(F). That is, there exists ¢; < oo such that for any F, F < Fj, the

following estimate holds:

W = {Z/I 1|2dl.,} < oF, where W, := (Wl)n'l. (11.20)

The iterative scheme at any finite step.

By induction on N let us consider the operator

Hp = HN 4 FXV (I1.21)
self-adjoint on the domain D(Hg), where

N-1 -
HN == H°+F) W7 and XV = X°-F > Wi (11.22)

j=0
Here W7 is the interband term between the first band of the Bloch operator H? and the others,
7 =0,1, ..., N — 1; in particular, it is a bounded operator of integral type, symmetric and
invariant with respect to the translation Th,; moreover we have that W7 = O(F7), as F — 0.

Hence, H" is a symmetric Bloch operator with the first gap not empty for any F < Fy, for some

Fn>0,ie. E2N — EXY S dy, dy > 0.

Let W/ be the interband term in (I1.21) between the first band and the others:

wh = pPNxN(a-PN)+ (2-PN)XNPY, (11.23)

where PJN is the spectral eigen-projection of H" corresponding to the first band [ES‘N,E?N],

distant dn from the remainder of the spectrum and coincident with [Ef‘o, Ei’o] in the limit F' — 0.
Since dy > 0 and by the boundedness of each W7, W/ is bounded too. In particular, by induction
on N we have [|W/N| < en N for some ¢x < oo and any I < Fy. Besides, as in the N = 0
case, one quickly verifies that W is a symmetric operator of integral type and commutes with

the translation operator Ts,.

Now, following the preceding construction we defline again the operator Hg on the same self-

adjointness domain D(Hg) as

Hp =Y+ 4 px N+ (I1.24)
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where XVt = XN+1(F) := XN —WN and HN+' = INTY(F) := HN + FWY. By the above

cited properties on HN and WP it follows that H™~*! is a symmetric Bloch operator, i.e.

VYT = gN+U gang [N Ty, = 0, (I1.25)

and its spectrum is stable with respect to the spectrum of H”. In particular, choosing F' < Fn41,
Fn41 := min {Fn,dn/(4|W™|])}, the first gap of HV*! is still open, i.e. there exists dy41 > 0

such that ES'N“ - E{’NH > dng1-

Let

Hp = UNHpUN)™! = EN + FXN +4iFD (11.26)

and

f{N*i-l oy Z)NHN+1(L?N)--1 - EN-F-FWN (11.27)

be the CMR (associated with the Bloch operator HV) of Hp and HN*!, where EN = EN(k; F)
is the diagonal matrix whose diagonal elements are the band functions of HV, XN = XN (k; F) is

the interband matrix and

WN =WV, F) .= uNwNuNy ' = pxXVpl + plxNp,. (11.28)

Let UN = UN(k; F) be the unitary matrix such that:

UM (BN + FWN)UN = BNt (ENt) = gmENtL (11.29)

n,m

where EN¥! = EN+1(L: F) are the band functions of the Bloch operator HN+1, n € N.

Under this unitary transformation (I11.26) becomes the following (still denoted Hp):

Hp = UN"(EN + FX"N +iFD)UN = EN*' 4 PXV4! 4 iFD (11.30)
where

UN+ dUN

X N+1 -:-XN“(k;F) s & = +UN+(XN_WN)UN’ XN+t e N+1 (I1.31)
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Now, by applying the regular non-degenerate perturbation theory as done in (I1.14) we have that
(UN)T11 = 60 + O(FN*Y), as F — 0, since WY = O(F"). Hence, we obtain the following
estimate for the interband term in (I1.30) between the first band and the others

WHNFL = pXN+IpL L pLXNHID, = O(FN+!), as F —0. (I1.32)

In particular, there exists cyy; < 0o such that for any F' < Fn4

o 1/2
W = {Z fglwé‘{illwk} < enp PN where WL = (W)L (IL33)
n=1

The above results can be summarized as follows:

Theorem 1. Let H° = p?> + V be a Bloch operator with the first gap not empty, where V' is a real
potential invariant under the translation by 2r and infinitesimally relatively bounded with respect

to p? in the form sense.

Let Hr be the CMR (associated with the Bloch operator H°) of Hp := H®+ Fz, F>0,

Hp = UHpU)™' = E® 4 FX° +iFD. (I1.34)

Then, for any positive integer N there exist Fy > 0 and a unitary matrix VN = VN(k; F) such

that for any F < F

VN*BVN = EN + FXN +iFD (11.35)

approaches, up to a bounded term of order FN*! the Wannier de-coupled operator

) ; ,
(E,N + P + m%) @ P (EY + FXN +iFD) P (IL.36)
ke
In particular, VN is given by VN = UU'. .. UN-! where U? = UJ(k; F) are unitary matrices

defined by the following iterative scheme

U/ (BEF + FWI) U/ = E/+! where EJ*! s a diagonal matrix

Wi = PXIPL 4 PLXIP,

I dU’
dk

(I1.37)

Xitl .= U +UT(XI -WHUT = X 5=0,1,..., N-1.
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Remark 2. Following Avron et al 1977, the single band approximation of (I1.35)

d |
EY + FX{) + i, Xy = (X hads (11.38)

has discrete spectrum given by the ladder of non-degencrate eigenvalues
AV(F) = (ENY+ F(XN,) +2neF, (e, (11.39)
where {-) denotes the mean value on the Brillouin zone B, with associated eigenvectors

i € 632, L*(B):

[flle(k; F)], = éfexp |—i/F f k (AN, = EY(h) = FX{y(R)) dh| . (1L.40)

Since the expectation value of W¥ on the eigenvectors fl]\.f(’ is zero, (11.39) represents a ladder of
pseudo-eigenvalues of Hp of order 2N + 1 (see Riddell 1967, especially Lemma 3.2 and formula
(15)). A similar result is also given in the paper of Nenciu and Nenciu 1982, see Theorems 2 and

3 and related remarks.

Remark 3. The convergence of the iterative process as N — oo has not been proved. Hence, in
general, we haven’t bound states. However, for singular potential, as the Kronig-Penney potential,
we believe that the above iterative process can be proved to be convergent as NV — oo as suggested

by the model shown in Section IV.

ITI. Asymptotic expansion of the pseudo-eigenvalues.

Theorem 1 gives the existence of pseudo-eigenvalues of /I of arbitrary order in F' as pointed out
in Remark 2. Moreover, by using the iterative scheme (I1.37) and the regular perturbation theory
one can compute the asymptotic expansion of these pseudo-eigenvalues. Now we are going to

compute the asymptotic expansion of the pseudo-eigenvalues of /[ of fourth order.

Choosing N = 2 in Theorem 1 and Remark 2 it follows that

MF) = (Ef)+2rlF + F(X[,), L€, (IIL.1)

is a ladder of pseudo-eigenvalues of Hp of fourth order.

For sake of simplicity we shall assume all the gaps of /% open and V an even local potential, i.e.

V(z) = V(-z). Hence, X3, = —X2 . and XJ, =0 for any k (see Appendix).

m,n
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From (I1.37) we have that:

1
X2, = (iUl*fid%) +(U1+(X1—W‘)U‘)“ = O(FY), as F—0. (I1L.2)
In fact
1+ 41 13771 - 1 1 1
(u"(x' - whu )1’1 . ZI(U )Lnx LUl
T (111.3)

because (U') | =6} + O(F?), and a simple calculation gives

du’ 1 [ pra dPixi)
Ut ) =-— Phyl, =122} = o(F?), (I1L.4)
( dk /14 IlPﬁxH|< U dk
where
~ 11
Pixi = xi+F) 7 L AT XL + O(F*). (IIL5)
n#l

Hence, (II1.1) becomes

Me(F) = (E})+2xlF +O(F°)  as F —0. (ITL6)

Now, from the Rayleigh-Schrodinger series for £ and £2] (see for instance Reed and Simon IV,

Chapter XII §1), we obtain

’\%,e(F) (E{} + 2rlF + F Xlll Z < m_x\Ll> +O(F)
Tn#l 171

= (E®)+2ntF - F* <—EOY’91_—1]E>+1(& Pt (11L.7)

m#1

F? I‘len.lP 2F4 z ]\‘ 1| l*’\?nl ' +O(F5)
2N\ EL - B (B9~ EYP(ES, — BY) '

n,m#l1

Finally, by using again (I1.37) to compute X, up to the fourth order and X}, | up to the second

order we have the above mentionated asymptotic expansion of the pscudo-eigenvalues of Hg of

fourth order as I — 0:
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P | A XS PP\
Lg = B+ 20dF ~ Z EO _ o/ " Z (EC — E9)2(ED, — E?)
m#1 m 1 n,m#1 n 1 m 1

2 d Xro'n,,l Z X?n,T‘X?,l
'@k \EC g ) T &r#t o g9

_F4Z< - g >+O(F5).

In fact

9

Y (IIL8)

, dU°
XLy i 1<U0+—E) + (U0+(X°—W°)U“)
m,1

m.l

i 0 .0 d(PPx?) .S (P%xi’n,x%yo (x‘i:f’{’x?) Lo
1RO\ ™ T dk 1P ™ IR (5

r,s#1

d [ Xo, X grd 2
= —iF— (“““‘—Eo _E?) —FZ—EO_E? + O(F?),
m r#l r

and

XL o:= i<U°+—) T (U°+(XG —W")UO)
1.1 1

m_p| TOF) (II1.10)

X¢ X9 x0 2 d
o F2 Ly**ra s d £ it
2 B 2 Z—;dk

F? d X0 .
[ 2 + O(F*"),

2 &~ dk | EY — ED
n#l

because X7 = — X7, and so (X} ) = O(#) since the interband terms and the band functions

are periodic on B.

Remark 4. By comparing the asymptotic expansion (I11.5) of the pseudo-eigenvalues of Hp with
the asymptotic expansion of the eigenvalues Ay o(F") of [} for F' complex, with SF > 0 and
|arg F' — /2| < 6,6 < 7/2 (see Bentosela et al 1988), we have that the second order terms are,
generically, different. In particular, as pointed out in Grecchi et al 1990, this would be a further

support to the existence of a horn of singularities, tangent to the real axis in the origia, for Ay ¢(F').

IV. An exactly solvable model with pure point spectrum.

In this section we present a model whose spectral problem is exactly solved by using the iterative

scheme, slightly modified, given in Section II. In particular, in such a model the iterative scheme
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reproduces the same results given by the regular perturbation theory applied to the family of

de-coupled operators {HFe}, 7 as I goes to zero.

Let

+co
Hﬂ = p2 + Vg, where V, = Z « - 5(1 £ 2671’), -0 < a X +oo, (IVl)

f=—-00
be the Kronig-Penney Hamiltonian (see Albeverio et al 1988 for a review, especially Chapter IIL.2).
It is well known that H® has, for 0 < a < 400, absolutely continuous spectrum given by bands
[Efl,a’Efl,a]’ E:a,a = n2/4'

On the contrary, for @ = +o00, H® has purely point spectrum given by the eigenvalues F, o with

infinite multiplicity. In particular, for any k£ € B, we have that

E, (k)= E, = n*/4 (Iv.2)

with associated Bloch function

Ph =Bt = (o), (v3)

where uﬁ(;v) are periodic functions, with period 2x, given by

. 1 if —mr<2<0
Mz) = V2si 2)e k. { . - V.4
ur(z) V2sin(nz/2)e (_1yneizmk i 0<o<in ( )
Now, Hp = H° 4+ Fz in the CMR (associated with the Bloch operator H®) becomes

Hp = E°+ FX° 4+ {FD where E° is the diagonal matrix whose elements are the k—independent

band functions and the elements of the interband matrix X" are given by

i dub (2) da
o Pragrn = Koy = / S e == IV.5
( ) y n,m l 0 un( L) ()]m I ( )

and they are k—independent too. In particular, from (IV.4) we have that

Xg,n = -7
0 _ . ;
Xom =0 if n#m and n+ m iseven (IV6)
16
Xgm = e [—Tnm—ﬂ] if m4+m isodd.
' T [(m? —n?)?

Hence, X° = X°' and it is bounded.

Now, let U° be the k—independent unitary matrix such that:
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U’ (E° + FX°)U° = E', E' is diagonal . (Iv.n

Under the unitary matrix U°, f becomes the following (still denoted HF)

Ap = U™ AU = E! +iFD. (IV.8)

Hence, the interband matrix vanishes and so Hg has purely point spectrum given by the sequence
of ladders of eigenvalues A, o(F) = EL+27¢F,n € N and £ € Z, where E} is the n—th eigenvalue
of E® + FX° In particular, by the Rayleigh-Schrédinger scries we can obtain the convergent

expansion of these eigenvalues, that is we have

n? 1024 Z nim?

An,Z(F) = T+(2£_ ].)JT,F-*F2 7?2 (?—*na—_nT)s + O(Fs), as F' — 0. (IVQ)

m:m+n is odd

Let us stress that the spectral problem for Hg can be solved in the following way too. Since

a é—interaction with infinite strength consists of a Dirichlet boundary condition on the point

+ oo

supporting the é—interaction, we can de-couple fIp as Hr = ©,°7

Hp e, where the operator
Hp, is formally defined by p? 4+ Fz with Dirichlet boundary conditions on 2w(£ — 1) and 2n¢.

Hence Hr has purely point spectrum given by

S(HF) = UpezS(Hre) = S(Hpo) ® {27LF}, 7. (IV.10)
Let

d* _

— — Fapp = M, p(=27) = 9(0) =0, (IV.11)

be the spectral problem for Hpg. Taking y = —F~2/3(\ = IFx) (IV.11) becomes

d*
dy?

—y$ = 0, Y(-FPA+2rF) =y(-F ) =0. (Iv.12)

Here, choosing v of the form ¢¥(y) = c¢1Ai(y)+ ca Bi(y), where A and Dt are the Airy functions,
the Dirichlet boundary condition (IV.12) implies that ¢; and ¢; must be the non-zero solutions of

the following lincar system

creosf (P3N 420 F)) + cosin@ (F723(\ + 2n F zs [
{ 1 cos b ( ( L)) + casinf ( (A + 27 F)) (1V.13)

c1 cos O(F~28N) 4 ¢y sin O( £ 723 )) = 0
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where 6 is defined by Ai(—z) = M(z)cosf(z) and Bi(—2) = M(z)sinf(z) (see Abramowitz
and Stegun 1972, [10.4.69]). Hence we obtain the following condition on A:
0 (F2P(\+2rF)) - 0(F 7)) = —nm, n=1.2,.... (1V.14)

Now, from the asymptotic expansion of #(z) for z large (see Abramowitz and Stegun 1972,

[10.4.79]), i.e. for F small, we obtain the following asymptotic expansion for A,:

M(F) = n*/4 — Fr + F? (3”'9 = %) +O(F%) as F—0 (IV.15)
n? n
in agreement with (IV.9).
Appendix. On the one-dimensional CMR.
Let us consider the Bloch Hamiltonian of the form
2 - d
Hp = p"+V, p=-i (A1)
dz

where V is a real potential and invariant with respect to the translation z — 2 + a. Moreover,
it is assumed infinitesimally relatively bounded with respect to p? in the form sense. Hence, by
the KLMN Theorem (Reed and Simon 1975 Theorem X.17), there exists an unique self-adjoint

operator, still denoted Hp, having the same form domain of p* and such that

(¢, Hpy) = ($,0°¢) + (6. V¥), Vi,¢ € C5°(R) (A.2)
Such a class of potentials includes the following ones:

a) periodic real-valued potentials V() belonging to L}, (R) (sec for instance Reed and Simon 1978,

Theorem XIII.96);

b) non-local potentials of integral type with kernel V(z,y) € L*(R*):

(V)@ = [ Vot (A3)
symmetric, V = V¥, and invariant with respect to the translation 2 — z + a, that is V(z,y) =
V(y,z) and V(z + a,y) = V(z,y — a).

¢) Kronig-Penney potential, ie. V = Zjez a-6(x — ja) where a is real and 6(z) is the Dirac delta

function supported on 0 (see for instance Reed and Simon 1975 p.168);
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In the following, for sake of simplicity, we shall assume a = 27 and V positive, that is (V4,9) > 0.

Let B = (-1/2,+1/2] be the Brillouin zone. It is well known that, for each k € B, the operator
formally defined by Hg on L* ([0, 2], i,f—ﬁ) with the boundary conditions

k _ ik?r, k @ _ ik‘_’vrc_l}fi
P (2r) = e u"(0) and e (2m) = I

has compact resolvent. Hence, for any k € B, we have a complete set of orthonormal eigenfunctions

¥%(z) on L*([0,27]2Z), n € N, called Bloch functions:

(0), (A4)

Hoh(z) = Ea(k)eh(z) (A.5)

and the discrete spectrum consists of a sequence of eigenvalues

) 1
0< En(k)< Ey(k)<...< Ep(k)< ..., where E,(k)=(n+k)*+0 (;) as n — oo. (A.6)

These eigenvalues, as functions of k, are called band functions and consist of branches which are
analytic except possibly at point of degeneracy; degeneracy occurs, at most, for £ = 0 or 1/2.

Moreover, they are even functions, E,(—k) = E,(k), and periodic, E,(k + 1) = E (k).

Let
E! = maxE.(k) and E = minE.(k), AT
n = MaxEn(k) and B, = minFE,(k) (A7)
then B(Hp) = Uo [EL, EL]; the closed interval [E®, EL] is called n—th band and the open

intervals (—oc, £?) and (EL, E, ) are called the 0—th and the n—th gap respectively.

Let us stress that the above properties are, usually, proved for local potential. However, they can

be easily extended to the class of potentials considered here.

Now, by using the boundary conditions (A.4) we extend the eigenfunctions ¥%(z) on the whole
real axis as ¢¥h(z) = e**uk(2), where uf(x) is a periodic function of period 2x. The Fourier

n

coefficients wk (), K € Z, of the periodic function «f(z):

k k(poypiKe
uf(z) = ) wh(K)e. (A.8)
Kel
are called momentum eigenfunctions and they are orthonormalized functions in the Hilbert space

fz? H'(k) dk, H'(k) = €*(Z). In terms of the momentum cigenfunctions the spectral problem for

Hg becomes
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(K + E)wk(K)+ Y Vigwk(J) = En(k)whi(K), k€B and K €Z, (A.9)
JeZ

where, for potentials of type a) V; i = Vi is k-independent and coincides with the (K — J)-th

Fourier coefficient of V(z) and for potentials of type 0) we have

1 2w . . ,
Vire = Varlh) i= o= [ dy [ do {Viaa 4 el Himetk-Deh - (a0)
27 JR 0
where V; i = Vi j because V = V¥,

Now, we are going to define the Crystal Momentum Representation associated with the orthonormal
complete set of the momentum eigenfunctions {wﬁ([x")}nEN in f,_&’ H'(k) dk. To this end, we shall

assume all the gaps open, that is there is no degeneracy point on the real axis for any band function

En(k).

Let Z{ be the unitary transformation:

U : L*(R) - @2, L*(B) defined by:

v o= (@) (k) = alk), (A.11)

where

an(k) 1= (wﬁa"ri’(k)>cg
- Z WE(K) - ok, K);

Kel

(A.12)

this is called the Crystal Momentum Representation of ¢¥. llere bk, K) = 1])(;9), p=k+K,is

the Fourier transform of .
In this representation Hpg and z become:
Hp —UHd™" = i

o (A.13)
x> Uz = iD+ X

where, on the generic vector a = (a,), € &2, L*(8) such that a,, € CY(B) for cach n, and only a

finite number of a,, is not identically zero, act as:
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(f[Ba)n tk) = Ea(k): aulk),

(Xa), (k) = an.m(l‘:)'“m(k)s (A.14)
m=1
da,(k
(Da), (k) = 28]
where
o ok dwn\ :’—au(z)dz
Xnm(k) = 2<wﬁ’ﬁ>gz = 1'/(; uk( ) - o (A15)

hence X = X*. In particular, if V is an even local potential, i.e. V(z) = V(—z), then the
momentum eigenfunctions can be chosen real and such that w;*(—-K) = ZwX(K). Hence,

X.m(k) has real part zero, 50 Xp m(k) = —Xm (k) and X, =0, and X m(—k) = £X, m(k).

Now, differentiating with respect to k both sides of (A.9) and projecting them on the m—th

momentum eigenfunction, we obtain:

/ . dw? _ dEq (k) .,
2( K(k) ) + (E ) \wnn W> + Vin,n = dk 671 (A-]-G)
where
(K(k)wk) (K) = (K + k) - wk(EK). (A.17)
Here

Z / dy/- JV 2,2 +U) i(J+k) r,'r,-l(f\ J)z 'k(J)w"‘ (I\)}
JKel (A.18)

-ﬂ'l
=i [ty [ 5 { - ovenTEme)

for potential of type b). Tor a local potential V(2) of type @) we have that V, , = 0 and the

following formulas hold:

dl, (k)
dk

n

‘ = 2wk Kk )wk) (A.19)

and

N ( n:K(") “in . m
Xom(k) = 2i RO if n # m. (A.20)
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Therefore, since

IK(k)whlle < VEn(k), (A.21)

we have that

'dEgk(k) < 2VEL(k)  and [Xpnm(k) < 2|Em(\/k)E—[(l;3)n(k)|’ I := min(n,m). (A.22)

Thus, the interband term W between the m—th band and the others is bounded. In fact, choosing

m = 1 for instance, we have

W = P XPi + PiXPy, (A.23)
and
9 2 E{'
Wi° = Z:/L&mhwé4§:7§~??5<+m, (A.24)
n#] B ‘rl;fl I n ]]

because |ES — Ef|* ~ n* for n large enough (a more accurate estimate is given in Grecchi et al

1989).
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