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The dependence of the QED short-distance
enhancement factor on the top quark mass

F.C. Barkerl and G.Rasche

Institut fiir Theoretische Physik der Universitit,
Schionberggasse 9, CH-8001 Ziirich, Switzerland

and

W.S. Woolcock

Department of Theoretical Physics IAS,

The Australian National University, GPO Box 4, Canberra ACT 2601,
Australia

(18. VvI. 1991)

We point out that the QED short-distance enhancement factor S(mp, my),
which contributes to the radiative corrections to superallowed 0+ — 0+
nuclear B* decays, is independent of the mass of the top quark provided
that this mass is greater than the Z0 mass. This contradicts a paper
published recently. We give the correct expression for S(mp, my) and its
numerical value.

1 Permanent address: Department of Theoretical Physics IAS, The
Australian National University, GPO Box 4, Canberra ACT 2601,
Australia.
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Two independent analyses of data on the ft values for superallowed
nuclear B+ decays within 0+ isospin triplets have appeared recently [1, 2].
Both lead to values of | Vyq! which, when combined with values of | Vysl
and |Vyp!| obtained from data on the semileptonic decays of hadrons
containing strange and bottom quarks respectively, enable a test to be
made of the unitarity of the quark mixing matrix. If one accepts the
standard model of the electroweak interaction in its usual form, this
matrix must be unitary.

The QED short-distance enhancement factor S(mp, m;) contributes
to the radiative correction to superallowed decays and therefore affects the
value of |Vud| . Both analyses take the value of S(mp, m;) from Marciano
and Sirlin [3], who used a top quark mass m¢ = 40 GeV . Wilkinson [4]
claimed that, after making what he considered to be a reasonable
adjustment to the nuclear mismatch correction for superallowed decays,
the dependence of S(mp, m;) on m¢ is such that use of the more recent
value m¢ = 130 + 30 GeV leads to values of | V4! consistent with unitarity.
The formula that Wilkinson used for S(mp, m;), which was taken from
ref. [3], is valid, however, only for my < m¢ < my, . Different formulae are
required if my < mg < my , or if m¢ > m, . It is now practically certain that
m¢ > my [5, 6], in which case S(myp, m;) no longer depends explicitly on my.
We here give these modified formulae for S(mp, m;), and the value of
S(mp, m;) for the presently accepted values of particle masses.

The radiative correction of O(a) to the ft values for superallowed
decays was given by Sirlin [7] as

— m m
{1+% g(E,EO)} {1+%t-[41n(1_n%J+ln [m—ﬂ+20+ﬂg]} @

(for notation see ref. [2]). Marciano and Sirlin [3] incorporated the effect of
leading logarithmic corrections of order (a ln my)" by means of a re-
normalisation group analysis, with the result that the expression (1)
should be replaced by
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The factor S(mp, my) effectively replaces 1 + T In m |-
P

The expression given by Marciano and Sirlin [3] for S(mp, my)

involves the running QED fine structure constant a(u) , which is a
function of the mass scale u. In the modified minimal subtraction
scheme, it evolves according to

oy = o)~ by In (u/p) (y>u) 3)

provided bg is constant in the interval (1, p2). Also one has [8]

2/mb,
Sy, py) = [a(uz) / a(ul)] ) (4)

The value of bg changes each time one passes through the mass of an
elementary fermion (lepton or quark) or of the W+ :

2 2 7
b0=§t-;Qfe(u—mf)—%9(u—~mw), (5)

where at each quark mass one has to take account of the three colour
degrees of freedom. Thus one has

e 1 2 2. [ M
ol = a (0)—3n§f:Qf1n[mf], ©)

where o~1(0) = a1+ 1/6n = 137.089 [3], and an extra term (7/2n) In (Wmy,)
is added to the right side of eq. (6) if o > my, . The sum in eq. (6) is over
fermions f for which m¢ < . Also S(mp, m;) is obtained by multiplying

factors as in eq. (4) for each subinterval in which bgis constant.

Marciano and Sirlin [3] in their eq. (11) give the expression for
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S(mp, m;) when mp < mg < my; . For the case when m¢ > my , the first
three factors remain the same. When my < m¢ < m; , we have

b, = 40/9n , m <pu<mg ,
b0= 17/18x , mg <p<m, ,
b0=11/61t, m <p<m, , D

giving, instead of the last three factors of eq. (11) of ref.[3], the three
factors

9/20 36/17 12/11
a(mb) a(mw) a(mt)

When m¢ > mgz, bg remains at 17/18n up to mg , so that there are just two

additional factors and the complete expression becomes

3/4 /6 n9 9/20 36/17
a(m,) a(m,) o(m, ) a(my) a(mg)
Stmy, mz) =| o(m,)| |a(my)] |a(m)]| | o(m,) amw)]
9

We calculate the values of a(i) using the present mass values for
the charmed and bottom quarks and for the W and Z bosons : m; = 1.35
GeV, mp = 5.0 GeV, my; = 80.19 GeV and m; = 91.18 GeV . The relative
values of the a~1(i) can then be obtained from eq. (6). In order to calculate
absolute values of o—1(i) from eq. (6), one may use effective masses of the
up, down and strange quarks. The values of a~1(i) given by Marciano and
Sirlin [3] are obtained by taking the masses of these three light quarks as
all equal to 0.07 GeV, as stated by Wilkinson [4]. This gives, in particular,

o (m,) = 133.93, (10)
which was the value used in the analyses of refs.[1, 2]. Also eq. (9) gives

S( mp, mz) = 1.02249, (11)
which is close to the value 1.02256 given in ref. [3] for m¢ = 40 GeV.
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The quark contribution to the last term in eq. (6) can also be
obtained directly by using dispersion theory fits to experimental data on
c(e€ — hadrons). In this way, Degrassi et al. [9] obtain o-1(m,) = 127.8 (1)
using their eq. (A.2). A more recent calculation by Jegerlehner [10] on the
basis of [11] gives for the 5 quark contribution at m; the value 0.0282 (8)
instead of the number 0.02875 (90) in eq. (A.2). The uncertainty in this
number reflects the latitude in fitting the data. With Jegerlehner’s new
value, eq. (A.2) of ref. [9] gives

oc_l(mz) = 127.85(11) . (12)

From eq. (6),t the corresponding values of the other a-1(u) are then

o '(m,) = 133.82 (11) (13)

and o-1(m.) = 133.51, o' 1(m,) = 133.20, o~ 1(mp) = 131.81, a—l(mw) =127.89
(all with an uncertainty 0.11), leading to

S(m,,, mz) = 1.02251(2) . (14)

Since this second approach avoids the use of uncertain effective
masses for the light quarks, it seems preferable to the first approach.
Replacement of the values of o-1(mp) and S(m; , m;) used in the analyses
of refs. [1,2] by the values (13) and (14) increases the values of 1Vyuq!?2 by
only 3.1075 and therefore has no influence on the test of unitarity.

We are grateful to A. Sirlin for drawing our attention to ref. [9] and
to F. Jegerlehner for useful discussions. One of us (F.C.B.) wishes to
thank the Swiss National Foundation for financial support during his
stay in Ziirich.

T It would not be consistent to calculate the values of all the o(p) oceurring in eq. (9) from
Jegerlehner’s values of the quark contribution for each value of p, since such values
would not satisfy eqs. (3) and (5), which are the basis for egs. (4) and (9).
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