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Abstract

The ground state configurations of the one-dimensional Fermi gas (Falicov-
Kimball model) are investigated using expansion in powers of Ul, where U is the

interaction strength. For a given ion density pj = Iqlwe consider only those periodic

configurations defined by vp ions followed by v(g-p) holes. We then show that
there exists critical values p; and p" such that for electron densities pe < p, the

segregated configuration (v = ) has Iowest energy (in the farmly of configurations
under consideration), while for p <p.gs l-pjlorp, <spe <pj if

U < 0) it is the configuration with period q (v = 1). In particular the segregated
configuration cannot be a ground state for pe > p;.



Vol. 64, 1991 Gruber 669

1. Introduction

The Falicov-Kimball model can be viewed as a lattice model of spinless
quantum electrons interacting with classical ions. The electrons do not interact
with each other, and the only interaction between ions is a point hard-core (i.e.
the sites of the lattice are either empty or occupied by a single ion). The energy of
the system is simply the sum of the kinetic energy of the electrons and the
interaction energy between ions and electrons.

The Hamiltonian is
- + + +
I—I——z (.’;1)(&1)(+1+ax+1 ax)+UZ al ax W (x)
X X

where a7, a_ are the creation and annihilation operators for a spinless electron at

site x, W (x) is 1 or zero according to whether the site x is occupied by an ion or
empty.

This model was originally introduced to study metal-insulator transitions in
transition-metal oxides [1]. Later it was realized that the same model is also of
interest to study crystallization and mixed-valence phenomena [2, 3]. It is also a
simplified version of the Hubbard model [2].

The problem one would like to consider is the following : given the ion
and electron densities pj, pe, what is the configuration of ions for which the
energy of the system is minimum (= ground state configuration) ?

In a recent work, Freericks and Falicov [4] arrived at a conjecture which is
very interesting, but also very surprising : if the interaction is attractive (U < 0),
then for pe = pj the ground state configuration is periodic with maximum possible
spacing between ions (which corresponds to a repulsive effective interaction
between ions), on the other hand for pe < pg < pj, (where the critical value pg

depends on the interaction U, and the ion density pj) the ground state
configurations is the "segregated configuration" where all ions clump together.
For densities between p{ and p;, the situation is highly complex : it is expected that
an infinite number of transitions, with a devil's staircase structure, will appear,

with ground state configurations which are periodic or mixtures. Finally it is
conjectured that pg tends to p; as U — oo. If the interaction is repulsive (U > 0) the
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conjecture is similar replacing "ions" by "holes", i.e. for pe = 1 - p;j the ground state
configuration is periodic, while for pe < pg <1 - pj the segregated configuration

gives the minimum energy.

In this article, we establish results which tend to support the above
conjecture. Given the ion and electron densities pj, pe, we consider only crenel
configurations defined by clusters of m ions separated by the distance a (fig. 4), and
we look for the size of the clusters for which the energy is minimal. We then
show that for attractive interaction (U < 0) the size of the cluster is minimal if
Pe = pi; furthermore there exist p such that if pe < pS then the segregated
configuration has minimal energy (among crenel configurations); finally for
PS < Pe < pi the configuration defined by the mixture of the periodic configuration
(corresponding to pe = pj) and the segregated configuration has energy which is
smaller than both the segregated and the periodic. For the repulsive case (U > 0), if
pe =1 - pj the size of the cluster is minimal; furthermore there exists pg such that

for pe < pg the segregated configuration has minimal energy; for pg < pe < 1 - pj,

the mixture of segregated and periodic configuration has energy smaller than
both.

In Section 2, we define the model and present a qualitative discussion of
the transition between the segregated and the periodic configurations. Then, in
the subsections of Section 3, we are concerned with crenel or segregated
configurations. These configurations are defined in sect. 3.1; the method we have
used is based upon the expansions in power of Ul for the eigenvalues (sect. 3.2)
and for the ground state energy (sect. 3.3). To establish our main results (sect. 3.5),
we need bounds to estimate the rest of the expansions and this is done in sec. 3.4.
In the last Section, we conclude with some remarks which are valid for arbitrary

1
configurations. In particular, for the ion density pj = q (q = integer), it is shown
that the periodic configuration with period q can be a true ground state
configuration only if the electron density pe is equal to p; (if the interaction is

attractive); for repulsive interaction and pj =1 - q the periodic configuration with

1
period q can be a true ground state only if pe = q
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2. Qualitative discussion

The general picture recently discovered by Freericks and Falicov [1] can be
qualitatively understood using simple properties of the Fermi energy, at least if
the coupling constant U satisfies the condition |U| > 4, which is the case we want
to study in this paper.

We consider a system consisting of Nj ions and N electrons on a one-
dimensional regular lattice A with N sites and periodic boundary conditions. We
denote the ion configurations by s = {sx|x € A}, where the variable sy is + 1 if the
site is occupied by an ion and - 1 if it is empty. Since the electrons do not interact
with each other the Fermi energy is obtained by filling the lowest Ne levels of the
one-electron Schrédinger equation on the lattice,

= [Wn (x + 1) + yn (x - D] + UK) Yn(x) = En yn(x) ¢y
where :
s+ 1 U if x is occupied
0 if xis empty
and Ene[-2,+2]U[U-2,U+2]
1 Ne
Let EN(U,pe;s) =55 2, En ()

n=1

denote the ground state energy (per lattice site) for the configuration s, with

N Nj(s)
Pe =T + PIET{ (3)

the electron and ion densities.

Given (U, pe; pi), the problem is then to find the ion configuration s, with
pi (s) = pi, which minimize (2), i.e.

EN (U, pe; pi) = EN (pe) = min {EN (U, pe; s) |1 pi(s) = pi) (4)
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We call ground state configuration (gsc) for the densities (pe, pi), those ions
configurations for which the minimum in (4) is obtained, and denote by G (pe, pi)
the family of all gsc for (pe, pi)-

Let us recall that the function EN(pe) is continuous, convex, differentiable almost
everywhere with slope given by the Fermi level. Furthermore, using the particle-
hole symmetry, one has the following identities [1] :

EN (Ul Pe} S)

ENGU,pe;-s) + Upe (5)

EN (U, pe;s) = EN(U,1-pe;-5) + Ulpe+pi-1) (6)
We shall thus restrict ourselves to the repulsive case U > 0. (The attractive case
U < 0 is identical if we interpret sx = + 1 as an empty site and sx = - 1 as occupied).
On the other hand Eq. 6 implies

EN (U, pe;pi) = ENWU,1-pe; 1-p)) + Upe+pi-1 (7)

and we can restrict the discussion to the case pe <1 - pj (which is pe < pj for U < 0).
To simplify the qualitative discussion, we shall consider the thermodynamic limit
N — oo, with fixed (pe, pi), and periodic ion configurations s such that p; (s) = pi.

The energy levels En = E, (U; s) are non decreasing as U increases. Therefore, for a
given s and pe, the ground state energy Eq. 2 is an increasing function of U;

moreover for any pe > pe we have

EN (o, pe; ) - EN (U, pe; 8) 2 En (o2, pe; 8) - Eny (U, pe; ) 20

Furthermore

JE

N (U, pe=0;s) = B (Uss) 2 -2
dpe

(8)

JEN
0 (U, pe =1- pi; 8) = En=N-N; (U; 5) £2

e

and both derivatives are non decreasing as U increases.
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Finally, let us remark that given N, pj, pe and U = e, then the ion configuration
which minimizes Eq. 4 is the segregated configuration (= seg) where all ions
clump together (U(x) = U for 1 £ x < Nj and U(x) = 0 for Nj < x < N). In the
thermodynamic limit the ground state energy for the segregated configuration is
given for all U = 4 by

2
Eseg(U.pe; pi) =— ;(1 - pi) sin [n%) for pe <1 - pj
M1
)]
2 1-
Eseg(U,pe; pi) = — ;pi sin [RT?Q} U(pe +pi-1) for pe 21 - pj
1

(For U = oo, then pe <1 - pj and the above result is straightforward; for U < < see
Sec. 3.4)

The consequences of these general properties are shown in figure 1 for large U
(the ion density for the segregated configuration is pi = pj (s)), and yield the
following :

1) For pe < p‘; (s) the segregated configuration has lower energy then s, while for
Pe > pé (s) it cannot be a gsc. Moreover pé (s) is an increasing function of U

which tends to (1 - pj) as U — ee.

2) Let so be a gsc for pe =1 - p; (fig. 3). Constructing the convex envelope of the
functions E(U, pe; so) and E(U, pe; seg), we see that for values of pe
corresponding to the linear part of this envelope, i.e. pe >pg, the
configuration represented in figure 2 has an energy which is lower than the
energies of both the segregated and s, configurations : it is a mixture of the
segregated and s configurations.

3)  We shall see below (Proposition 5) that for large U, the convex envelope may
coincide with E(U, pe; so) only at pe =1 - pi. In this case s, is a gsc only for
pe =1 - pj. For pg < pe < (1 - pj) the mixture configuration has energy smaller

% C . .
than seg. and so; for pe <p, the segregated configuration has energy smaller
than s, and mixture. Moreover p¢ is an increasing function of U which tends

to (1-pp) as U — os.
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4)  If there exists p;3 > 0 such that p é (s) zp é for any periodic configuration s,
then for pe < p ‘; the gsc cannot be periodic. In this case constructing'the
convex envelope, we conclude that there exists p(g) such that for pe < p(g) the

segregated configuration has energy smaller than any periodic configuration,
while for p(g) < pe < 1-pj, the ground state configurations are either

periodic, or mixture of two periodic configurations (or some other

configurations which cannot be obtained by means of periodic
configurations).

Eig,)

AU

X
T |
seg so
Fig. 1. Fig. 2. Mixture of s and
a) E (U = oo, pg; 8) segregated
b) E(U, pe; s)
¢) E(U, pe; seg) = E(eo, pe; seg) forallU > 4.
A E(?e)
Pe
e
ASe
1-9 | +—_——— d—so
S -—""-
=
/’geg
/ U
———

Fig. 3. Ground state configurations for a given ion density pj
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3. Crenel configurations
3.1.  Definitions

In the following, we consider only crenel configurations, i.e. periodic
square barrier potentials U(x) with width m and separation a (fig. 4).

+U |
O O O o O

m
Fig 4. Crenel configuration with ion density p; = T

For a given ion density

Py % (10)

with p relatively prime to q, we shall then consider those crenel configurations
with N =] - N sites,

l=vq ,m=vp , a=v(gp) = vq1-pi), (11)

where v is an integer, and Ny — o« in the thermodynamic limit. The condition
Pe <1 - pj is expressed by

Ne<N-Nij=Ny v (g-p) = (1-pi) Nol (12)

The problem we want to study is the following : given p; and pe, for what values
of v is the ground state energy minimal ?

Let us recall that for any configuration of ions, and U > 4, there are exactly N-Nj
eigenvalues in [-2, + 2] (Gerschgorin's theorem, Bull. Acad. Sc. Leningrad 1921,
749-754).We introduce the notation

En=-2cosk=U-2chxk (13)

For the following discussion, we note that

exp(- x) = %{(U—En) - JUE2-4} =0 (U) (14)
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3.2 Asymptotic Expansion for the Eigenvalues

Using standard techniques, we obtain the eigenvalue equation

cos (1 K) [ch(mK)]! sin k = sin ((a + Dk) - &(k) sin (a k)

(15)
21
]-K = N'; {11 INO}
where
th (mx) 1 1
ek) = TR [1 +7 En (U-En)] -5 Eq - (16)

To discuss the asymptotic expansion with respect to U-1 we rewrite e(k) in the
form :

§ -2mx
e(k) = [1 +e2mx] ! {B - ;m (2ex+ En)} (17)
e-K
B= T-o2x (2+Ep e¥) = O(UY) (18)

or equivalently

1- e-2m1( e-me
el =TTemmeB ~ Ty gZmx En {19

For U = e , Eq. (15) yields

nmw
a+1

sin ((a+1)k) =0, ie k=

Since En is non-decreasing as U increases, we introduce o which describes the

correction to kn with respect to ——7 ,i. e.
nrw- Sn
En=—2cos( 1 ] (20)

where 8, 2 0: 3y, satisfies the equation
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nm+ad
sin 8, = €(8p) sin {Tln)
(21)
-0
+cos 1K) [ch@mk)]! sin (nan+ 1“)
. nx-on
e®pn =e(k) with k = ~+1 - n=L..,a

We should remark that for the single potential well (fig. 5) we have

a+1

sin 8, = B (8y) sin(wj

with B given by Eq. 18. From Egs, 21, 19, we see that the corrections with respect to
the single potential well are of the order U™ as U — «o.

g

L.—.‘-*—)(—I—*—-K—K—*—H—'-!

Fig. 5 Potential well

Let us also note that for m = 1, Eq. (21) becomes

sin 8, = [ch K]-l {sin (E_"ia_ﬁy_) + cos (1 K) sin (n = 6“}} (22)

a+1 a+1l
and thus for cos (1 K) = - 1 we have 8, = 0. For any other value of cos (1 K)
dn<m/2 ,if U 26.

Form > 1, Egs. 19 and 18 imply

-K

le()| < IBl +emX [chmx]! < 2 + e2k (23)

1-e¥X
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and thus the right hand side of Eq. 21 is smaller than 0.95 for U > 6, from which
we have

ossn<§ if U>6 (24)

Proposition 1

For any n =1, 2, ..., a, the correction 6, has an asymptotic expansion in powers of
U of the form

8n = 2S Y o UK
k=1

(25)
. nm nw
S=s1na+1 'C=C°Sa+1
where, .for m2 3:
a+3
g1 =1 , <:2=-Ca+1

.for m = 2 :
a

3
271+ cos (1 K)

c1=1, cp=-C

.for m =1
26
c1 = 1+ cos(IK), =-1—2(1+cos(1K))2.

In particular, for any width m, the coefficients cx with k < m are those of the
potential well (fig. 5); the first term which depends on m appears at the order U™

in the form ¢, = Em + cos (1 K), where Em is the coefficient for the potential well.

Proof

From Eq. 18 and 19, we have the expansion
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B=2U1+3EU2+4(E2+ 1) U3 +0 (U4
g€ = (1-e2mK) B-e2mk E. + O (U-2m-2)

1
chkx = -2-(U-En)

1
ChZK = E(U'En)z -1

chmk = O(U™)
Therefore from Eq. 21, we have first for any m

lim sind,=0 ie. 8y =0 (U
U—> o

Then, for any m 2 2,

nw
lim Usin 8, =2 sin (a+1j ie 8y = 25Ul +0UY
U—o o

for any m 2 3,

lim U2[sin8,-25U1] =

U-o o

a
a+1

- lim U2[(2U-1+3Enu-2) S+ 2scu-1)-2su-l]=
U—o =
+3 a+3
= ie.8=25U1-25C =

=—25C

On the other hand, for m = 2

; y a+3
lim U2[sin8,-2SU1] = -25C —7 +2Scos (1K)

Uo

U2 +0 (U2

679
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while form =1

lim Usin8dy = 25 (1 + cos (1K))

Uo =

lim U2 [sin8,-25 (1 + cos 1K) U]

U— o

(1 + cos 1 K)2
(a+1)2

=-4CS
Since €(8n) (Eq. 19) is of the form

€(dn) = Z Ck,r Uk 8;
k=1

r=0

(series which is absolutely convergent for |U| > 4) the right hand side of Eq. 21 is
of the form

3 U'k[dkS+ Y 4, 8;]
k=1 r>1 '

+cos 1K) ) U'k[di(8+ Y dk'r&'\}
k2m r21 '

We can thus conclude that 8, has the asymptotic expansion stated by
Proposition 1.

Proposition 2

Foranyn =1, 2, ..., a, the eigenvalue E;, k has the asymptotic expansion

g2 %
Enk=-2C-4—7 ) dkU
k>1

(26)

nw ) nw
C=cos[a+1) ,S=sm[a+1]
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where, . for m 2 3
at+4
di =1 , da= Ca+1
for m = 2
a+4d
di =1 ,  dp=-Co77 + cos(K)
for m =1
3 5
di =1+ cos(K), dz=-C o7 (1+cos(K)
2n
1K = N—O{I,Z, ..., No}. (27)

We should again notice that for any m, the coefficients dx with k < m are those of
the potential well (fig. 5), and at the order Uk with k < m the energy level is Nj
time degenerate.

Proof : This property is a direct consequence of property 1 and the expansion

(-1k On Pk S On
En:‘zkgo 20! (a+1]2 [C+2k+1 'a+1} (28)

3.3. Asymptotic Expansion for the Ground State Energy

We consider the system defined in Sec. 3.1, with

ge]

pi=a,1=vq,m=vP,a=v(q-p)

Proposition 3

For the electron density
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Pe =

n - a
T n=12..,a (Tzl_pi)

the ground state energy has the asymptotic expansion :

1
EN (P =E(U=e;pe) —357 2 k(pev) U™
K31

where

T 2lpe+1
sing 57

E(U:oo;pe)=T ]_— T 1
SINE

Ipe +1 |
cos(m Ze 1 ) sin(m 2 Eel)
C1(pe;V) =2 | pe— T 1 (29)
sin (& = 1)
Moreover, for pe =1 —pj
2

Proof

For n =1pe, we have Ng = Ny 1 pe = Npn, i.e. all the n first "bands" are
filled with N, electrons. Thus

n No
1 1
EN(pe) = T E Ng 21 En, K (31)
r=
n=1
1K=§I-lr
(o]

Using proposition 2, together with the identities
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- oom2n+1

- nmw sm(f a+1)
2 Z cos[a+1)=-—1+ - ]

=t sinz 757

(32)

_ n+1 n

5 % Sinz(nn]=ﬁ_Cos(na_+—1~)sm(na+1)
a+1 . 1 ’
Bl sm(na+1)

the first part of the proposition is established. To conclude the second part, we
notice first that E (U = e; pe) = 0 for pe = 1 - pj; then computing the coefficient at
the order U2 we find ¢, (pe; V) =0 for pe =1 - pj.

Remarks

1. For any width m, the function En(pe) at the order U'k, with k < m, is linear
for n-1 < pel<n (En(pe) = 0 for pe = 0). Furthermore, at this order, the value

of EN (pe) for pe 1 =1, is given by the eigenvalue Ej of the square well
potential (fig. 5). This remark leads us to conjecture that for any periodic

configuration of ion, the ground state energy has an expansion

E(pe;s) = Z dk (pe; 8) Uk
k>0

where at the order k < m, with m the number of ions in the smallest cluster
of ions, the coefficient di is obtained using the eigenvalues of the square well
potential. In the attractive case, (U < 0), we just have to replace "ions" by

"holes".

2. For U = =, we have

2
EN (U =i pd) = —=(1-p) sin[n%]

1
+ — [A(pe,p) + B v; pes Pi)] (33)
vq
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where : A (pe, pi) + B(V; pe,pi) > 0 forpe#0 or (1-py)

and

A (pe, pi) = 1—%sin(np—ej—(l— 2pe]cos (n Pe J (34)
T 1-pi

B=0 (v1).

3. We should note that cj(pe ; v) > 0 (Eq. 29) and for v — = we have

. 1-pi Pe ]
lim ¢y (pe) = 2 [1 - sin (2 T—) (35)
Lo 1 Pe Pe 2 7pe 1-p;

4.  Using standard perturbation theory one can show that the asymptotic
expansion converges. The question however whether the radius of
convergence can be bounded by a constant independent of v (or a) remains
open.

3.4. Bounds on the Ground State Energy

Using Egs. 22, 19, 18, it is possible to derive upper and lower bounds for &y :

b2 <
6, = T (1"5)[1 +cos (1K)] S

form=1 :<

. 2. g
By=7 A+ [1+cos AK)S

form=2 :
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where the constant ci ,c. , ¢, c"are independent of (U, a, m) for U > U,. For
example, for U > 8 we find ci =4, c; =12, ¢ = 5,c"= 27

From the bounds on 85, we can then obtain bounds on the energy levels

nx - O nn o (nmx
E,,:—Zcos[a1+1 ], C=cos(a+lJ ;5 = Sm(a+1)

form=1

,

1 4 1
EnZ—ZC—U1a+1 [1+-—I~j-] [1 + cos(1 K)] S2

o

4
En<-2C-Ul (l —-—1) [1+ cos(1 K)] S2

c

a+1

whereD; =135 and D;=7 for U>8§,

form=>2

D
E,>-2C-U1l : (1+ ]52

a+1 U

"

4
Ep,<-2C-Ul [1—-])—) g2

a+1 U

whereD' = 37 and D" =22 for U> 8.
3.5, Results

Using the bounds on the energy levels and Eq. 31, we have the following :

Proposition 4

n  _
T 0= 1, 2, ..., a, where

For the ion density p; = %and the electron density pe =

l=vq, a= vq(l-pj), the ground state energy is given by
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2
EU, pe;p) = - 1‘{’(1 - pi) sin (RTPL) +

Pi

1
+ - {A(Per pi) + B(V; pe, pi)
vy

~aleV) (1, o) v (36)

1-pj + EI-

where IO(U'l)l <D U with D independent of (pe, pj, V) for U > U, (we have
given explicit value for Uy = 8), and ¢1 (pe; V) > 0 is defined by Eq. 29.

Theorem

i)  For pe =1-pj and U sufficiently large the crenel configuration with minimal
energy corresponds tov = 1.

ii) For pe <1 - pj, there exists U (pe) such that for U > U (pe), the segregated
configuration (v = ) has minimal energy.

Proof

i)  For pe =1 - pj, we have obtained

2
E(U,pe,pi) = —— Ul + O@WU3)
vq

and we have explicit bounds on the rest, which do not depend on v.
Therefore, if U is sufficiently large, the configuration with v = 1 will have
minimal energy.

ii) For pe <1-pj, the coefficient of v-1 in Eq. 36 is positive for U sufficiently
large and thus the energy decreases as v — . In fact, for v — oo, it follows
from Eq. 34 and 35 that the coefficient of v-1 in Eq. 36 is :
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(-} =1 = sin( _Pe_)_ _2pe cos [ _pg_J
T 1-pi 1-pj 1-pi

L (ane — sin (Zn —pE—D (1+0 @) Ut

n \1-pj 1-pj

This last expression indicates that the value U (pe), at which the segregated
phase appears, is an increasing function of pe (Figs. 6,7).
f

\

14

0.5+

’Tf'/z T;'
2 2
Fig.6: f1(y) =1—;siny —[1—%} cos y

1 .
f2(y) = ; (2 y —sin (2 y))

%

1-9i - ——

Ve

Fig. 7 : Phase diagram for the crenel

configurations with p; = 2

5
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Corollary

For any ion density p; =% there exists p‘; =p ; (U; @ and p; = p; (U; @) such that

Qo

for pe < pé, the configuration with v = (= segregated configuration) has

minimum energy, while for pe > p; it is the configuration with v =1 (fig. 7).

This corollary is a direct consequence of the theorem together with the convexity
property of E (pe).

Remark

We have established Proposition 4 only for discrete values of the electron

n
density, i.e. pe = va (recall that p; = %} However, the two main points of the
q

proofs are the existence of uniform bounds, and the fact that :

1
E(U; pe, pi) = Eseg (pe, pi) + - [oe= P U]

where o and P have a limit as v — o with & >0 if pe < 1-p; and a =0 if pe = 1-p;.

In other words, the increase of kinetic energy and the decrease of potential energy
are both proportionals to v-1. These two points will remain valid for

nl<pe<(n+1)L
4. Concluding remarks

We have shown that the crenel configuration with minimal energy is

given by the periodic configuration with period q (pj = %] if the electron density

pPe is such that p; < pe < 1-pj (or p; < pe < pj in the attractive case U < 0); on the

other hand if pe < p'e it is the segregated configuration.

However, it should be stressed that we do not infer that the crenel
configuration with period q is a ground state (with respect to all possible

configurations). Such a statement is in fact wrong for ion densities p; = % with

2 £ p £ ¢-1; indeed in such cases we can always consider the mixture of the
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1
configuration pj = 5 with period 2, and the configuration p; =0 (if 2p <q) or p; = 1

(if2p=q),ie.
N S N T
if2p<q: s = qP1[2]+ q pi [0]
’ 1 2p-
if2p 2q: s=2gﬂaﬂpi [§]+—Pa—q‘pi[0]

From Eq. 30, we have :
2
if 2p < q: E(pes) = —aEU'l +OUd -
if 2p 2 q: E(pes) = —%E Ul + oUd
On the other hand, for the periodic configuration with period q
2 1 3
E(pe) = -= U™ + O(U™)

q

Using the explicit bounds we have obtained, we can find Uy such that for U > U,
the mixture configuration has energy smaller than the periodic one. Therefore for

ion densities pj = p/q, with p # 1 or g, the crenel configuration with period q is not
a ground state configuration for pe = 1-pj (or pe = p;i if U < 0).

1 1
What is the situation for pj==and pj =1 - q ? We shall discuss only the case

q
1 1
pi=1- a (i.e. pj = -C-l for the attractive interaction U < 0). In this case a = v, and
thus, for the periodic configuration with period q (i.e. v = 1), we obtain from
proposition 2 with n=a =1, cos (1K) = -1 :
Epx = -2U1 +0@U3 ifg>2
EjL, xk =0 ifq=2

It follows that the tangent of the function E (pe) at pe = 1 - p; will intersect Eseg (Pe)
if

2
Elpe=1-pi) > - (1-pi) .
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But we have seen that

. L 0 LB
E(pe= 1-py) >—q (1+U)U

Therefore, at least, for U > 12, we can conclude that the convex envelope of the
functions Eseg (pe) and E (pe; s), with s the periodic configuration with period q,

1
coincides with E (pe; s) only at pe = 1—p; (: -(i)

Proposition 5

1 1
Forpi=1- a(or pi= a if U< 0) the periodic configuration with period q can be a

ground state configuration only for pe =1 - pj (or pe = pj if U < 0). Furthermore,
there exists pg = pg (U) such that for p§ < pe < 1 — pj, the mixture of the segregated

and the periodic configuration with period q, has energy smaller than the other
two configurations; for pe < pg the segregated configuration has energy smaller

than the periodic and the mixture.

The last question which remains open is thus to prove that the crenel
configuration with period q is the true ground state with respect to all

configurations. To illustrate this point, let us consider the densities pj = 3 and

3 1
pi = 7 (U > 0). Taking mixtures consisting of the configurations p; = 5 and p; = 0,

we notice that, at the order Ul, the periodic configuration and the mixture have
the same energy. However, as it is shown in the Appendix, at the order
U2 the periodic configurations have energy smaller than the mixture. In the case

1 1
pi=7 we could then consider a mixture of p; = gand pi = 0; going to the order U3
we see again that the periodic configuration has energy smaller than the mixture.
1 1
We are thus led to conjecture that for pj=1- = (or pi = aif U< 0) the periodic

q
configuration with period q is the true ground state.
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Appendix

5 1
The case pj = q Pe = q is particularly simple since it corresponds to
a=1and thus n = a =1 in Eq. 21 (for the attractive potential U < 0 it corresponds to

1
Pi=Pe = a)-

1
For pj = 5, the energy spectrum is known exactly and for the levels in [-2, +2]

we have :

U U T
E =T—‘\j(7)2+(2cosK)2 KzN—O{l,Z,...,No}

which gives the expansion
E=-2(1+cos2K) U +4(1+cos2K?2U? +0 (U) (A.1)

and for the ground state energy

1 1
EF(Pe=§}Pi=§) =-Ul+3u? +0oW) (A.2)
’ g-1
For arbitrary q 23 , p; = q

E 2 si S
= - Slni

and Eq. 21 yields, withm=q-12>2,

E = —¢ —cos (qK) [ch (m 1<:)]'1 (A.3)
with

e=2U! + 3EU? + 41+E)U? + 15EU*

+ 12U0°% - gy 4 yu2ml 4 o) (A.4)



692 Gruber H.P.A.

[hm ] =2U™ 1 +mEUT+mUD + OUY)
At the order U we thus have for the energy levels
E=-2U"4+2U3-2cos(gK) [U? 8q;3 + U3 8q;4]
(where 8q;n is the Kronecker symbol)

and for the ground state energy

N_2 g1, 3 5
Ep(pe—q)-—q [-u?! + U? + owWDH] (A.5)

Therefore the ground state energy per unit period (i.e. q Ep) for q=3is
smaller than for q = 2, (for large U).

At the order U™ , wefind :
for q = 3
E=-2U!'+2U3%-2U®

—2 cos (gK) [U'2 - 5U% - 4 cos (gK) U'5]

N2, 0 0 e oW
Ep(pe- q)-q[U + U3 -Ud + 0] (A.6)

forq=4
E=-2U"1+2U3-4U%-2cos(gK) [UZ-6U7]

Ep (pe= %) ==[-ul+ud-2U3%+0wWM] (A.7)

LDIN
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forqz5
E=-2U"+2U%-4U%-2cos(qK) [U*8q4 + U 8g5]

N2yt s udoout 7
EF(pe—q)-q[U +UB -2U% + 0w (A.8)

Therefore the ground state energy per unit period for q = 4 (Eqs. A.7 and A.8)
is smaller than for q = 3 and q =2 (Egs. A.6, A.5).
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