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Local Correlation Functions for Mean-Field
Dynamical Semigroups on C*-algebras

By N.G. Duffleld
School of Theoretical Physics, Dublin Institute for Advanced Studies,

10 Burlington Road, Dubhn 4, Ireland.

(19. XII. 1990)

Abstract. We study the dynamics of local correlation functions in dissipative

mean-field systems. This is done by extending the abstract notion of a mean-field dynamical

semigroup on a C*-algebra given in [1] from an evolution on site-averaged observables,

to one on a class of local observables. Conditions are established under which this generalized

mean-field dynamics factorises, in the thermodynamic limit, into contributions from

disjoint regions. Correspondingly, the nested correlation functions factorise into contributions

for single site observables in this limit. We demonstrate that these conditions are

satisfied for a large class of model systems.

1. Introduction.

In this paper we extend the theory of mean-field dynamical semigroups, as

described in [1] to include the mean-field dynamics of local observables. We formulate

general conditions under which all nested local correlation functions factorise into
contributions for disjoint regions in the thermodynamic limit. We show that these conditions are

satisfied for a large class of model systems. First we recall the main features of mean-field

dynamical systems, and summarize the results on which the present work relies.
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Mean-field dynamical semigroups are used, implicitly or explicitly, to analyse

the dynamics of dissipative quantum systems in the thermodynamic limit. Following the

example of Hepp and Lieb [2] in their treatment of the dynamics of the laser, many other

models have been treated by various authors. These include, for example, the BCS model

[3] H. Fröhlich's model of non-equilibrium boson condensation [4,5] and the boson gas

relaxing to thermal equilibrium [6,7] Although these models differ in detail, they have

the following common features: (a) a sequence of systems indexed by a volume parameter;

(b) for each volume a dissipative quantum dynamics, and (c) a relationship between the

generators of the dynamics for different volumes, which essentially specifies the mean-field

nature of the model. At each volume, the dissipative quantum dynamics is obtained from

the hamiltonian dynamics of a larger system (the system + thermal reservoirs) by isolation

of the dynamics of the system variables through some limiting procedure (for example, the

weak-coupling and long-time limit). A review of these matters can be found in [8]

Building upon some of the original notions of [2] and their abstract generalization

in [9] a general theory of mean-field dynamical limits has been obtained in [1] as we shall

describe shortly. First we outline the mathematical description of intensive observables,

as given in [9] (but using the notation of [1] The sequence of systems is labelled

by the positive integers. The nth system comprises n sites, at each which sits a copy

of some C*-algebra A with identity I. The observable algebra of the nth system is

An: the tensor product of n copies of A (completed in the minimal C*-cross-norm). If
Xm 6 Am is an m-site observable for some ra £ IN, then for each n > m we can form

the observable Xn by averaging Xm over all n sites i.e. by averaging Xm (g) ln-m over all

automorphisms of An induced by permutations of the n sites. We shall denote this process

by the operator jnm, so that in the above case Xn jnmXm. To illustrate, if X\ £ A
then j21Xt |(Xi ® 1 + I ® X^ G A2.

The sequence of resymmetrized observables (jnmXm)n>m. will be called strictly

symmetric. From the mean-field point of view, we can say that an arbitrary sequence

n r-+ Yn, with each Yn in An, represents an intensive observable if it can be approximated

uniformly in n by strictly symmetric sequences, i.e. if for all e > 0, there exists a strictly

symmetric sequence iihIJ and an n£ € IN such that \\Yn - X%\\ < e for all n > n£.

Such sequences will be called approximately symmetric. Of course, all strictly symmetric

sequences are also approximately symmetric.
From the thermodynamic point of view one expects that multiplication of intensive

observables should be commutative in the thermodynamic limit. Correspondingly, it is a
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combinatorial result from [9] that for two approximately symmetric sequences X. and Y.,

lim \\XnYn - YnXn\\A- 0 ¦
71—»OO

This is a reflection of the fact that for approximately symmetric sequences, most of the

factors in the tensor product are occupied by simply the identity element 1. Now, we can

consider limits of approximately symmetric sequences as follows. In [9] the existence of
the limit Xao(p) limn_>00(pn,.Xn} is shown for all approximately symmetric sequences

X. and states p in space K(A) of states on A. (Here, pn denotes the n-fold tensor product
state p®...pon An, and (•, •) denotes the canonical bihnear form between a C*-algebra
and its dual). If we consider the set of approximately symmetric sequences as an algebra

with n-wise addition and multiplication, the the map X. i-» -X«, becomes a homomorphism
from the set of approximately symmetric sequences onto the algebra C(K(A)) of weak*-

continuous functions on the state space of A. That this latter algebra is commutative is

simply a reflection of the limiting commutativity of approximately symmetric sequences.

Having set up the general framework for intensive observables, we now turn to
the question of dynamics, as described in [1] Suppose that for each n G IN as strongly
continuous semigroup of completely positive maps (Tt,„)i>o on AA is given. We naturally

say that the sequence Tt|. has good mean-field properties if it preserves the set of intensive

observables i.e. if it maps the set of approximately symmetric sequences into itself. It is

natural then to attempt to define a limiting semigroup on C(K(A)) via (TttOO)t>0 via the

formula Tti00X00 (T^.X.)^. In [1] it is shown that this can be done when Tt>. satisfies

a reasonable continuity condition. Moreover, a complete theory of mean-field dynamical

semigroups on C*-algebras is obtained, paralleling the theory of contraction semigroups

on Banach spaces.

In certain cases the limiting evolution is implemented by a continuous flow (Ft)t>o

on the state space: (Tt|00X00)(p) X^Ftp). (The non-linear differential equation for the

flow is just the Hartree equation). So it follows that the limiting evolution is a

homomorphism: (Tti00(X00Y00))(p) (Tti00X0O)(p)(Tti00yoo)(p). In this case the correlation

functions for intensive observables in product states factorise in the limit n —? oo. For

example, for approximately symmetric sequences X.1,... X.k,

Jim (pn,Ttun(X1nTt„n(X2n ¦ ¦ • Ttk,nX£)...))) (1.1)

(Ttu^XlcTtt^Xla Ttkt00X^,).. ,)))(p)

(îfaoo^coXp) (î*i+t2,oo^)(p) • • - (Ti1+t2 + ...+tk,0oX00)(p)
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We remark that in all the physical examples mentioned, the generators Gn of the

semigroups Tt,n are polynomial in the sense that each Gn is obtained by symmetrization
over n-sites of some fixed generator acting on the algebra of a finite number of sites. General

theorems establishing a limiting dynamics obeying the factorisation conditions (1.1) had

been given previously only for classes of models in which the generators are polynomial in
the sense described, and bounded (possibly with the addition of an unbounded hamiltonian
one-site term), [10,11] sometimes with the requirement that A be finite dimensional [12]

or that evolution be hamiltonian [13,14,15] As is shown in [1] the class of models for

which the limiting evolution is implemented by a flow is somewhat wider, and includes

models in which the generator is not polynomial. Generators of this class occur in lattice

systems for which the interaction does not link just finite numbers of sites. We emphasize,

however, that mean-field dynamical limits need not be implemented by flows: in [1] an

example is given in which the limit is diffusive.

We turn now to the central matter in the present paper, namely local correlation

functions. By this, we mean that we want to consider expressions like eq. (1.1), but
when the X.3 are not approximately symmetric. In certain cases, and for certain choices

of the X3, the existing framework suffices. For example, if Tt,n is itself invariant under

permutation automorphisms, then we can estimate the correlation functions for two single

site observables in a product state as follows:

(pn,{A®ln-i)Tt,n{l®B®ln-*)) (pn,(jniA)Tt,n(jnlB)) + 0(n-1) (1.2)

Thus we could estimate the RHS of eq. (1.2) by using expressions of the form in eq. (1.1).

The estimate relies on the fact that A and B lie in the algebras of different sites in the tensor

product An. To treat arbitrary correlation functions is an awkward combinatorial problem.

What we do in this paper is to introduce a mean-field dynamical formalism which takes

care of the combinatorics for us. It has the added advantage that we are able to treat states

which are not simply products (or linear combinations of such states): we may also consider

suitably local perturbations of such states. In this way we are extending the formalism of

[1] which was designed to treat only the dynamics of approximately symmetric sequences.

We finish the introduction by outlining the contents of the remainder of the paper.
In section 2 we give the theory of partially symmetric sequences. Briefly, this is

a follows. Let 7 be a finite subset of IN. For n > m, maxie/{i}, we define the partial

averaging operators j^m on Am by setting jimXm to be the average of Xm <g> l„_m over

all automorphisms of An corresponding to permutations of {1,.. .n} which leave the set
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I pointwise invariant. For example, if I {1}, then for any Xi £ A, j„i Xi X\ ®

In-i- A sequence of observables (JnmXm)n>m wiU be called strictly /-symmetric, and we

have a corresponding notion of approximate /-symmetry. Using some ideas from [9] we

show that the limiting objects of such sequences form the algebra C(K(A), A1), of weak*-

continuous functions on the state space of A which take values in A1. For the sequence

n h-> jnl Xi this limit is X\ ® lc(K(A))- Now the limit algebra is no longer abelian in

general. However, we show when I and J are disjoint finite subsets of IN, and X and

Y are approximately /-symmetric and /-symmetric, then their product, regarded as an

(/U J)-symmetric sequence, has a limit in C(K(A), AIuJ) which takes the form X^ ® Y^
for some *£, e C(K(A), A1) and Y£ £ C(K(A), AJ).

In section 3 we turn to the question of dynamics of approximately /-symmetric

sequences. We formulate the notion of a mean-field dynamical limit on C(K(A),AI) for
each finite / C IN. We say that a family of semigroups T%. is approximate /-symmetry
preserving if it maps approximately /-symmetric sequences onto approximately /-symmetric

sequences. One constructs a general theory of these mean-field limits in a way entirely

analogous to that used for the case / 0 in [1] The limiting evolution, which we will
denote by T*i00, is a contraction semigroup on C(K(A),AI). The analogue of the homo-

morphism property for the present case is the factorisation of the limiting evolution on for

disjoint finite subsets of IN i.e. Tfê Tf ® T/ when / n J 0. In section 4 we show

that when this factorisation holds, all multi-time and nested correlation functions factorise

into contributions over single sites. Note that the present method does not give any easy

method for calculating multi-time correlation functions for one site alone. However, there

are certain systems for which these can be calculated for a sufficiently large subalgebra of

one-site observables [16]

In section 5 we show that that mean-field dynamical semigroups with bounded

polynomial generators have the disjoint homomorphism property. In fact, it is possible to
show the same for the class of approximately polynomial generators described in [1]

In an appendix, we return to the subject of mean-field dynamical semigroup for

fully symmetric sequences. We investigate the conditions under which limiting flows

preserve the set of normal states when A is isomorphic with a von Neumann algebra.

Finally, we mention the fact that the present work is not limited in application to

homogeneous mean-field models. Following [17] one replaces the one site algebra A by

the algebra C(X, A) of ,4-valued continuous function on some compact space X. In this

way one can treat (for example) lattice models with a spatially varying interaction. The
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thermodynamics of such models has been treated in [18,19] while their (fully symmetric)

mean-field dynamics is treated in [20]

2. Sequences with partial symmetry.

We start this section by generalizing the notion of symmetric sequences, to

sequences which are symmetric only under a subgroup of permutations. In what follows, for

any C""-algebra A with identity 1, A* denotes the dual of A, (•, •) : A* X A -> C denotes

the canonical bilinear form between .4* and A, K(A) {p £ A* \ p > 0, (p, 1) 1} is

the state space of A, and A+ denotes the set of positive elements in A.

Let A be a C*-algebra with identity 1. Let us associate with each positive integer

i a copy, A[i}, of A. Let / be an finite subset of IN, / {ii,... ,i\i\}, where |/| denotes

the cardinality of /. Denote by Imax the largest element of /: Imax maxj.=1|...i|j|{ijfc}.

All subsets of IN specified henceforth will be taken to be finite, but we shall occasionally

reiterate this. For every such set /, A1 will denote the tensor product of of the (A{ij)i£i,
completed in the minimal C*-cross-norm [21] 1 j wiU denote the unit in A1.

The choice of completion has important consequences for the continuity of
certain linear functionals on the tensor products. For any finite / C IN and any collection

{wi,.. .f|j|} C K(A), the linear functional u>i ® W|j| on the algebraic tensor product
A®'1* has an extension to A1 which is a state. If all Wi are equal to some w we will write

the corresponding state on A1 as cfa. It follows from Corollary 4.25 of [21] that for any

finite/C IN andX G A1, the map (K(A))W 3 (wi,.. .W|j|) >-» (wi8...wj/|)(I) is weak*-

continuous. In particular, this means that for any disjoint finite subsets / and / of IN and

state ui in K(AJ), then for any B £ Aluj there is an A £ AJ such that (u ®<r,B) (er, A)

for all a G K(AJ). In the following, for a C*-algebra B, C(K(A),B) will denote the space

of continuous functions on the state space of A (with the weak*-topology) taking values

in B (with the norm topology). C(K(A), C) will be denoted by C(K(A)).
We wiU adopt the convention on lower case subscripts and superscripts as follows:

An denotes the algebra A^1'-"*>, pn is the state p*1'-¦¦"> on An.

Let Sn be the set of permutations of the numbers {1,2,..., n} and for each 7 G Sn

we define iry to be the automorphism of An induced by it. Thus for A1,... ,An G A we

have tt-^A1 ®... ® An) A^ ® ® A^fa For / with Imax < n we define S„(I) to be

the set of permutations in Sn which leave / pointwise invariant.



616 Duffield H.P.A.

For each n and each / with /mal < n we define the injection ini '¦ A1 —> An by

inlX X ®1 {i „jyr i

i.e. by tensoring with the identity on all Ayy for j £ I with j < n. For n > ra and / with
/max < n define j^m : Am -^ An by

Thus jnm is the average of inTOXm when operated on by the set of all permutation
automorphisms of An which leave A1 invariant. The operators j'*m are identical with the

operators jnm as defined in [1] for all n, ra G IN.

For each fixed finite /, the operators jInm are consistent in that they satisfy

j1 oj1 =jIJnm Jmr Jnr

for r < m < n with Imax < ra. Restricted to j^mA™ each j^m is injective. Thus we

can consider abstractly the spaces j^nAn together with the maps j„m as an inductive

system of vector spaces. Since each j^m is a contraction in the given norms on Am and AA

the inductive limit carries a natural seminorm: for an arbitrary sequence (X„)ngK with

Xn G An we write

||X||=limsuP||Xn|| (2.1)
n—»oo

For each finite / C IN we single out from the set of all sequences (Xn)n£N those

in the inductive limit space: those sequences I:tiH jinAn for which for some ra0 G IN,

Xn inmo^m0 for all n > m0,Imax. Such sequences will be called strictly I-symmetric,
and the number ra0 will be called the degree of the sequence X as defined above. The

set of all such sequences will be denoted by y1. Let p G K(A) and let a be an arbitrary
element of (A1)*, the dual of A1. For Xn G An we define j£,nX„ G C(K(A), A1) by

W,(jLnXn)(p)) (<T®p{1-'n}V,Xn)

For strictly /-symmetric sequences this is independent of n for n sufficiently large. Trivially,

X^ ^irD.n-,ooJÌonXn exists as an element of C(K(A), A1).

A sequence X. : n i-> An is called approximately I-symmetric if for all e > 0

there is an n£ such that \\Xn - j^mXm|| < e for all n > ra > ne > Imax. For the latter
statement we also write

lim \\Xn-jimXn\\=0
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The set of approximately /-symmetric sequences will be denoted by y1.
Now, for each strictly I-symmetric sequence X, we can think of Xn as a element

of A ® i(n-i/|)(n-|/|)-4™_'J'. This means that for each fixed /, the set of approximately

/-symmetric sequences are approximately symmetric in the general sense of [9] Having
established this correspondence, we quote the following result from [9,§4] but using the

present terminology.

Theorem 2.1. [9] Let I be a fixed finite subset of IN. Then

(1) For all X £ j)1, \\X\\ lim^,» \\Xn\\ exists, and j>J is the completion of y1
in the seminorm (2.1). Furthermore, y1 is closed within the set of all sequences

n h-> Xn £ An in this seminorm.

(2) y1 is an algebra with the operations of n-wise addition (X., Y.) t-> X. + Y. and n-
wise multiplication (X.,Y.) h-> X.Y.. Furthermore, y y* is commutative under

the seminorm (2.1) in the sense that

\\XY - YX\\ lim \\XnYn - YnXn\\ 0
n—»oo

for all sequences X. and Y. in y.
(3) For all X £ y1, X^p) hmn^00(Ji>nXn)(p) exists in the norm topology of A1,

uniformly for p £ K(A).
(4) The map j>J —? C(K(A),AI) : X -» X£, is an isometric *-homomorphism from

y1 ontoC(K(A),AI).

Note that in future we shall omit the label "0" when / is empty: in this case

our notation becomes identical with that of [1] We remark that the proof of (2) given

in [9] is based on a decomposition of the product of two strictly symmetric sequences

Xn jnxXx and Yn jnyYy as

XnYn y£2cn(x,y;r)jn(x+y_r)((Xx <g> ls_r)(lx_r ® Yy))

x\y\(n — x)\(n — y)\
Here

cn(x,y;r)
n\r\(x — r)\(y — r)\(n +r — x —y)\

is the proportion of permutations 7 of {1,... ra} such that the intersection of {1,... x}
and {7(1), ...7(1/)} has r elements. The size, r, of this intersection will be called the
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overlap. The result (2) follows from the observation that except for r 0 all cn go to

zero. One shows readily that cn(x,y;r) ~ n~rx\y\ / (r\(x - r)\(y - r)\). Entirely similar

decompositions are made when dealing with /-symmetry.
For any / C IN and S C j>J we shall define S^ C C(K(A),A!) to be the set

{X^ | X £ S}. A subset V C jfa will be called dense, if all elements of y1 can be

approximated in seminorm by elements of V. This is equivalent to saying that V^ is

dense in C(K(A), A1). We define V1 3^. Clearly V1 is an algebra in C(K(A),AT)
and since y1 is dense in y1, V1 is dense in C(K(A), A1). V1 can be regarded as a dense

polynomial subalgebra of C(K(A), A1).

Proposition 2.2. Let I C J C IN, with J finite. Then

(1) For n > Imax and ra > Jmax

Jnm Jmr Jnr

(2) Let the sequence X. be approximately J-symmetric. Then the sequence n h->

jnnXn is approximately I-symmetric.
(3) Let the sequence X. be approximately I-symmetric. Then X. is also approxi¬

mately J-symmetric, and X^ X^ <g> 1 j\/.

Proof: (1)

i"~°i"r=(n-m)!(m-|J|)! ^ ^ *7wryw

(n-\I\Y(m-\J\Y ^ ^ *7*V*«r

Since / C J C JU{m + l,...,n}, every permutation in 5n which leaves .7U{m-|-l,.. .,n}
pointwise invariant also leaves / pointwise invariant: Sn(I) fifi> Sn(J U {ra + 1,... ,ra}).

Furthermore Sn(I) is a subgroup of 5„, so that for any 7' G Sn(J U {ra + 1,... ,ra}) the

set {7T77ry : 7 £ Sn(I)} has the same elements as the set {7r7 : 7 G Sn(I)}. Thus

•/ -j _
1 v^ _ •/

Jnm ° Jmr ~ r _ i t-i\| / t ^i%nr — Jnr
{n il)--,esn(i)

(2) Let X. £ yJ. By Proposition 2.2(1) above, jnnXn - j^jLm^m jL(Xn -
Jnm-X-m)- Thus, since j^n is a contraction

lim \\jLXn-jinXmWK lim \\Xn - jZmXm\\ 0
n*>m—>oo n>m—>oo



Vol. 64, 1991 Duffield 619

so that n i-* i„nXn is approximately /-symmetric.
(3) First note that it suffices to prove the assertion for all X. which are strictly

/-symmetric: for then any approximately /-symmetric sequence can be approximated

uniformly for large enough ra by sequences which are approximately /-symmetric, and

is hence itself approximately ./-symmetric.
For notational clarity we will set a |/| and b \J\ Let X. be strictly /-

symmetric, so that Xn j^mXm for some ra and all ra > m. Clearly we are free to

pick ra to be not less than Jmax. Then

sP + sp
where

and

<->n — / \i 7 f-ylnm^f]
(ra — a)\ ¦*—'

t(J\/)C{"»+1. -¦-."}

^'nm^^m j

«S(2) - 1 V Tr i Xn ~
(ra - a)! ^ *7»»m*m

1(J\i)Z{m + l n>

5„ derives from those 7 G Sn(I) for which the AJ^r component of 7r7inmXm is simply

lj\j. We will show that the sequence ra k* 5„ is approximately ./-symmetric, while

lim«-,«, 5Ì2) 0.

Now the number of terms the sum Sn is precisely (ra—a)!(l—cn_0(6 — a,m—a; 0).

Since Umn^oo cn_a(6 — a, ra — a; 0) 1, we have that limn-»,» Sn 0.

Let 7' be any element of Sm+b-a(I) for which 7*( J \ I) {ra + 1,..., ra + 6 - a}.

Then

c(i) _ (w - mY- V* • ¦ v^n - T j 7TT7 T7 > 7T-yln (m+b-a^yHm+b-a) m-^m ¦
(ra + a - m - 6)!(ra - a) '—'

But (ra - 6)!(ra - m)!/(ra + a - rra - 6)!(ra - a)! cn_a(6 - a,ra - a; 0) which converges to
1 as n —» 00. Comparing with the definition of j^m we see that

Xn c„_„(6 - a, ra - 0; 0)j^ (TO+i_„)Wy t(m+i_a) mXm + 5n

Thus

Jirn^ ||X„ - jn (m+i,_a)7r7'i(m+6-.a) mXm|| 0
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so that X. £ yJ. The particular form of X^, derives from the fact that in each S„ the

A \ factors are occupied by In j. ¦
Corollary 2.3. Let Ix /j. be a finite collection ofdisjoint finite subsets of IN and set I
Lr*,=1/jfc. Let I £ IN and let a be any map of {1,... ,1} into {1,... ,k}. Let X.M,... ,XW
be a collection of sequences such that XM'i £ j)1"!'') for all I' £ {1,...,£}. Define the

sequence Y. by

rB xW...iW (2.2)

For each k' £ {1,..., k} form the sequence ZSk 1 from the right hand side of equation (2.2)

by replacing all X[n] for which ct(l') ^ k by the identity in. Then Y. lies in y1, ZW lies

in y1"', and

YL Z^t®---®Z{k]t • (2-3)

Proof: By Prop. 2.2(3) for each £' £ {1,... ,£}} the sequence XJz'l is approximately /-
symmetric, and as a product of approximately /-symmetric sequences, so is Y. By Proposition

2.2(3) each X^ hes in C(K(A), A1*«') ® l/\/a(0)- Since the Iv are disjoint X^
and X^ 1 ^ commute when ot(£') ^ ol(£"). For each k' we gather together the contributions

to Y£ for all I' such that a(l') k' together as Z^'^' ® l/\/fc, • So Y^ factorises over the

A1* yielding equation (2.3).

3. Mean-field dynamical limits and the preservation of I-symmetry.

We continue the conventions of the previous section. For each ra G IN and t £ IR

let Tt|T1 : An —> An be a completely positive, identity preserving contraction, such that for

fixed ra, (Tt>n e'Gn)t>0 is a strongly continuous one-parameter semigroup on An with

generator Gn.

From a physical point of view one can say that the family (T<|71)ng]N has good

mean-field properties if is maps approximately symmetric sequences into approximately

symmetric sequences, i.e. if for all X £ y and t > 0 the sequence ra —> Tt,nXn lies in

y. If this is the case, one naturally tries to define a limiting evolution Ttt00 on the limit

space C(K(A)) by T^X,» (T^.X.)^. It not a priori clear that Tt<00 is well defined as
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a strongly continuous contraction semigroup on C(K(A)). However, in [1, Theorem 2.3]

it shown that this is the case if and only if the set of sequences {X. | Xn G Dom(Gn) :

||GnX„|| uniformly bounded } is dense in >'• We will not repeat the proof of this result:

it occurs as a special case of the generalization which we will make.

We now seek to extend the general results of [1] to sequences of semigroups

which for some finite subset / of IN preserve approximate /-symmetry. We will say that a

sequence ra t-> Tn of uniformly bounded linear maps on An is approximate I-symmetry
preserving if for all X G y1, the sequence ra h-> TnXn is approximately /-symmetric.

Lemma 3.1. Let I be a finite subset of IN and let T. be a sequence of approximate

I-symmetry preserving maps. Then T^ : X >-> (T.X.)^, is well defined.

Proof: Let X £ y1 with X£, 0. Then

||(T.X.)^|| lim UTnX.ll < sup ||T„|| lim ||X„|| 0
n—»oo n£K n—>oo

As remarked in [1] the existence of a limit for sequences of unbounded linear

operators is not so clear. For each ra G IN let Pn be an unbounded linear operator on An

with domain Dom(Pn). For each finite subset / of IN, we denote by Vom1 (P) the sequence

space

Vom^P) {X £ y1 | Xn £ BomPn for all ra and P.X. £ y1}

In view of Proposition 2.2(4) we see that when I C J, VomI(P) C VomJ(P).

If Tt). is approximate /-symmetry preserving, then by Lemma 3.1 the map Ttoa on

C(K(A), A1) is well defined. For X G Vom1 (G) we can try to define a limiting generator on

C(K(A), A1) by G^ : X4 H4 (G.X.)^ with domain (Vom1(G))1^. We see in the following

theorem, that under very reasonable conditions on the Gn, G^, is not only well-defined,

but that Ttoo is a strongly continuous contraction semigroup on C(K(A), A1) which has

Gqq as its generator.

Theorem 3.2. For each ra G IN let (Tt]„ etG")t>0 be a strongly continuous semigroup

of completely positive contractions. Let I be a fixed finite subset of IN. Then the following
conditions are equivalent:

(1) For each t, Tt]. is approximate I-symmetry preserving, and the set of sequences

X with Xn G Dom(Gn) and ||G„X„|| uniformly bounded is dense in y1.
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(2) The operator G^ with domain Dom(G^,) (Vom^G)) is well-defined, closed,

and generates a semigroup of contractions on C(K(A), A1).

Moreover, if these conditions are satisfied, Tjm etG°», and Ttl. will be said to have a

mean-field limit on C(K(A),AT), namely, T^.
We omit the proof of this theorem, since it can be obtained by repetition of the

steps of the proof of Theorem 2.3 in [1] using /-symmetry and /-symmetric sequences and

operators instead of their symmetric counterparts. For / 0, the above result reduces

to the equivalence (2)<4=>(5) of the theorem in [1] Although the above statement is

sufficient for our present purpose, note that all the statements in the theorem of [1] and

their proofs, generalize to the /-symmetric case.

For the case the ordinary mean-field limits on the commutative algebra C(K(A)),
it was demonstrated in [1] that for certain classes, Tt<0o is implemented by a flow on K(A).
(Note, however, that there are mean-field limits which are implemented by diffusions,

rather than flows). For such limits, the generator Goo is a derivation on its domain. If
the Gn are sufficiently local (in the sense that they are approximately polynomial) this

can be seen as a reflection of the combinatorial fact that commutators of approximately

symmetric sequences are null in the seminorm (2.1). If / /= 0 this is no longer the case,

and Goo n^ed not be a derivation even if Goo G^ is. However, we shall see that some

classes of generators do behave as derivations on certain sequences.

In the following definition we shall retain the usual assumptions that for each

ra G IN, t h-> TiiTl etGn is a strongly continuous one-parameter semigroup of contractions

on An with generator Gn.

Definition 3.3. For all finite I C IN, let Tv have a mean-field Emit T^«, on C(K(A),A*)
with generator G^. We shall say that the family of generators {G^, | / C IN : |/| < oo}
has the disjoint derivation property iff for all finite disjoint subsets I and J of IN and

for all X G Vom1 (G), Y £ VomJ(G) then XI00®Y^0£ Dom(G^J) and

G~J{xl®Yl)=GI00XIoa®Yl + Xl®GJoaYl> (3.1)

The strength of the disjoint derivation property is that if it is satisfied, we are able

to prove a factorisation property of correlation function for strictly local observables (i.e.

those of the from i„jX for some fixed finite / and X G A1), rather than just completely

symmetrized observables (i.e. those of the form jn/X). This property can be seen in its

simplest form in the following proposition.
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Proposition 3.4. For all finite I and t > 0 let Tt|. have mean-field limits T^ on

C(K(A),AI) and let the corresponding family of generators have the disjoint derivation

property. Then for I and J disjoint, X£, G C(K(A), A1) and Y£ £ C(K(A), AJ) then

T&J{xL®Y£)=Tl00Xl0®TtJiaoY<i (3.2)

Proof:

Tl£{Xl ® Yi) - T^Xl ® TtJ>00Yl

jfdsj-Ti^Tl^Xl ® TtJ_,>00Yi)

jf d.T™{G™{T{_.teoXi, ® Tf_.t00Y£)

- G'jTl^Xl ® TtJ_SiaaYi - Tt_.teoXL ® Gi,Tf_,t90Xi}

Now ||Tt^J|| is bounded, and it foUows from the general theory of contraction semigroups

(e.g. [22] that since X£, lies in Dom(G^) (resp. Yi in Dom(G£,)) so does T^X^
(resp. T^oqX^,). Thus the above expression is zero by virtue of equation (3.1).

We shall say that the semigroups Tt,. have the disjoint homomorphism property

if for all finite / C IN they have mean-field limits on C(K(A), A1), and if
furthermore equation (3.2) is satisfied for all t > 0, for all finite disjoint /, J C IN and

X4 G C(K(A),AJ), Y£ G C(K(A),Aj). A brief density argument shows that this is the

case if and only if
Tt%J T* ® Tfa,

4. Correlation functionals.

In this section we shall show how, for a mean-field dynamical semigroup (Tt|n)raeN

with the disjoint derivation property, the evolutions of /-symmetric sequences for different

disjoint subsets / of IN become independent in the limit ra —> oo.

Proposition 4.1: Multi-time correlation functionals. Let Tt,- be a mean-field

dynamical semigroup which has the disjoint homomorphism property. Let I\ Ik be a finite
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collection of disjoint finite subsets of IN and set I — U^/=1/jt. Let I > k and let a be any

map of {1,..., £} into {1,..., k}. Let XM,..., X^ be a collection of sequences such that
X&1 £ y1-*«') for all I' £ {1,... ,£}. Let (st>)/<=i,...,/ be a collection of non-negative real

numbers. Define the sequence Y. by

Yn (TSl,nXM)(T,„nxW)...(T,tinXW) (Al)

For each k' £ {1,..., ft} form the sequence Z\k'i from the right hand side of equation (Al)
by replacing all XJf1 for which <x(£') ^ k by the identity 1„. Then Y. lies in y1, ZW lies

in y1*1 and

Yi Z^®...®Z^
Remark: Since the Ttin are identity preserving, replacing any X„ ' by 1„ in Proposition
4.1 amounts simply omitting the factor Tä/,inXJ,£ ' from the definition of X^'L
Proof: This fohows immediately from Corollary 2.3 upon noting that since T«(. is

approximate /-symmetry preserving for all /, the sequence ra >-+ Ttt,>nXn ' is in y1"^') for

all £>£{!,...,£}

Proposition 4.2: Nested correlation functionals. Retain the assumptions of Proposition

Al, but define instead

Yn Taun(xWT3,in(xW...TUinxW)...)) (4.2)

For each ft' G {1,..., ft} form the sequence ZSk 1 from the right hand side of equation (Al)
by replacing all x]f] for which ct(£') ^ k by the identity ln. Then Y. lies in j>J, Z\k'^ lies

in y1* and

YI Z^®...®ZWI£

Proof: Let U. £ j)1' for some j £ {1,... k}, and let s > 0. Assuming the truth of the

proposition, then by Corollary 2.3 the sequence ra i-> UnYn lies in y1, and

(U.Y.)^ ZM£ ®...® UtiZÜW ®...® Z«£

Since Ttt. has the disjoint homomorphism property, we can use the factorisation of equation

(3.2) to conclude that

Tl,co(U.Y.)L (T&.Ä) ® g, (T^U^ZWA) ®...® (TJ^Z^)
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Since Ij is trivially approximately /-symmetric, we can use this argument for ra taking
in turn the values 1,1-1,...,2, using T,m,m(.x£ml TSl,nX$) in place of Yn, with

Xn in place of Un and sm_i in place of s, and hence conclude the statement of the

proposition.

¦
Example 4.3. Perhaps the simplest application of Proposition 4.3 is when Ik' {k1}
for all k', and X£ ' in{k>}W^ for k' a(£') and some V0£'] G >!{*'}• From Proposition
4.2 we obtain the factorisation of the nested one-site correlation functionals.

Now for any p G K(A) and a £ K(A!) we have

lim(<T®pV>~»}\I,Yn) (a,Yl(P))
n—>oo

for Y. given in either Proposition 4.1 or Proposition 4.2. So the limiting correlation functions

on sequences of products states on An with local perturbations on A1 may be calculated.

Note that the results also extend to weakly convergent sequences of states as defined

Def. III.2 of [9] In our extended formalism, these become sequences of states ipn on An

such that for a given / and for all X G y1,

lim <<Pn,Xn) / dp(p)(ap,XI00(p))
™-°° Jk(A)

where /x is some probabihty measure on K(A), and for each p G K(A), ap is some state

on A1.

Although Propositions 4.1 and 4.2 give a factorisation of correlation functions over

different sites, the mean-field formalism does not furnish any easy method for obtaining the

one site correlation functions. However, there are systems for which these one-site correlation

functions may be calculated for a sufficiently large subalgebra of one-site observables

[16].

5. Example: bounded polynomial generators.

In this section we give an example of a class of mean-field dynamical semigroups

which have the disjoint homomorphism property. This is the class in which the generator

G„ is obtained for all ra larger than some fixed g, by resymmetrization of Gg, and

multiplication by a scaling factor (n/g). Gg itself will be the generator of a norm-continuous

semigroup of completely positive maps. These are discussed in [23] and [24]
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Definition 5.1. A sequence of operators G. (Gn)n>g, with G„ G B(An) will be called

a bounded polynomial generator of degree g if
ra

Gn — Symn Gg
9

where Gg is the generator of a norm-continuous semigroup of completely positive unita/

maps on A3, and the symmetrization operator Symn : \Jm<nB(Am) ~* Ö(A") is defined

by

Syro^Gm -7 Y] ^(Gm ®idn_m)7r7
ra! *—'

-resn

for all m < n and Gm £ B(Am).

This type of generator occurs frequently in applications. However, the bounded

polynomial generators are certainly not the broadest class of generators possessing the

disjoint derivation property. Indeed one can extend the results of this section to treat

approximately polynomial generators, as defined in [1] One can show (see [1] that each

Gn is also the generator of a norm-continuous semigroup of completely positive maps on

An.

We will fix a dense subset of each y1 with which it will be convenient to work.

For each finite / C IN define y1 C y1 by

y1 {X G y1 : Xn 3Ìm(Xl), n > ra, lim X£ Xm G Am}
n—»oo

We shall call ra the degree of X G y1 and Xm its limiting element, as so defined. Clearly
y1 =y*^00 ^oo"

Proposition 5.2. Let G. be a bounded polynomial generator of degree g, and let I be

any finite subset of IN. Then y1 C Vom1 (G) and Gy1 C y1 ¦ Let the sequence X £ Si be

of degree x. Then G.X. is of degree g + x - I, and ||(G.X.)^|| < zHG^HIX^.

Proof: For notational simplicity we take the case that / {1,2,..., |/|}. This involves

no loss of generality since we can map any / onto this set with a suitable permutation, the

corresponding automorphism leaving the permutation symmetric operator Gn invariant.

Since we are free to choose x > Imax,

- Symn GgjlnmXx -jim Symn GginxXx
9 9
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We collect together all terms in GnX„ with the same overlap between G, and Xm. First
note that since each Ttn, is identity preserving, the terms of overlap zero vanish identically.

Second, note that since cn(x,y;r) 0(n~T), the contribution to G„Xn of terms of overlap
between 2 and xràn{g,x} — 1 is 0(ra_1). This leaves the terms with overlap 1, and one

calculates that

GnX„ ^cn(5,x,l)^ (9+x_1}ì JX^id,.-! ®Gg)^M(X^ ® ls-i) + Otra-1)

where 7(3/) is the element of Sg+x-i which exchanges y and x. (~y(x) is just the identity).
Since limn—ao(n/gx)cn(g, x; 1) 1, and since the terms of overlap greater than 1 have

degree less than g + x-1, GnXn lies in y1, and is of degree x+g-1. Finally,

IKG.X.O hm ||GnXn||<*||G9|| lim ||X»|| »||Gf ||||*,||.

Recall now that the set of polynomials V1 C C(K(A),AI) is defined to be y^.
The proof of the following Proposition is adapted from one in [1]

Proposition 5.3. Let G be a bounded polynomial generator with Tt,. etG- for all t> 0.

Then

(1) For all finite I C IN, Tt,. is approximate I-symmetry preserving.

(2) For all finite I C IN, Ttj. is a mean-field dynamical semigroup on C(K(A),AI)
with limit T^oo e<G~.

(3) V1 is a core for G^.
(4) The family of generators {G^ | / C IN : |/| < 00} has the disjoint derivation

property.

Proof: (1) Let g be the degree of G. and let X G j-*1 be of degree x. Iterating the integral

equation for Tt>n we write

T y — yC7™) _i_ j?(m)

where
m-1

4? E -i(Gn)'Xn
1>=0

and
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^t™ / dsm... j dsiTSltn(Gn)mXn
Jo Jo

By Prop. 5.2 (G.m)X. £ y1 for all ra G IN. T«,„ is a contraction. Thus

lim ||Tt,nXn-X«|| < — lim ||(G„rX„||
n—»oo ' 972,1 n—»oo

< \\Gg\r\\Xx\\Y[(x+P(g-l))

Now for a, 6, ra. G IN

771 — 1
H 771 — 1"*— J. rn— i

J>=0
"

p=0

_
/a + (ra - l)fc\ < 2a+(m_i)6

Thus

hm ||Tt,nXn - X™\\ < 2I+'-1(2»-1t||Gs||n|XI|| (5.1)
n—»oo

For t < t (29_1[|GJ||)~1, we can take the limit ra —* oo and conclude that TtinXn can

be approximated uniformly for large ra by approximately /-symmetric sequences and so

(Tt,nXn) £ y1. Note that t is independent of X.
We extend to the whole of y1 by continuity, and finally for all t £ 3R+ by joining

together the solutions on successive intervals of length less that t.
(2) From Proposition 5.2, ||GnXn|| is uniformly bounded in ra for each X G y

Since y1 is dense in 3fa the conclusion follows from (1) above and the implication (1)=>(2)
of Theorem 3.2.

(3) By taking the limits ra and then m —» oo in equation (5.1) we conclude from the

power series approximation that all polynomials p £ V1 are analytic for G^ when t < t, in

the sense that T^p can be expressed as the convergent power series S^=o(7'0 1('^oo)rP
when t <t. Each term in this sum is itself a polynomial (i.e. in V1), so the partial sums

of the series are polynomials approximating T^^p. Replacing p with the polynomial G^p
in the series, we we find that

oo r oo T

GlTl^p- hm £ (GL)r+1P= um G^^GLYp771—»oo *—rf rl 771—»oo *—* r\r=0 r=0

We conclude that for t < r, p G V1 and e > 0 we can find p£ G V1 such that

1121^-/11 < e and WG^T^p - pe)|| < c (5.2)
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In fact, this conclusion holds for all t > 0. We demonstrate for t < 2t: the

argument may be iterated for i < At, t < 8r and so on. Let s, t < r. Given p G V1 we can

choose pe G V1 satisfying equation (5.2). Since p£ G V1, then for all S > 0 we may pick
qs G V1 such that

\\TIs,oape-q6\\<S and WG^T^ - q6)\\ < 8

l|T/+,,ooP - 9S|| < ||T/i00(Tt> - Pe)|| + l|T/|00pe -qS\\<e + S

Thus

while

l|G£X.i0oP - G^U < »T/.ooG^ooP - pe)|| + ||GL(T/,ooPe - «*)|| < e + S

where we have used the fact that T/,,, is a contraction. By choosing e and then S sufficiently

small, we see that the desired approximation is possible.

The set 0 \Jt>0 Tf^V1 is a dense T^oo-invariant subset of Dom(G^), and is

hence a core for G^. From this and the above argument, we conclude that the subset V1

of Q, is also a core for G^, •

(4) Since, by Proposition 5.2, the action on G. is determined by terms of overlap

1, it follows that

G^J(jLxXx ® ji,yYy) G£Jj£l+y(Xx ® Yy) (5.3)

(gULM ®iLyYy +jlxxx ®(GijLjr,)

Thus there are no mixed terms involving G. acting on both X. and Y.. By (3) above, for all

finite / C IN, V1 is a core for G^. So, we can approximate any sequences X in Vorn (G)
and Y in Vom (G) by polynomials, then take the limit of the expression (5.3) to conclude

that Xi0®Y^£ Dom(G^J) and that equation (3.1) holds.

By Propositions 3.4 and 5.3 we see that the hypotheses of Propositions 4.1 and

4.2 are satisfied mean-field dynamical semigroups with bounded polynomial generators.
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Appendix: Invariance of the predual under limiting flows.

An interesting special case of the theory of mean-field dynamical semigroups,

which turns out to be important for applications, occurs when A is *-isomorphic with a

von Neumann algebra. In this case will not distinguish notationally between A and the

von Neumann algebra to which it is *-isomorphic. According to [25] the *-isomorphism

exists if and only if A is the dual of a Banach space. If this is the case, we will denote this

predual of A by A*. We will view A» canonically as a closed subspace of A*¦
For certain classes of mean-field dynamical semigroups, the mean-field dynamical

limit is implemented by a flow: for X G j-7 and all p G K(A),

hm <p", T«,nXn) (T1,00X00)(p) X00(FtP)
Tl—»OO

for some continuous flow (Ft)t>o on K(A). The following main result of this section

establishes conditions under which the set of normal states K(A) fl A* is invariant under

the limiting flows of mean-field dynamical semigroups.

In the following, we will denote the dual of any T G B(A) by T* i.e. T* is the

element of B(A*) such that (T*w, A) (w, TA) for all w G A* and A £ A.

Proposition A.l. Let A be a C-* algebra with predual A*. Let Tt,. be a mean-field

dynamical semigroup such that Tti00 is implemented by a flow (Ft)t>o- For each ra G IN

let Tt>n have the property that its dual T*n action on (An)* leaves the closed subspace

(.4™)» invariant. Furthermore assume the following continuity condition on Tt,.: that for

all e > 0 there exists an n£ such that for all ra > m > n£ and A £ A

\\Tt,njmA-jnmTtimjmlA\\ <e\\A\\ (AA)

Then the set K(A) PI A* of normal states on A is invariant under each Ft.

Before we proceed with the proof we will note that the same conclusion was

reached in [10] for the class of (in our terminology) mean-field dynamical semigroups with

bounded polynomial generators (with the possible addition of an unbounded polynomial

hamiltonian generator of degree 1). As is well known [23] these have the property that

each Tt,n preserves (A")». Indeed, the treatment in [10] was carried out entirely in
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the pre-dual spaces. We will see that the mean-field dynamical semigroups of bounded

polynomial generators satisfy the continuity condition of Proposition A.l.
To prove our result we will need the following technical result, in which we quote

without proof some results from [26, p77]

Proposition A.2. Let A be a C*-algebra with predual A». Let u £ K(A). Then w is

normal if and only if w(A) — supaui(Aa) for each increasing net (Aa) in A+ with least

upper bound A.

Proof of Proposition A.l: Let (Aa) be an increasing net in A+ with least upper
bound A £ A. Since the net is increasing we have that \\Aa\\ < \\A\\ for all a. By the

continuity assumption in equation (A.l), then for all e > 0 we can find an n£ such that

for all ra > n£, B £ A and p £ A*

\(FtP,B)-(T;tnPn,jnlB)\<e\\B\\
Thus for ra > n£

0 < (FtP, A - Aa) < 2e\\A\\ + (Tt*nPn,jnlA - jnlAa)

2e\\A\\ + (i;nTt>", (A - Aa) ® l„-i)
Since Tfnpn is normal, the restriction of its symmetrization JnnTt,nPn to ^e subalgebra

A ® ln-i of An is also normal. Thus we can take the supremum over a on both sides and

use the "only if" part of Proposition A.2 to conclude that

0 < (Ftp, A) - sup(Ftp, Aa) < 2e\\A\\
a

Since e is arbitrary we conclude again by the "if" part of Proposition A.2 that Ftp is

normal.

Proposition A.3. Mean-field dynamical semigroups with bounded polynomial generators

satisfy equation (A.l) for all t in some compact interval. Hence if A is *-isomorphic with

a von Neumann algebra, the limiting flows preserve the set of normal states.

Proof: Let Tt,n elG", with Gn (n/g) Symn G9 for some g and for all ra > g, and let

Ft be the continuous flow implementing Tt,oo- From equation (5.1) we see that equation

(A.l) is satisfied for all positive t < r (2»_1 ||G9||)_1. If A has predual A», then by

Proposition A.l the flow Ft preserves the set of normal states for all t < t, and hence for

all t > 0 by composition.
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