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N=2-EXTENDED SUPERSYMMETRIES AND
CLIFFORD ALGEBRAS
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Université de Liege,
B-4000 LIEGE 1 (Belgium)

(19. VII. 1990, revised 26. IX. 1990)

Abstract

By searching for the largest numbers of one-parameter Lie algebras for one-
dimensional supersymmetric harmonic oscillators, we study the impact of fermionic
variables associated with fundamental Clifford algebras such as (L and Cl, .
Amongst the sets of associated generators we point out the largest closed
superstructures identified as invariance or spectrum generating superalgebras. The
additional supersymmetries which do not close under the generalized Lie product
lead to new constants of motion. Direct connections with other recent contributions

are also singled out.

PACS : 02.20.+b - 03.65.Fd - 11.30.Pb.
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I. INTRODUCTION

The group-theoretical analysis of arbitrary differential equations has been
originally proposed and developed a long time ago by Lie.!:2 More recently, specific
textbooks like those of Miller3, Ovsiannikov4 and Olver® deal with the developments
of such a subject and contain a lot of interesting references.

Here we will mainly be concerned with the so-called "non classical Lie
approach" as referred and described by Fushchich and Nikitin.7 when the accent is
put on all the one-parameter Lie algebras and their collection leading to closed or
open structures of symmetries admitted by systems of differential equations. Such
considerations have to deal with Lie extended symmetries : they have already been
applied to classical and quantum (wave) equations including the nonrelativistic as
well as relativistic contexts. Specific equations such as the ones describing the
nonrelativistic quantum free system and (isotropic) harmonic oscillator® as well as the
relativistic Dirac, Weyl or Maxwell systems have particularly been studied®.7.9.10
following some of the above mentioned works. In particular we have just extended!!
similar considerations to supersymmetric quantum physics'2 by taking the explicit
example of the 1-dimensional harmonic oscillator and its supersymmetric wave
equation'2.13 admitting very well known kinematical and dynamical
supersymmetries.14.15,16,17

Let us come back on the concept of invariance of a wave equation under
space-time transformations and search for the more general operator X ensuring that

the concerned equation

A(p.—_O (11)

is invariant under the (infinitesimal) transformation 1 +ie€X . This corresponds to the
study of the associated kinematical symmetries. The resulting condition is ¢-
independent and writes

[A,X] = XA (1.2)
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where A is an arbitrary function. The problem of the general form for X can then be
expressed in two ways :

- (i) either we ask for its general form by requiring that the one-parameter Lie
substructures do altogether form a closed Lie structure as it is the case in the so-
called classical Lie context (containing in particular amongst the above mentioned
references those of Niederer®, Rudra®10 and Durand®) ; |

- (ii) or we do not ask for a closed structure as it is the case in the non classical
Lie approach (as presented by Fushchich and Nikitin8.7).

The last context contains the preceding one and it leads to supplementary
results connected with constants of motion for example.®.7 In order to characterize
such an approach, let us consider the equation (1.1) as describing a physical system
through the wave function ¢ = o(t,x) where we refer to x = (x4,X5,...,X,) @s the position
of the system in a n-dimensional space. We then define the operators A and X

respectively by
A=a(tx) + atu(t,gg)au + aw(tg(_)auaV
and

X = oftx) + b (tx)2, (1.4)

where summations on repeated indices are understood and where we refer for brevity

to the whole set of partial derivatives by

(1.5)

5’t—’c’:)x1 'ax?_ . axn

X

R
oy

The condition (1.2) leads to the following system constraining the known

E{at,axI ,axz,...,a

3 & b a}

functions a, a,, g, in terms of the unknowns b, and ¢ and of the arbitrary A(t,x) :

[a,d - b“(aua) + au(auc) + aw(a#avc =Aa , (1.6a)
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[a,bu] + [au,c] +a V(avbu) - bv(avau) +a, avc) +

(1.6b)
+ auv(avc)+avp(avapbu)=?\.au Y,
%—[a“ , bp] +;—[ap ’bu] +[a, ¢+ avu(avbp)+
(1.6c)
o (avbu)' b, (avaup)zlaup VP,
[aw,bp]ar[avp,bu]+[apu,bv]=0 VY IR,v,p . (1.6d)

Such a system is directly obtained by equating the corresponding orders in
derivatives in both sides of Eq. (1.2). It shows that if the wave equation (1.1) is not
scalar all the unknowns have to be developed in the corresponding matrix basis
leading in such a case to complicated equations in general containing a very
important number of unknown scalar functions.

We intend to exploit such an approach in connection with supersymmetric
quantum mechanics'2 following the second way (ii) mentioned above after equation
(1.2). This approach is more general than the one developed by Durand!4.17 and
permits us to study the impact of different dimensions in the matrix realizations.
Moreover it can be compared with another recent approach'! also applied to
supersymmetric quantum mechanics.

We take the 1-dimensional supersymmetric harmonic oscillator as the example
which permits us to illustrate our developments. The corresponding results have
evidently to deal with the so-called extended supersymmetries which will be here
subtended by matrix equations and theories in the case of the simplest Clifford
algebra'® CL of order 4. In fact, in Sec. Il, we consider the supersymmetric wave
equation of the 1-dimensional harmonic oscillator (a matrix equation expressed in
terms of 2X2-Pauli matrices) and find twenty-four (super)symmetries. They are
interpreted in a specific way (clearly apparent in the following) as four times the six
initial bosonic symmetries® of the usual 1-dimensional harmonic oscillator. The

corresponding closed superalgebra contains only thirteen (super)symmetries as
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already known'5:16.17 and the further eleven ones can be discussed in connection
with constants of motion. Other supersymmetric wave equations!7 which are also
subtended by this simplest Clifford algebra can be studied in a complete parallel way.
In Sec. lll, we address ourselves to the same problem but by choosing a 4X4-
realization so that the Clifford algebra now is Cf; of order 16. We correspondingly
get 96 (= 16X6) supersymmetries and can draw parallel conclusions to the preceding
case. If both Sec. Il and Ill deal with the nonclassical Lie approach by treating
explicit matrix equations, we come back in Sec. IV on the classical Lie approach
applied to supersymmetric quantum mechanics by grading the generator X = (1.4)
and the arbitrary function A included in eq. (1.2). This method'! enlightens the
results of Sec. Il and Ill in what concerns the respective closed superstructures. Sec.
V is then devoted to comments and conclusions.

The units are chosen so that m=1, =1 but we maintain the angular frequency ®
when harmonic oscillators are concerned. As nonrelativistic examples are only
considered here we do not distinguish between co- and contravariant indices as it
should be necessary if relativistic applications were studied with pseudo-euclidean

metric tensors.
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. N=2-EXTENDED SUPERSYMMETRIES AND THE CLIFFORD
ALGEBRA (bl

Let us consider the N=2-supersymmetric quantum mechanical context

described by the Hamiltonian
ss 1
H ={ Q,Q ) (2.1)
where the two Q-type supercharges are such that!2
(a,ai={a",af}=0 , [H* a]<[H*® qll-0. 2.2

In terms of the superpotential W(x) , these conserved supercharges take the

following forms
- i dW. T _(p-idW
O_(.p+ldx)0' y _(p ldx)c+ (2.3)
where, for 1-dimensional systems, we insist on the bosonic (p and x) and fermionic

(o, and c.) operators associated with the corresponding degrees of freedom

according to
[p.x]=- , {o,,0}=l. (2.4)
We evidently get by remembering the Lie algebra su(2)-relation
[0,.,0.]=03 (2.5)
that

(p2+|W'|2)+%W"03 (2.6)

so that the equation (1.1) takes here the form
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. SS
ag=(id,- H*) o tx) = 0 2.7)

and is subtended by matrix considerations associated with the simplest Clifford
algebral® Cf, of order 4 (= 22) :

Chb=(l,,0y,0,,03)=(0,,0,,0.,03) . (2.8)

As an explicit example let us consider the 1-dimensional harmonic gscillator.'? Its

supersymmetric version corresponds to the superpotential
Wh.0.(X) =1§ @x2 (2.9)

so that

SS 2
Hio. =1 (0% + &) + 1 woy = Hy + H (2.10)

where we recognize the bosonic and fermionic Hamiltonians as expected.12.13,19,20

Eq. (2.7) explicitly becomes

2
Ao (t,x) =0, +;—ax-;—w2x2-;—o)03 o(t,x) =0 (2.11)

and the operator (1.3) is here characterized by the only nonzero matrix quantities

2 .
='1—0)X20-1—(LX)' a=1g0

: 0 3 0% . =i, (2.12)

1
_—2—00.

Then the system (1.6) reduces to the only five following equations :

1 . 2 i A L R 1
Em[ca,q b wx .atc Eaxc—l(zmx 00+2cocs3 ,
1 w[b ab. +3.0+L18b, =0
Em[ X,GB] +idb + xc+-2— 0, =0,
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(2.13)

=2\,

. 1 -2
5 @b, 0] +idb, + 13,b,

9,b,=% , 3,0,=0.
We then expand the unknowns b, ,b, and c in the basis (2.8) and we solve
the system (2.13). Some tedious calculations lead to twenty-four supersymmetries
which fall after rearrangements into four classes written as follows when, for

simplicity, we limit ourselves to the t=0-context :
{HB'Ci’I’Pi}G i {HB,Ci,I,P}c3 ; (2.14a)
(HB’Ci'I’P:t}G+ , {HB’C:t’I’Pi}G- . (2.14b)

These results show the main role of the four independent elements of the Cl-basis
multiplying the six Niederer (bosonic) symmetries.8 In eqs. (2.14), let us recall® 1" that
the generators C, and P, read fortz0 |

C =t ;—[exp (% 2iot)] (p £ imx)z  Po=%i lexp (& iot)] (p + iwx) . (2.14c¢)

Amongst these twenty-four operators, only thirteen of them close under commutation
and anticommutation and form the semi-direct sum osp(2/2) (] sh(2/2) already
obtained by Beckers and Hussin.'® Indeed we notice (at t=0) the identifications

Hg:C, Hp=20, , Q,=cP, , §,=0,P, (2.15)

leading to the orthosymplectic Lie algebra osp(2/2) (including the odd

supercharges'?2! Q, and S, ) while the five operators

I’Pi ’ TiEGi | i (2'16)
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generate the Heisenberg superalgebra sh(2/2) (including the odd operators o, ).
The eleven supplementary operators can then be completely specified as

follows : the five even ones write as
Hgoy , PLog , C, 04 (2.17)
and the six odd ones take the explicit forms combined in the following three pairs :
[exp (t imt)] oHg , [exp (.t iwt)] C,o; | [exp (fr_ iwt)] o, T (2.18)

All the operators X, contained in egs. (2.15)-(2.18) lead to constants of motion C,

given by
Ca=[o'tx)X, otx)dx , A=1,.24 (2.19)

where the two-component wavefunction ¢(t,x) can be developed in an energy
basis'5:16 in correspondence with both the o,-eigenvalues (e = £1).

Let us point out that similar considerations can evidently be developed for gther
supersymmetric wave equations subtended by the Clifford algebra (L . For
example, as described in connection with spectrum generating superalgebras, we
refer to some cases collected in D'Hoker-Vinet-Kostelecky!’ corresponding to other
superpotentials. Let us mention the form

W(x) =piInx (2.20)

and the superposition of the expressions (2.9) and (2.20), i.e. the so-called Calogero
potential

W(x)=u|nx+;— X2 . (2.21)

As shown hereafter (see Sec. 1V), the corresponding results do contain those

mentioned by D'Hoker et al.’7 but also additional ones.
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IIl. N=2-EXTENDED SUPERSYMMETRIES AND THE CLIFFORD
ALGEBRA (I,

Let us now come back on the study of the equation (2.11) but when we
introduce 4 by 4 matrices generating the Clifford algebra (/, with sixteen

fundamental elements given, for example, through the following construction
Gi®|2Eci®GOEGi0 , '2®°iE°o®°iE°oi ;

oo®oosc = |

00 oi®cjso‘ , bj=1,23 .

4 j

This doubling corresponds to a system of four equations written in a compact form as

Ad(tx) =i + 15 -1 oA -1 tx)=0 3.2
ot,x) =|i 15 0Ty WX -5 00y, Ot,x) = (3.2)

allowing the corresponding unknowns b, , b, and ¢ in the generator X = (1.4) to be

expanded in the Cl;-basis :

ct E{O’

, _ (3.3)

Gyi + Gig » Gjj} -
New tedious calculations associated with the resolution of the adapted system
corresponding to Eqgs. (2.13) lead us to ninety-six supersymmetries. As in Sec. Il we
have understood that the twenty-four supersymmetries can be seen as 6 times 4 with
an explicit meaning of these numbers (6 for bosonic results® and 4 for the order of
CL), we get here that 96 = 6X16, keeping the same meaning for the six symmetries
while 16 is the order of Cf; . Indeed we can write these ninety-six supersymmetries

as all the products between the members of the following two sets

{HB ,C, ,Pi} and {6y 15+ g » ;) - (3.4)
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Let us notice that if we associate as usual the even (odd) character to the
matrices o,=1,,65 (06,,0,0rc,) in CL , correspondingly we get in Cf, the
following eight even matrices {E} ={04,,043,030,033:011:012:021,025} and the
following eight odd ones {0} = {64,04,,01(:050:923:032,:031,013}. We thus have
trivially constructed 48 (= 6X8) even generators as well as 48 (= 6X8) odd ones.

With the help of the Pauli algebraic properties

Gi 0-] =i Eijk O-k + 5“ ) (35)
it is easy to determine the structure relations according to a graded Lie product

ensuring as usual that
[EEl-FE, {OO} >FE, [EQ—-O. (3.6)

We evidently recover the superalgebra osp (2/2) (] sh(2/2) generated by the thirteen
operators (2.15) and (2.16) when the substitution o, - o, ® 6, is effectively
realized. Moreover it is possible to find gleven additional generators which form with
the thirteen previous ones a closed superstructure. These eleven generators are the

five even matrices
O3 » [€xp (iwt)] 0. ® o, , [exp (-iwt)] o, ® O, , (3.7)
and the six odd ones
o3®o0,,P,0;®0, ,P 0;®0, . (3.8)
We thus get a 24-dimensional superalgebra which can be identified as the semi-
direct sum osp(4/2) [ sh(4/2). Without loss of generality, let us once again take t=0

and mention that this semi-direct sum corresponds to the following set of 17

generators for osp(4/2) :
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osp(4/2) ={Hg,C, ,H,Q,,S,,0, ®0,,05 ®0, P} (3.9)

and to the following set of 7 generators for sh(4/2) :

sh(4/2) ={P,,T,,04,0, ®0,} . (3.10)
In fact we recognize the Lie algebra so(4) @ sp(2,R) as the even part of osp(4/2) by
identifying sp(2,R) ~ so(2,1) with the three generators (Hg,C,) while the compact
so(4)-subalgebra is directly obtained through the superposition of two commuting
su(2)-subalgebras. The latter are generated by the respective combinations

{0.®0,,0,®0_, ;— (Op3 - O30} (3.11a)
and

{o+®c+,o_®o'_,;— (603 + O3p)} (3.11b)
by remembering that in the present context :

HF=;— ® Ogg - (3.12)

With respect to sh(4/2) given by the set (3.10) we evidently identify the even Lie
algebra h(2) as generated by

h(2) ={P,,0p =14} - (3.13)

The (96-24)=seventy-two other supersymmetries lead to a corresponding set of
constants of motion in the sense described by Fushchich and Nikitin.6:7 They
evidently contain the corresponding eleven constants of motion obtained from the
operators (2.17) and (2.18).
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IV. ON THE CLASSICAL LIE SUPERSYMMETRIES

The superstructures osp(2/2) [J sh(2/2) and osp(4/2) [] sh(4/2) obtained as
closed superalgebras in Sect. Il and Il respectively can also be recovered through
other developments'! applied to 1-dimensional supersymmetric harmonic oscillators.
Indeed, we have obtained parallel results by reconsidering the determination of the
largest superalgebras of supersymmetries for the equation (2.7) but by grading the
construction of the generator X = (1.4) and the arbitrary function A(t,x) in the
condition (1.2).

Let us recall'! that we can see the fermionic Hamiltonian as expressed in terms

of the odd variables (¥,¥) in such a way that
He =2 [¥,%] (4.1)
with
(E¥) =1, (29 ={¥¥)=0 . (4.2)
Moreover by requiring that

X=X5+ X , A=hs + Az (¥ + %) (4.3)

we have proposed to generalize (1.4) in the 1-dimensional context through the

expressions
X5= C{tX) +b(t.XP, + b (XD, + b(t,X)¥¥

+ 6 (LX), + (L X)FIG + d, (LX)¥D, + O, (tX)¥ + e(t,xP, 5



Vol. 64, 1991 Beckers and Debergh 37

and

X = 00, (X0 + 0Ly (LXE + B, (LX)¥D, + B,(L XD,

(4.5)
+ 7%, (,x)0y, + (LX) + 8, (1,x)0y0, + 8,(t,x)00,
In fact, by rewriting the equations (2.11) and (3.2) on the single form
- 2
A (t,x,p ¥ ) (t,x) = (iat + J?: 9, - ;— X2 - % m[‘P‘i—’]) x(t,x) | (4.6)

we can solve the system issued from the condition (1.2) with the expressions (4.3)-

(4.5). By requiring explicitly that

(#a,)=(¥ag)=1. [¥ag)={¥a,l-0 (4.7)

ensuring a correct effect of the corresponding operators on the wavefunction y , we
get twenty-four generators of one parameter-structures, twelve even and twelve odd
operators which can be arranged and denoted as follows. The first twelve geven
generators absorb the six Niederer ones® (which are, let say, purely bosonic)

Hg , C,,1 and P,, (4.8)

already defined in egs. (2.10) and (2.14c) and contain the six following ones'! (which
are purely fermionic) written as
HFE(4.1)=%[1P,\?] . X, =[exp (it)] W9y, , X, =[exp (- iat)] ¥ag
(4.9)
Xy =Wy, - Wiy + 3,95 . X, =[exp (-iat)) (3, - w¥) , X, =[exp(it)] (¥a5 - ¥¥) .

The second series of the twelve odd generators absorbs the six odd operators
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referred in eqs. (2.15) and (2.16) but here given on the forms

Q, =(p-inx)¥ , Q.= (p + iox)¥
S, =[exp (- 2it)] (p + iwX)¥ , S_=[exp(int)] (p-iot) ¥ , (4.10)

T, =[exp (- iot)] ¥ , T = exp (iot) ¥ .

It also contains gix additional (odd) generators given by the explicit expressions

Xg=0y-¥ ,
X, = a; -¥,
X = -vl_z- [exp (iwt)] (p - iox) Xg ,
Xq EJE— [exp (-imt)] (p + iwx) X, , (4.11)

xms% [exp (-iwt)] (p + iwx) Xg , X4 E% [exp (iwt)] (p - iwX) X, .

Amongst these twenty-four operators (4.8)-(4.11), thirteen of them were
expected’S: 17 in connection with the superalgebra osp(2/2) [J sh(2/2) also
recovered in Sec. Il while the other eleven ones X,, ,X;; (five even X,,...,.X5 and

six odd Xg,...,X;4 ) are new if they can be realized in a nontrivial way.
Let us now discuss the possible choices for the fermionic variables ¥ and ¥

entering in these eleven generators X;,...,.X,,. It is easy to show that, inside the Cl-

algebra (4.2), the possible realizations of ¥ and ¥ lead immediately to trivial or
redundant Xg for B=1,...,11 so that we are left with the only closed superalgebra
osp(2/2) [] sh(2/2) as already noticed. One of the (two) possible choices is the

realization

¥=0,,¥=0 ,9,=0 ,3=0 (4.12)
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according to the constraints (4.2) and (4.7) leading moreover to the properties

(aw,a;}:ﬂ ¥ {a\},,a‘y}={3;,a§’=0. (4.13)

To such a choice correspond the expected expressions (4.10) in connection with the
generators (2.15) and (2.16) given in the Ci,-context.

If we want to find a realization which does not trivialize the generators X,,...,X,,
we have to go to a Cf;-algebra completely consistent with the constraints (4.2), (4.7)

and (4.13) included in our developments. In fact, we have associated four

commuting CL-algebras to the set of fermionic operators |'¥ 7 Oy a;} which lead

to the construction22

1 2 1,2 3 4 3.4
cLecl,=cl, , C,®CL=CL (4.14)
and
1,2 4
cty @Ct’: =Cl, . (4.15)

This clearly appears in our recent developments!' through the necessary

introduction of the operators d,, and d; besides the initial ¥ and ‘_Pu-ones in the
general expression of the graded generator X. Moreover with such a point of view, it
is straightforward to understand that the doubling proposed in Sec. lll has no meaning
in the CL-context but presents an interest in the Cf,-context. An elegant way to

superpose both contexts is to rewrite the Clifford relations (4.13) as
-d e =
By 0] =21 . {3y.0,)= (35 .95|=0 , (4.16)
where d is the dimension of the matrices. If d=2, we are led to choices such as the

one given in eq. (4.12) and the eleven generators become trivial since we are

playing with the only irreducible representation of the Clifford algebra CL. If d=4, we
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thus go to the only irreducible representation of the Clifford algebra (f; constructed
in eq. (4.15) and our eleven additional operators X,,...,X,; become nontrivial. An

explicit realization of the last context is given for example by
¥=0,®c, , ¥=0®g, (4.17a)
and
0y =0®0,+0,®0 , d;=0,80,+0,®0, . (4.17b)

With such a realization, eqs. (4.2), (4.7) and (4.16) are verified and the generators
X4,-- X441 given in (4.9) and (4.11) are easily constructed. We immediately recover
the eleven explicit forms (3.7) and (3.8) and realize in that way the connection
between all these developments. The closed superstructure generated by the
twenty-four operators (4.8)-(4.11) is consequently the superalgebra osp(4/2) O
sh(4/2) when the matrices display an effective Clifford algebra (f, . The structure
relations are evidently those'S of osp(2/2) (] sh(2/2) supplemented by the following
nonzero ones where we have maintained the parameter d introduced in (4.16). In
terms of evident (complex conjugate) considerations and for compactification in the
structure relations, let us introduce the following notations in connection with egs.
(4.9) and (4.11) :

(4.18)

The supplementary structure relations are then
He .M ]=FoM, , [He,N,]=FoN, ,

X M=% (3-2)M, | X, N,]=F N, ,
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—. 1 1
M, , M ]= X3+§21(mHF+2 ),

[N+,N_]=-X3+(%-2)(16HF+;—I) , (4.19a)

{U+,U_}=(C21-1)I , {Vi,Wi}=ii(g-1)C; ,
{Ui,Wt}=i_im(%-1)P;={U1,W;} .

Y2
Q; Vil =FoM, =-{S;,W,},
(4.19Db)
{S;,Vi}=FoN;=-{Q, , W, },
{V+vV-}=(g-1)HB+mX3-%I-HF,
W, W.}=(d-1)Hg- 0 X5 - 91+ He
and
[Mi»Ti]'—"Uj;:{N:'T:] ) [MirQi]='V¢=[Ni-S$] )
My, S 1=-W,=[Ns, Qs ], M, Us]=(3-1)To =N, U,
My Wel=(3-1)Se= N, Vel o M, Val=(3-1) Qe =N, W, T

[XS'T1]=iTi ) [X3,0i1=¢Ti ) [Xa,Si]=iSi )

[X:B,U:,:]=i(%-1)ui , [X3,Vi]=i(%--|

v, [x:,,,wi]=i(%-1)wr ,

Hg.Vil=FoV,, [Hy W, ]=toW, , [P, ,V,]=-i V20U, ,
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P, ,W;]=-iV20U; , [C,,V,]=-20W, , [C,,W;]=2i0V;, (4.19¢c)

where we have distinguished the three blocks (4.19a-c) according to eqgs. (3.6)
respectively. As it has already been noticed that, when d=2, all the operators M, ,
N,,U,,V,,W, become trivial and X, is redundant (X; = 15 He +;— l, ), we
immediately see that all the relations (4.19) disappear and that we are left with the
structure osp(2/2) ] sh(2/2) as expected. When d=4, all these relations survive and
we have the largest superalgebra osp(4/2) [J sh(4/2) associated with the only
irreducible representation of the Clifford algebra ([, . Due to the N=2-

supersymmetric context and the two fermionic variables ¥ and ; , we get here the
maximal superposition of four Cl-algebras leading to the algebra (/, as mentioned in
eqs. (4.14) and (4.15). '
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V. COMMENTS AND CONCLUSIONS

From Sec. Il, lll and IV, we learn that, in connection with the Clifford algebra (L
, it is possible to get 24 - 13 = 11 extra (super)symmetries with respect to the closed
superstructure osp(2/2) [J sh(2/2) and that, in connection with the Clifford algebra
Cl, , it is possible to get 96 - 24 = 72 extra (super)symmetries with respect to the
closed superstructure osp(4/2) [J sh(4/2) when 1-dimensional harmonic oscillators
are concerned. These extra (super)symmetries lead to constants of motion according
to eq. (2.19) for example while the closed superstructures were confirmed through
nonclassical (see Sec. Il and lll) as well as classical Lie (see Sec. IV) approaches.
This completes the results obtained by Durand'4 and by Beckers-Hussin'> in the
particular application we are concerned with.

The extension to n-dimensional supersymmetric harmonic oscillators is rather
straightforward but tedious in both approaches. Let us only mention that the largest
invariance superalgebra appearing in connection with the Clifford algebra (C/,,

(dimension d = 22") is the superstructure

[osp(4/2) @ so(n)] OO sh(4n/2n) (5.1)
reducing to
[osp(2/2) @ so(n)] (O sh(2n/2n) , (5.2)

according to recent results on largest kinematical superalgebras'® when the Clifford
algebra coming into the game is CL,, (d =2"). In both contexts, we are dealing with

4n fermionic quantities {¥. Ej .0y .0y , j=1,...,n} and all the results of Sec. IV can
i ]
be extended for arbitrary n. The operators corresponding to the superalgebra (5.1)

are realized as follows :

(p? + (oax.z) , C, =;— [exp (- 2 imt)] (pj + icoxj)2 ,

C=-L
T2

[exp (- 2iat)] (p; + iox)? HF=;_ oY, ¥]
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Q, =L (py o, . Q= L(pyion)¥
S+=%[exp (- 2iat)] (p, + ioox)¥; S-=—V%[exp(2i(ot)] (p-iex)¥, ,  (5.3a)
and
= [exp (iot)] (Eiaq,j) . X, = [exp (-iot)] (\Pia;j) ,
Xs = ¥y, - ?J.a;] #0305 . Xy = [exp (-a) (\Ifja\*,] . ‘ilji?j) ,
X = [exp (it)] (\Pa—l v ) (5.3b)
Xg = =loxp ()] (p; - ievx) X, . X = A=lexp (- iat](p; + iewe) Xy,
X10=-v%[exp (- )] (p; + i) Xg. 1 Xy, = —{1:[exp (ict)] (P, - ieox) X, ;
generate the osp(4/2)-superalgebra, while
Ji=xp-xp; =], (5.3c)
generate the orthogonal subalgebra so(n) and
P, —l[eXP( iot)] (p; +iwx;) , P_=-i[exp(- lwt)]( p; - iwX) ,
= [exp (iat)] ¥}, T.;=[expliwt)]'¥; , I, (5.30)
Xgj=0y - W), X7;=0y - ¥,

generate the sh(4n/2n)-superalgebra. All the operators X, , X, , X, , X5, Xg;, X7, ,
Xg , Xg . Xio+ Xy, become trivial and X, redundant when the CL -context is

required leading to the structure (5.2). Let us notice that for n=1,2,3, the
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superalgebra (5.1) has respectively the dimension 24, 31 or 39.

The present developments can also be applied to other supersymmetric systems
besides the harmonic oscillator. If, after D'Hoker et al.'7, we consider the
superpotentials (2.20) and (2.21) in the 1-dimensional context, we can show that the
corresponding supersymmetric wave equations lead to new supersymmetries. In
fact, in both cases, we can apply our method presented in Sec. IV and get the
(closed) superalgebra osp(2/2) @ su(1/1). Here the nonsimple superalgebra su(1/1)
is generated by the operators X, , X; and X, characterized by the structure relations

{xe,x7}=(£21-1)| X %] =(2-1) X5 L X5, %, =-(£2l-1)x7 . (5.4)

Once again if they are realized in terms of 2 by 2 matrices they are trivial or
redundant and we are left with the previous resuls'” corresponding to osp(2/2) alone
while realized in terms of 4X4 matrices the whole superalgebra works. These results

can also be extended for arbitrary n.

One of us (J.B.) wants to dedicate this article to the memory of Professor Léon Van

Hove.
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