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Higher-dimensional homogeneous
cosmological models

By M. Heusler 1)

Institut flur theoretische Physik der Universitat Zirich,
Schonberggasse 9, CH-8001 Ziirich, Switzerland

(9. II. 1990)

Abstract

We study the structure of the field equations for higher-
dimensional homogeneous cosmological models and discuss the behavior
of their solutions close to the initial singularity. First it is shown that
the application of the ADM-formalism to the finite dimensional situation
of homogeneous cosmology yields a Hamiltonian system only if the
underlying Lie group is unimodular. Otherwise, to obtain the correct field
equations, we have to introduce constraint forces perpendicular to the
cotangent bundle with respect to the De Witt metric. Using coordinates
similar to the Jacobi coordinates of classical mechanics, we generalize
the (3+1)-dimensional time-dependent Hamiltonian description to an
arbitrary number of spatial dimensions. Subsequently we show how to
eliminate the explicit time-dependence and derive an autonomous system
for the anisotropy coordinates.

1) Work supported by the Swiss National Science Foundation.
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If the spatial topology is a product of isotropic subspaces,
our system becomes two-dimensional and we can use arguments such as
in the Poincaré-Bendixon theorem to study the qualitative behavior of
the solutions. The existence of a Ljapunov function simplifies the dis-
cussion of the general case. Using a geometrical criterion concerning the
structure constants we show that due to the Levi-Malcev decomposition
for Lie algebras the approach to the initial singularity is regular for all
homogeneous cosmological models in an arbitrary number of dimensions,
except for the Bianchi type VIII and IX models. Finally, we extend the
arguments to the inhomogeneous cases and obtain a chaotic behavior of
the generic solutions if the number of spatial dimensions is less than 10.
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One of the most interesting features of the general theory
of relativity consists in the prediction of a cosmological singularity. The
observation of the expansion of the universe by Edwin Hubble in 1929, in
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agreement with Alexander Friedmann’s non-static cosmological
solutions of the field equations found in 1922, led to the supposition
that the universe was in a state of infinitely high density at a certain
time in the past. In fact, Roger Penrose and Steven Hawking [1] finally
succeeded in showing that within the framework of (classical) general
relativity, a singularity at which the physical laws can no longer hold is
inevitable.

This article is concerned with the nature of the initial sin-
gularity in cosmological models with an arbitrary number of spatial
dimensions. Restricting ouerselves to the framework of classical
general relativity, the singularity theorems guarantee the existence of a
cosmo- logical singularity if the energy-momentum tensor satisfies
reasonable inequalities. These theorems contain, however, little
information about the dynamical details of the solutions and the nature
of the singularity (for a detailed review on singularity theorems see
[2,3]). As a matter of fact, the approach to the singularity may be very
complicated and irregular as was first pointed out by Belinskii,
Khalatnikov and Lifshitz in 1970 [4,5]. Considering the non-isotropic
generalization of the positively curved Friedmann-Robertson-Walker
cosmological model (i.e.the Bianchi type IX model), they found an
oscillating behavior of the scale factors with both arbitrary large
frequencies and magnitudes as t — 0. Introducing the concept of Kasner
epochs, the field equations were subsequently replaced by a discrete
dynamical system, which later was shown to be ergodic and mixing.
Since modern Kaluza-Klein theories are based on higher-dimensional
spacetimes, it is interesting to ask, how generic such a chaotic behavior
is. In this work we shall study higher- dimensional homogeneous
cosmological models, for which the field equations lead to very
interesting multidimensional dynamical systens. This structure of the
equations also motivates their discussion from a mathematical point of
view. We are especially interested in the following questions :

« What is the structure of the field equations considered from
the point of view of a Hamiltonian formulation ?

* What is the behavior of the solutions close to the cosmo-
logical singularity and to what extent does it depend on the
number of spatial dimensions ?
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The Hamiltonian formulation of general relativity was given
by Arnowitt, Deser and Misner [6]. The application of the ADM-formalism
to homogeneous cosmological models does not work, however for all
Bianchi types, as was pointed out by Hawking already in 1969 [7]. In the
first part of this work, we shall show that the restriction of the
ADM-formalism to the finite dimensional case of homogeneous
cosmology is not problematic if the underlying Lie group is unimodular.
Otherwise, if the adjoint representation of the corresponding Lie algebra
is not traceless, some additional forces, which are perpendicular to the
co- tangent bundle with respect to the De Witt metric, must be added in
order to obtain the correct field equatidns. We shall also clarify the role
of the boundary terms, which have often been held responsible for the
failure of the ADM-formalism in homogeneous cosmology.

Using the monotonic behavior of the determinant of the
metric and performing a symplectic transformation to coordinates which
are adapted to the symmetries of the Ricci scalar, we introduce a new
Hamiltonian system in Part |l. The kinetic energy term of the new
Hamiltonian is positive definite but the potential becomes explicitly
time-dependent. The new coordinates are related to the Jacobi
coordinates of classical mechanics. The transformation generalizes the
well-known explicit construction often used in the discussion of the
Bianchi type models in (3+1), and of the Fee models in (4+1) dimensions,
respectively [8]. Subsequently, we shall show how to eliminate the
explicit time-dependence and how to obtain an autonomous system for
the anisotropy coordinates. The new equations form the basis for the
subsequent discussion of the scale factors near the initial singularity.

Most of the higher-dimensional space-times discussed in
the literature consist in a product topology of two isotropic
submanifolds. [9-14]. In order to become familiar with the autonomous
system derived in Part Il, we first study its application to these cases
in Part Ill. With the help of a Ljapunov function, we are able to find a
criterion which must be fulfilled for the scales to approach the
singularity in a non-oscillatory manner. Since for all product topologies
the logarithmic derivative of the curvature potential with respect to the
anisotropy coordinate satisfies this criterion, the solutions have to
approach one of the generalized Kasner solutions as t — 0.
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In Part IV, we extend the discussion to the full autonomous
system derived in Part Il. In the literature there exist essentially two
different approaches to the general problem. The first method assumes
that the generalized Kasner solutions are admissible approximations
during successive time intervals and then discusses the discrete
dynamical system describing the change of Kasner exponents [15-17].
The second approach is based on the explicitly time-dependent
Hamiltonian formulation [18,19]. In order to treat the system within this
framework, the equipotential walls are usually assumed to be infinitely
steep, and the motion of the "universe point" is approximated by a
sequence of free propagations and bounces against the equipotentials.
Within the first approach, the criterion for the scales to behave
regularly close to the initial singularity, consists in the existence of a
set of Kasner indices for which no further transitions can take place. In
the Hamiltonian formulation one has to demand the existence of a time
t" such that the equipotential walls move faster than the “universe
point" for all t < t.

The advantage of our method is that it works without the
un- controlled approximations just mentioned and that it also takes
account of the cases where the original system is not Hamiltonian.
Splitting the problem into the discussion of the modulus and the
direction of the "velocity" vector corresponding to the autonomous
system introduced in Part |l, we are able to give a simple geometrical
criterion concerning the structure terms for the solutions to behave
regularly close to the initial singularity. We shall show that this
criterion is satisfied if the number of spatial dimensions increases to n
> 10. However, in homogeneous cosmology, where, due to the Levi-Malcev
decomposition for Lie groups [20,21], some structure constants vanish,
the condition is already fulfilled for n > 3.

We conclude that chaos is a generic feature of cosmological
solutions of the field equations in inhomogeneous models with nine or
less spatial dimensions, whereas chaotic behavior does not occur in
homogeneous cosmological models unless the underlying Lie group is
SO(3) or SO(2,1), i.e. for the Bianchi type VIIl and IX cosmological
models.
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I. The Hamiltonian formalism for
homogeneous cosmological models

The Bianchi types of the Ellis-MacCallum class B do not form
a Hamiltonian system. We show that the restriction of the ADM-
formalism to the finite dimensional situation of homogeneous cosmology
only produces a Hamiltonian system if the Lie group acting on the
spacelike hypersurfaces of spacetime is unimodular. In this case, the
structure constants of the corresponding Lie algebra have vanishing
traces, and the algebra belongs to the class-A models. We also give a
derivation and an interpretation of the modified Hamiltonian equations
which are valid for all homogeneous cosmological models.

I.1. Introduction

Arnowitt, Deser and Misner developed the Hamiltonian for-
malism of general relativity (ADM-formalism) [6]. Fischer and Marsden
[22,23] showed that the cotangent bundie of the gravitational manifold
carries a symplectic structure in which the evolution equations arise in
Hamiltonian form. Homogeneous cosmology provides a pleasant
laboratory for applications of this formalism, since in this case the
field equations reduce to ordinary differential equations. As was first
noted by Hawking [7] in 1969, the ADM-Hamiltonian fails to reproduce all
field equations correctly in some cases. Taub and MacCallum showed that
Einstein's equations form a Hamiltonian system only for the Bianchi
types [24] belonging to the Ellis-MacCallum class A [25,26]. They
pointed out that it may be inconsistent to neglect boundary terms if
spatial homogeneity is assumed. In order to obtain the correct constraint
equations, Sneddon [27] removed the spatial divergence term from the
ADM-action and, introducing a coordinate constraint, he derived the
remaining correct field equations.

We shall explain why it is possible to give a correct Hamil-
tonian description for the class-A models, although the argument of Taub
and MacCallum mentioned above holds for all homogeneous models. We
shall also show how to modify this description for the class-B types.
This modification is due to the fact that the Lie groups of this class do
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not act as symplectic transformations of the finite dimensional system
obtained from reducing the Hamiltonian to homogeneous fields.

In the second section we shall briefly repeat some general
features of the homogeneous models and then discuss the structure of
the field equations. Using the De Witt metric, we consider the split of
the Gauss equation into a kinetic and a potential part (external and
internal geometry). We shall see from Bianchi's identity that the
variation of the potential part causes additional terms that spoil the
Hamiltonian structure for the class-B models.

In the third section we shall explain the different behaviour
of the two Ellis-MacCallum classes. In the present context, the question
is not only whether the variation of the action and the imposition of
spatial homogeneity commute with each other [45]. In order to decide
whether the restricted dynamical equations still form a Hamiltonian
system, we must examine if a given symmetry is a canonical symmetry
of the restricted ADM-system. The answer to this question splits the
Bianchi types into the two classes, whereas the problem of boundary
terms is a general obstacle arising for the variational principle in
homogeneous cosmology.

The correct modified Hamiltonian equations are derived in
the fourth section comparing the variation of the Hilbert action in its
usualsform and in the "3+1 split". We do not consider variations with re-
spect to the lapse and shift functions, but set them equal to one and zero
from the beginning, according to the assumption of spatial homogeneity.
The advantage of our formulation, which holds for all Bianchi types, is
the following : The constraint equations, which must be taken into
account as secondary factors, and the extra terms that spoil the
Hamiltonian structure, can be treated simultaneously by investigating
constraint forces standing perpendicular to the cotangent bundle with
respect to the De Witt metric. The system may be described by the flow
of a Hamiltonian and an additional non-Hamiltonian vector field.

For the sake of completeness, we extend our formulation in
the last section to models with perfect fluids and a cosmological con-
stant. In either case a description in terms of potentials is still
possible.
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.2. Homogeneous cosmological models
.2.1. General features

Before we discuss the field equations of homogeneous cos-
mology, let us give some definitions, the connection forms and the Ein-
stein tensor.

Like the Friedmann models, the homogeneous models still
possess a spatial stratification of equal time, but the subspaces belon-
ging to a fixed time are only assumed to be homogeneous [28]. A space-
time (M,g) is a homogeneous cosmological model if a three-dimensional
Lie group G acts isometrically and freely on (M,g), such that the orbits Q
are spacelike surfaces. For given points p and q of M, the corresponding
orbits Q(p) and Q(q) are geodetically parallel. Let t be the distance
between them. The mapping

gp - (tg) € IRxG

is a diffeomorphism which is compatible with the group operation and,
relative to the corresponding metric, IR is perpendicular to G ;

g = dt® — =" (h@t))
For a fixed time t, h(t) is a left-invariant metric of G and has the form
h(t) = -gjj(t) 6i® 6l , (1)

where the 0i are the basis of left-invariant one-forms on G. The local
structure of (M,g) is the following :

M=IRxG , as G-manifold ,
g =dt ®dt + g;(t) n(8) ® nx(d) . 2)

Solving the structure equations and the Maurer-Cartan equation for the
metric (2),
de'+50',-ke’/\e"=o, (3)

we obtain the connection forms :
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0l =0
CDOi = K“e‘ § O.)io = —Kij 9‘
Cl)ij = —K;j G° + lijk Bk

1
Aijk = —E(Cijk'*'cj_ki"ckij) - (4)

K(X)Y) is the.second fundamental form on Q. In the homogeneous case the
components are

1 -
Kij = 59 - =)

In the chosen basis of one-forms, the Cijk are the structure constants of
the Lie group G. Let (e;) be the dual basis to (6!) . Equation (3) then reads

[ei,ej]=C'i‘jek ; (6)
In terms of K; the components of the Ricci and the Einstein tensor are

the following

R = K-K? (7a) G = (K - KK) (83)

R = G (7b) Gx = -2 K (Fp’ (8b)

; . 1 - : " : o ; 1

R, =R+ E—(JEK}) (7e) G =Gj+ (K-8K - KK + ?ali (KE+KK) (8¢
where K := Kij, K2 := KiKj;. Rjdenotes the Ricci tensor of the three-
dimensional Riemannian space (G,h) with negative definite metric h :

Ry = - ik — Cl A

ij;l_?=-—ﬁii. (9

The F, are defined as the parts of the G, which are independent on the
derivatives of g;; :

Vg G = ¢ i Fb . (10)
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The matrix densities (Fk)ij are traceless expressions in terms of the
structure constants of G : '

Vg

(Fk)lJ i —? { C|jk - Bik C||j } " (113)

Later on we shall also use the quantity F , which is defined as the linear
combination of the Fkwith coefficients Clj :

(F)ij = Ciy (Fk)i] : (11b)

.2.2. Lagrange formulation

In this section we shall discuss the dynamics of the field
equations and give a derivation of the modified Euler-Lagrange equations.

The Gauss equation (8a) separates into two terms, of which
the first describes the internal geometry of Q and the second is a
function of external properties only. The latter term is a quadratic form
in the first derivatives of the metric, while the first part contains no
derivatives at all. The split into an internal and an external part thus
corresponds to the split into a potential and a kinetic energy term.
Together with the fact that the constraint equation for G,, is conserved
under the time evolution, this circumstance suggests the interpretation
of VgG,, as the Hamiltonian of a "particle" moving in a six-dimensional
configuration space X with natural coordinates (ga) (we shall use capi-
tal letters for pairs of symmetric indices (g, := g , WAC = Wabcd | etc.).

As is well known [23,29], the variation of the kinetic part
generates the equations of the geodesics with respect to the De Witt
metric W [30] :

1
Wik = -2Tg(9i(k gn; — 9ij Ii) (12a)
wilkl _ g(gi(kgm‘ _ 2gijgki) (12b)

W Wiy = = 3adh -
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These geodesic equations are equivalent to the space-space components
of the Einstein equations for the free (R;=0) dynamics. Writing (8a) in
the form

VGG = V@) + T@.9) = LR-1g.g> (13)
= = e 2 8 = - w
and applying the Euler-Lagrange derivative
DA = ..i. - i i (14)
BgA dt agA

on the kinetic term of (13), the resulting geodesic equation reads

1 . . 1 W = A
0= DA{ B wig, QK} = 'Z“{WACQC % rIK,Agng} ,  (15)
where the "Christoffel symbols" are defined as usual:
KA 1E{W'A'K + WKAL _ wiKA (16)

After a short calculation, (15) is easily seen to be, up to a factor of
(-1/2), identical with the "free" part of VgGab (8c) . We thus can write :

1
Dab{ E%}kin = _E{ @Gab}free . (17)

Now we consider the parts of the equations (8c) and (13)
which do not depend on derivatives of the metric. We need an expression
for the differentiated internal curvature VgR with respect to g, . Since
Rjjconsists of products of structure terms, the direct calculation is not
very convenient, although it is easy. A more elegant way is to compare
the Bianchi identity with the time derivative of the Gauss equation (13)
and to eliminate all external quantities. The time derivative of (13) can
be written as
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1 = ' i i 10 a:
(VgGoo) = 7 (YR - KI{Vg K| - Vg § K}

~ %\/EK{KZ— KK} .

Now we use the Gauss equation again in the last term and equation (7c)
to replace the derivatives of VgKi; . We obtain :

1 _ . N
(gGo) = 5 (VgR) - Vg K;; {R' - g" R}
On the other hand we consider the Bianchi identity for Gor , which reads
G%y = G + a(e,) G + 'y (e,)G* .

Together with the expressions for the connection forms (4), the identity
Gii + gii Go, = Rii- gi Rk, and ( K=-1/2(Ing)- we obtain :

(Vg Goo) = VoK Goo-VgK; { R1-g'RE -2 vgG* . (19)
Comparing (18) and (19) we have the following equation

-;- (VR) = —Vg {K;G" + A} G™} . (20)

Using (10), (11b) and AJj= Cj;, the last term in (20) becomes

Vg Mg G* = gjj Ciy (FY" = gy (F)'

Since VgR is independent of derivatives of gjj, we obtain the Euler-
Lagrange derivative of the potential part of (13) :

Dab(;—ﬁﬁ] = (iz_g—éab _ ) 1)
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Let us define the Lagrangian as
1 — 1
L = Vg Goo :=—E(Vg_ﬂ)—§<g,g>w ; (22)

where the minus sign superscript refers to the changed sign of the
potential term compared with G,, (13) . We can now express the
Euler-Lagrange derivative in terms of the space-space components of the
Einstein tensor and the quantities F,, which are related to the
time-space components by (10) and (11b) . The equations (17) and (21) ,
which hold for the external and internal geometry respectively, together

imply :
1 s
D® (Vg Gy) = ——5{(4§Gab)kin +VgG® } + F®

= { Fab—%eab} . (23)

From (23) we conclude that the Euler-Lagrange equations for
VgG-,, are only equivalent to the space-space components of the field
equations if the force Fab vanishes. This is the case for the class-A mo-
dels where Cl= 0 holds (11b). If the Clx do not vanish, the
Euler-Lagrange equations must be modified : The G,,=0 equations still
hold if

DL - F® - ¢ (24)

is fulfilled. We shall discuss the interpretation of the additional term in
(24) in the fourth section. For the moment, we shall only mention that
the constraint force Fab is not holonomic. This corresponds to the fact
that the Hamiltonian structure can not be saved by additional potentials,
as was pointed out by Taub and MacCallum [25]. Introducing the one-form
Z, corresponding to Fab  Z := Fab dg,, , it is easy to verify that the form Z
A dZ does in general not vanish and thus Fab is not holonomic.
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I.3. Application of the ADM-formalism to
homogeneous cosmology

As was shown in the last section and is well known, the
application of the ADM-formalism to homogeneous models fails for the
Bianchi types of the Ellis MacCallum class B [7,27,29,31-34]. As Taub
and MacCallum [25] pointed out, it may not be admissible to impose
certain conditions of symmetry to the action before performing its
variation. Especially for homogeneous spaces, vanishing variations at the
boundary would presuppose vanishing variations in the interior region as
well. This argument is independent of the Bianchi type and makes a
derivation of the correct field equations from a variational principle for
a restricted action impossible (without imposing additional special
boundary conditions by hand). In order to understand where the problems
arising in the class-B models originate from, we have to examine how
the imposition of symmetry conditions on the Hamiltonian affects the
canonical equations. Let us therefore briefly review the ADM-formalism :

In the "3+1-split" of general relativity a curve i, of space-
like imbeddings Q, of a three-dimensional manifold M is considered,
ie.. ih(M) = Q, . The one-parameter family of lapse functions «, : M — IR
and shift vectors B, : M - TM are defined as the normal and horizontal
projections of the vector field X, , X; oy = di; /d\A. The pulled back
metric takes the form

g = 0;2dA2 - (g (Ox + Byi dA) (dxi + Byl dh) . (25)

The gravitational configuration manifold Y is the space of all
Riemannian metrics on M . Its tangent and cotangent bundle consist in
the two-covariant tensor fields t;eS, and the two-contravariant tensor
densities ti e S42, respectively : TZ = £x Sy, T'E = Z x S42. Fischer and
Marsden [22,23] have shown that T*X carries a symplectic structure.
The field equations can be written in the following form :

8 .
g!—;\’ = a_ﬂd ( (lHd'f‘ BlH(l-j ) , (263)
and 6 i
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nge S42 denotes the canonical momentum density conjugated to g €S, and
we have suppressed the indices of =4l and g; as well as the
slice-index A. Using the tensor part =, the vector part hi and the scalar
part h of the corresponding densities, Hy and Hyi are given as :

s I
Hy = Gl = hu@) = R - 2 2n° — an)] @ ,  (27a)

Hy = Gy w@ = hlw@ = V[ p@1 . (27b)
The ADM-quantities are denoted by capital letters :
H:=+vgh , H:=+vgh' , T=vgn . (28)

Let us now consider the case of homogeneous cosmology: Since these mo-
dels have zero vorticity, the shift vector vanishes and since the slices of
equal time are homogeneous, the lapse function may be set equal to one.
The space-space components of the field equations read:

dg_SH] _ dil _ 3H |
E-m) o [E-R) *

The index "r" denotes the restriction of the equations to homogeneous
metric fields. On the other hand we can consider the restricted Hamilto-
nian H,, which is a function of g and I1 only, since the g, vanish:
H,=H/g,IT). This is the Hamiltonian of a finite dimensional system with
phase-space coordinates g and II. The corresponding canonical equations
are thus : '

dg _ oH; . _do _ dH,

dt ol ’ dt g o
These equations need not be identical to the field equations (29) above
for the following reason: The ADM-Hamiltonian H is obtained from the
corresponding Lagrangian L(g , 9., . 9,; ) by a Legendre transformation in
d,, and is thus dependent on g, IT1 and g,. The restricted functional
derivatives on the right hand sides of the equations (29) give the
following equations:



Vol. 63, 1990 Heusler 081

(31)

Replacing the restricted functional derivatives for H by the ordinary par-
tial derivatives for the restricted Hamiltonian H, is only admissible if
the last term in (31) vanishes;

[viﬂ] -0 . (32)
ag’l r

Using the connection forms (4), we obtain for the spatial divergence of a
vector Vi:

[ViV'], = [(@+olep)) V'], = Cliv, (33)

since ordinary spatial derivatives vanish. As we shall see, the vector V/
does not vanish and the equations (30), obtained from the restricted Ha-
miltonian, are not the correct field equations (29) except if the traces of
the structure constants vanish. This is the case for the Bianchi types
belonging to the Ellis MacCallum class A.

The same conclusion can also be drawn from the following
argument: Let us consider the action of the Lie group G on the configura-
tion manifold . The lifted action on the cotangent bundle is a symplectic
symmetry if the Hamiltonian transforms like a scalar function under this
action. Although the restricted Hamiltonian H,(g,II1) looks like the
Hamiltonian function of a finite dimensional system, it is still a density
by its definition (28). In order to respect the structure of the equations
(30), the action of G must leave H, invariant, i.e. it must not only
conserve the volume on the phase space but also on the configuration
manifold. Since the one-forms 6 transform with the adjoint
representation of G, the volume form 81A 62 A 63 is conserved if
det(AdG) = 1. Using

det (AdG) = exp (tr(adg) |, (34)

we see that the adjoint representation of the Lie algebra g must be
trace-less. The components of the adjoint representation are
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(ady ) = [X, 1} = XC' (35)

and the vanishing of its trace is equivalent to the vanishing of the traces
of the structure constants. The Lie algebras of the Ellis MacCallum class
A correspond to the unimodular Lie groups which leave the Hamiltonian
density invariant and thus admit the interpretation of H, as the scalar
Hamiltonian of a finite dimensional system.

.4. The modified Hamiltonian equations
1.4.1. Derivation of the equations

In order to extend the interpretation of H, as the
Hamiltonian of a finite dimensional system to the class-B Bianchi types,
we have to modify the canonical equations (30). Considering a restricted
action, the additional boundary terms prevent a derivation of the filed
equations from an ordinary variational principle. In this section we shall
derive a system of differential identities for the Hilbert Lagrangian in
the "3+1-split", which will turn out to be the system of the modified
Hamiltonian equations. In order to be consistent, we are not allowed to
neglect any boundary terms since two actions differing by such terms
are no longer equivalent.

As in the last section, let IT be the ADM-momentum,

n = ___lek| O = g

= = (Kl-¢g'k). 36
2 5 ( g'’K) (36)
From now on, the tensor indices of g and I1 are suppressed, II g := ITiigj.
The Hilbert Lagrangian in the 3+1-split reads (ADM-Lagrangian plus
divergence terms) :

@: tr(mg) - oH - BH' — tr( gy
+ VE{ L tr(gm)pi — 2mp; + a“}» . (37)
] lj
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Setting again a=1 and B=0, we obtain for the variation of (37) :
8(£§2—5) = —tr{ @I+Hy8g} + tr{ @-HpdI} — tr{ gdI1} .(38)

On the other hand, we consider the restricted variation of the Hilbert
Lagrangian in its usual form :

5(22 -

5 la(ﬁgij)Ru + \/5‘1’";“ ’ (39)

2

@ 1= gtV Sw“]p e,)

Using the connection forms (4), the components of ® are (in the homo-
geneous case) easily found to be :

Vg o° = iz_g-m”agi,- +28K)) = -tr(gdl) wom)
Vgo* = Y9 (gial - ghani) = tr(Fsg) . (40b)

)
In order to calculate the covariant divergence term in (39), we use

Vg o

o

Vg { @ |+t (e) @' }= Vg { D" ,+,(e,) @' +C'jj @'}
= (Vgo),, + Vgl @ . (41)

Since ordinary spatial derivatives vanish, only the p=0 term contributes.
Together with (40), (41) and 8(Vg gy)Ri = Vg Gi 8g; , equation (39)
now reads :

8(%’3—] = ——?—tr{ Goég} - tr{gdll} + tr{ Fog}. (42)

Now we can compare the two expressions (38) and (42) for the variation
of g R. The problematic terms containing the time-derivative of 511
cancel each other out, and we have the identity
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tr{(ﬁ+Hg+F——£—g-—G)ag} - tr{(é—HHJSII}=O, (43)

which immediately shows, that the space-space components of the field
equations ( G=0 ) are equivalent to the following modified Hamiltonian
equations :

g=Hg , -IT=H +F, (44)
H =i;9-ﬁ ~ 2«IMI>y , F = C\F* . (45)

After a Legendre transformation we obtain the corresponding modified
Lagrange equations (24) derived in the second section by explicit
calcula- tion:

L:tr{ng}_th_%@,w , DL = P,

1.4.2. Interpretation of the modified equations

Summarizing, we can consider the following finite dimen-
sional modified Hamiltonian system:

Proposition 4.1.
Let x=(g,,,I1¥¥) be the phase space coordinates, X the Hamiltonian vector
field belonging to H and X; an additional (constraint) vector field :

Xy = Jgrad,H R X = O0-F) , (46)

H = \/EGOO = ﬁ(%ﬁ o 2<H,H>wJ ; (47)

Then the field equations are equivalent to the equations for the finite-
dimensional dynamical system evolving with zero energy and with

) Jis the symplectic standard form :

g(oH oH ) _(_oH oH
ag’aI'I - aﬂ’ag
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respect to the flow ¥ of the vector field X :

X =XH + X¢ (48)

Proof: Let Dy denote the derivative in the direction of X. The

total time derivative of a function f(x,t) on the integral trajectories of
¥is :

; of
¥ = E + Dfo + Dxcf

If f does not explicitly depend on t and since Xy is a Hamiltonian field,
we can also write, using Poisson bracket notation:

{(f,H} = f - Dy f -

(49)
Setting f equal to the component functions of g and II, we obtain the
equations of motion (44):

Hp = {g,H} = g {I,H} = I +F,

(50)
Gij =0 .

The zero-energy condition is equivalent to the time-time component of
the field equations:
H=0 = G = 0 (51)

Since H must be conserved due to the Bianchi identity, we obtain the
following condition, setting f equal to H:

O={H,H} =

H+ tr( FHy) = tr( FHy) . (52)

This equation is only satisfied if the remaining time-space components
of the field equations hold,

tr (FH) = Cletr (Fg) = Cl G*/VG = -4 <IT,F >y (53)
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The equations G,k = 0 are equivalent to the requirement for the force
densities Fk to be perpendicular to the cotangent bundle with respect to
the De Witt metric. A

In the language of classical mechanics the modified
Hamiltonian system describes a particle ("the universe point") evolving
under the influence of a potential VYgR and three additional
nonholonomic d’Alembertian forces Fk (forces that perform no work),
which is in some sense the simplest non-Hamiltonian system with
energy conservation.

1.5. Perfect tluids and cosmological constant
Let us finally extend our formulation to models with a non-
vanishing cosmological constant and matter. For definiteness the matter
is assumed to be a perfect fluid with energy-momentum tensor Thv,
™ = (p+p)uu” - pg" (54)
pressure p and energy density p. ut is the cosmic 4-velocity, satisfying
g utu’ = 1. (55)
Contracting the Bianchi identity for Twv with u, and using u = (1/2Ing)" ,
we obtain
PaVg + 3 (pVg) = O
Assuming an equation of state of the form
p = p(Vg) = cVg ™, (56)
we have the well known relation
p = (A-1)p , (87)

where the cases A=1 and A=4/3 correspond to incoherent dust and to
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threedimensional radiation, respectively. A=2 describes "stiff" matter or
equivalently homogeneous scalar fields. The components of the energy-
momentum tensor can now be written as

T°°= CG—A , Tok = fi ,
T = cgl(1-a)vg > - . (58)

Defining the matter Hamiltonian as HM =+gT,,, we have the equations

M, _ M _ Vg 1ij
Hnl =0 5 Hgij = '-—2—'-T ; (59)

which mean that YgT,, may be considered as a potential and Y9/, Ti as
the corresponding force. The same statement holds for the cosmological
term since

Ng
(Vgh), = 2a%A , (\gAi = 0 . (60)
The complete potential now reads (where x is the coupling constant)

R - xkcvg ™™ - vga , (61)

g
Vv = —
Q) 2

and the Hamiltonian becomes

H= Vg { Goo(@l) - xToo(@ - A} . (62)

The extension of the Hamiltonian formulation to models with perfect
fluids or a cosmological constant does not cause new difficulties since
in both cases the additional terms may be described by introducing new
potentials.

If we restrict ourselves to the class-A models, which are
defined by the condition

a=0 o Ci=0, (63)

where Cfj = eyn + &2y, n"M=0,
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the additional vector field Xc vanishes and the system becomes
Hamiltonian; X = Xy. Since in this case the metric can be diagonalized
time-independently [35], the dimension of the phase space reduces to six.
Moreover, the constraints 0 = <I1,Fk>\, are identically satisfied, since the
Fk are traceless. Writing the metric in the coordinates x; and t (x; := Ing;,
dt = g-1/2dt),

g=¢eidi® + zeN@)? (64)
the Hamiltonian becomes H(x,p) = g H(g,II) :

Hx,p) = (Ep)? - 2(2pD) + V(X) , (65)

Vx) = %ez"i Rix) — kc e MAEXi _ op g®Xi (66)

and the field equations are equivalent to the canonical equations for H
and the zero-energy condition :

o fp s e (67)
ox dr
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II. Non-Hamiltonian autonomous equations for
(n+1)-dimensional homogeneous models

. The field equations for the (n+1)-dimensional homogeneous
models form a Hamiltonian system with constraint forces . The monoto-
nic behavior of Vg renders the interpretation of the evolution as the
motion of a particle in an explicitly time-dependent potential. Consi-
dering vacuum models, we show that this explicit time-dependence of
the potential (and of the extra force terms in class-B models) may be
eliminated completely. Using suitable coordinates, we obtain a system
with a (2n-2)- dimensional phase space, for which we can also give a
Ljapunov function in terms of the n-dimensional Ricci curvature.

11.1. Introduction

The study of higher-dimensional cosmological models is
mainly motivated by a possible geometrical unification of the funda-
mental interactions. In this context, an important question is whether
the Einstein equations provide a mechanism which causes a dynamical
compactification of the extra dimensions. Another interesting problem
concerns the nature of the cosmological singularity, which has been
especially treated for highly symmetric cosmological models, such as IR
x Rgd x R.D (where R.d and R;P are isotropic d- and D-dimensional
Riemannian spaces) [9-12,36]. Since even in (3+1) dimensions some
anisotropic cosmological models exhibit a very complicated (chaotic)
behaviour of the scale factors [5,19,37], it is convenient to consider also
anisotropic cases in higher spacetime dimensions [20,38]. Assuming
spatial homogeneity, the chaotic behaviour does not occur in models with
more than (3+1) dimensions [8,20] whilst it can be present in most
inhomogeneous cosmological models up to (9+1) dimensions [15,38].

Discussing the behavior of scale factors is mostly replaced by
the examination of the ergodic and mixing properties of the so called
mixmaster map (see also section 1V.8). This map has been introduced for
the first time for the Bianchi type IX [5,19] and subsequently was
generalized to the higher dimensional cases [38]. Treating the evolution
of scale factors within this framework is based on the assumption that
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the Kasner solution is as good an approximation during successive time
intervals as it represents the only nonchaotic approach to the cosmo-
logical singularity. In the following we shall introduce coordinates
which are adapted to the symmetries of the internal curvature and to the
scaling properties of the Hamiltonian. The assumptions mentioned above
will turn out to be provable within this formulation and, additionally,
the discussion of the highly symmetric models is simplified to the
treatment of the equations in a phase plane.

In the second section the Hamiltonian formalism is genera-
lized to the (n+1)-dimensional cosmological models. If the Lie group
acting on the space like hypersurfaces is unimodular then the field
equations can be written in Hamiltonian form. Otherwise we must add
constraint forces (standing perpendicular to the momenta with respect
to the De Witt metric) to the equations of motion as for the class-B
Bianchi type models in (3+1) dimensions.

The properties of homogeneity of the Ricci tensor of a n-di-
mensional Riemannian space (G,y) are discussed in the third section.
Splitting the metric y into a d- and a D-dimensional part, the Ricci
curvature falls into four pieces of which each has a fixed behavior under
different transformations in the two subspaces of (G,y).

In the forth section we give a symplectic transformation to
coordinates which are adapted to the scaling properties of the curvature.
The new "anisotropy"” and "volume" coordinates are related to the Jacobi
coordinates [39] of classical mechanics. The potential and the force
terms separate into a factor which depends only on the relative
(anisotropy) coordinates and a factor which includes the volume-
depending part. Since in addition, the kinetic part of the Hamiltonian is
indefinite (the signature of the De Witt metric is (n-2)), we can consider
a Hamiltonian system for (n-1) degrees of freedom with a time
dependent potential instead of an autonomous system with a 2n-
dimensional phase space. There also exists a special relative coordinate
corresponding to the ratio of the d- and the D-dimensional part of the
volume. On the one hand this coordinate will turn out to be suitable in
discussing the highly symmetric models (such as IR x R.dx RsD in Part Il
whilst it yields a necessary criterion for the existence of non-chaotic
solutions on the other hand.
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Finally, in the last section, we shall show how the explicit
time-dependence of the potential and the force terms can be eliminated.
Using the scaling properties of the Hamiltonian, one can derive a
conserved quantity depending on (n-1) coordinates from the original
constraint equation. Instead of the explicitly time-dependent equations
of section four, we obtain an autonomeous system for (n-1) degrees of
freedom. The treatment of the resulting equations is simplified by the
existence of a Ljapunov function which we derive at the end of this
section.

I.2. The field equations

Considering (n+1)-dimensional cosmological models we shall
repeat some aspects of the Hamiltonian formulation and fix some nota-
tions in this section. As in (3+1)-dimensional homogeneous cosmology,
the Gjj-equations are identical with the equations of motion for the
Lagrangian VgG-,, up to some constraint forces Fij

DIL - FI = ¢ & Gl =0 (1)

1 — 1 o
L = Vg G :=w—2~(\/g_R)—§<g.g>w ; ()

where the minus sign superscript refers to the opposite sign of the first
term compared with the expression for VYgGg,, and Dij=0d/dgjj
-d/dtd/dg,jjy is the Euler-Lagrange derivative with respect to g;. The
n-dimensional De Witt metric and its inverse are

1 2
Wik = ?G(gi(kgl)j ~ o7 9i gkl] (3a)
Wikl _ % @k g _ 2 gigh) (3b)

W Wi = =] 8a Ot

The forces Fg, are expressions in terms of the structure constants of the
Lie group G
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Fo = C(FY% = -Vgg' C% j (4a)
Cabij = 12 Cl (Cabi = Sal Cb) (4b)
Cb = Ciib g (40)

Using the conjugated momenta IIii, the Hamiltonian becomes VgG, :

H=m'g; - L .—_xlﬁeoo:—?ﬁ-zm,lbw (5)
n' = alagy =-1/4 WiKlg, . (6)

The equations of motion (1) are the modified Hamiltonian equations :

. oH

9ij = — , -l == +Fl . (7)
ot 9gijj

The constraint H=0 implies that the forces must stand perpendicular to
the canonical momenta with respect to the De Witt metric, which is
again equivalent to the Gy equations :

Ozgﬂtz{H,H}“g‘i’j Fi - Vg CG* = —1/4 <F.lI>y .  (8)

If the metric contains only diagonal elements, gjj=5;,g;, we can use the
canonical pairs (X;,Pi), the time coordinate © and the Hamiltonian h :

(Xi, Py :

(Ingi,giHi) ;o dt =dt/\ja (9)
h(X,P)

1l

VgH = -;-(gﬁ) X)+ T(P,P) . (10)

The modified Hamiltonian equations (7) now read

Xin: -='§"h—. ; "'Pi:t = 'al +Fi (11)
oP'

where the quadratic form T(P,P) and the forces Fi are defined as
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T(P,P) = %(}:P")2 - 2% (P (12)
F'o= VgF, = —gglicly; . (13)
Using 9/0X; = -P;d/dP; + g;0/dg; and H=0 we obtain (11b) from (7) :

ho_ A0 oo
dX| 9gi aIT
—Vg(m'g; + Flg; + Mgy ) = -P,. - F .

I

The Hamiltonian formulation for (n+1)-dimensional homogeneous
cosmological models is thus completely equivalent to the (3+1)-
dimensional case. The field equations form a finite dimensional Hamil-
tonian system if the Lie group acting on the spacelike hypersurfaces is
unimodular. Otherwise, if the traces of the structure constants do not
vanish, the equations of motion must be modified and the system is no
longer Hamiltonian but can be written in the form (7).

I.3. Symmetries of Rj;

The discussion of the field equations (7) or (11) is simplified
in coordinates which are adapted to the symmetries of the Hamiltonian.
We shall thus treat the scaling properties of the Ricci tensor in this

section. Let Rj denote the Ricci tensor of the n-dimensional Riemannian
space (G,y) with metric y = -g;6! ® 6i and structure constants Cij of G:

dei + ';—Cijk 9‘/\ Bk =0 . (14)

Defining Ay; and the constants t; and sj3P as

xkij = -1/2 (Ckij + Cijk # Cjki ) (15a)

(o d
I

ij = C,CJ + 1/2 Ck“ Cljk (15b)
Sijklab:= 1/4 Caika“ ) (15¢)
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we can write the Ricci tensor and the Ricci curvature as follows :

Ri

-l - C|7L'ij (16)
= -[t; + Sijklab 9“9 19" . (17)

Using the Bianchi identity or by direct calculation we obtain with (4) :
2 - R - Fi (18)

The homogeneity of R implies the vanishing of the trace of Fj: Since t;
and sijklab are constant expressions in terms of the structure constants
we have for any AelR

R(rgj) = A7 R(gy) (19)

and after a differentiation of (19):
oR =
gj— = -R . (20)
dgjj
Comparing (18) and (20) we obtain g;Fii = 0, which also derives from the
algebraic identity X;C2,; = 0 (4a). In the case of a diagonal metric, gj; =
8j9; = djjexp(X;) , the expressions (16,17) reduce to

R a = 15 Ckal Clak e—xa + Ck Caak e_xk

+ 2sgie i _ g 3% KK 21)
R = —14 e‘xi - SijkeX,‘—X;—Xi ) (22)

and instead of (18) we obtain
BRI 2E (23)
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The constants t; and s;jk are defined as

i =ty (C) 24+ 1/2 Ckn Clik (24a)

siff = sy =14 CH?% 20 , (24b)

where the semi-definiteness of the s;jk will play an important role in
the discussion of the asymptotic behavior of the scale factors. In the
following we use little Latin letters for indices running from 1 to n,
Greek and capital Latin letters for indices between 1...d and (d+1)...n,
respectively. Assuming a metric of the block form

(g),. = Ol 7 25)
ij 0 (G)I‘J '

the curvature and the forces can be written as follows :

R = Rd+RD+P‘dD+ RDd (263)
Fo= (F)% + (Fp)h - : (26b)

Each of the quantities Ry, Fgq etc has a fixed behavior under different re-
scaling of the d- and the D-dimensional part of the metric (25):

9w = A0, , Gy - AGy . (27)
Applying (27), we obtain (Rq,Fq/Ng) — A-1(R4,Fg/Ng), (Rp,Fp/Ng) —

A-1(Rp,Fp/g), Rgp — AA2Rgyp and Rpg — AA-2Rpg, which is easily seen
from the following expressions for Ry, Fgq etc:

R = = [ty + Suvad 9% Gys + 2 50a8° G™° Gl (28a)
|

Rp =~ [ty +Siyas G °Gep+ 2Siyef’ g gs 1 G ’ (28b)

Rip= - Syag" Oys chdca - (28c)

Rpg = - SuvaBCD G'CDg”ngLB (28d)
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(Fd/\/a)ab = - Cabuv guv (29a)
(FoN®)p = - Chy GY . (29b)

Now we can set A and A equal to g-1/d and G-1/D, respectively, and use

Re(9u,Gu) = 97" Ry(979g,y , GPGy) = g7 %rg (hyuwHu)

where the determinants of h,, and H,; are equal to one, to write R and
(F/INg)a, in the following form :

R = zx™® [rg + KIp + K3rgp + K ' Ipg ] (30a)

gFIN@% = zx* [ (9% + x(fp)% 1 . (30b)

The little rq,fqy etc are the same expressions in h,, and Hy as the capital
Rq.Fq etc are in g, and Gy, but they only depend on (n-2) degrees of
freedom. The special variables z and x appearing explicitly in (30) are
identified with the "volume"” g and the ratio of the two determinants of g
and G in (25):

z =g" = (gG)"'" 31a)

o (gaGa—1 )(02 — g1/d G_”D- (31b)

Instead of d, D and n we shall often use the quantities o, ® and ¥:

D n n—1
o = —
n

;W= —_— Y= il (32)

Whenever we are able to split the metric such as in (25), there exists,
additionally to z, another special coordinate x which is a measure for the
"total" anisotropy. For all homogeneous models (in any space dimension)
the potential (30a) is proportional to a polynomial of maximally third
degree in x and is linear in z (and so are the force terms (30b)). The ry, fq
etc. are independent of z and k. Since they are only functions of "local"
anisotropies, they reduce to constants for all highly symmetric models
of the form IR x Rgd x RcP (R.9 and R.P are subspaces of constant
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curvature). In this case the ratio «k and the product 2z of the
determinants are the only variables in the system. Using z as a time
coordinate we are finally left with the problem of a one-dimensional
motion x(z) as we shall explain in the fifth section. Instead of z and «
we shall often use their logarithms x, and x4 :

Xy, = 1/Amy¥? Inz = 2/y70 Ing (33a)
Xg = 1/0 Inx = vD/ndIng -Vd/nD InG.. (33b)

I1.4. Volume and anisotropy coordinates
I1.4.1. n=3 as an example

The three-dimensional homogeneous models were often
treated in the literature (for detailed lists of refs., see [19,33,35].
Discussing the diagonal Bianchi type cosmologies, the introduction of the
linear combinations x;=A;X; has turned out to be useful. The X; are the
logarithms of the diagonal elements, and the linear map A : X e IR3 = x ¢
IR3 is represented by the matrix

—1/2 1712 0
(A).. = | 16 1/v/6 -2/\/6 : (34)
1/4V/3 1743 13

Since A-1 = AT, the momenta also transform with A: P € IR3 - p e IR3
and the kinetic part in (10) becomes together with (12)

T(P,P) - Ta(p,p) = T(ATp,ATp) = p& - 2(pP+psS) . (35)

The first two components of x are anisotropy coordinates and the third
is the volume coordinate introduced in (33a): xp,= xg= 143 ZX; = 2/\n
InVg = 1/(¥ny2) In(z). Since gR contains only linear terms in z, it must
separate in all cases into an xgz-dependent part and a part which is
independent on the volume coordinate. Taking the Bianchi types VIII

(lower sign) or IX as an example, we obtain from
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— X,

R=t+teXt+teXese X=X

x2'_X1_X3 + €

= 15[9 Xa + e XS—X1_X2] (36)
after using the transformation X = ATx the following expression for the
potential:

+ 2e‘”ﬁ"2ch(x1/\/§) ] = z¥(Xq,X5) . (37)

The Hamiltonian now reads
1
h = p32~—2 (p12 + p22) + Ez(xs) Y(X1,X2) (38)

where only ¥(xqy,xo) contains the information about the Lie group. In-
troducing the new time T:=V2x3 and using the constraint h=0, we can
consider the explicitely time-dependent Hamiltonian hy = -p3(x4 2,p1,2,T)
whenever the solution x3(t) is a monotonic function of . This is the case
for T € J-o,15[ Where 1, is the solution of Vg(t,) = Vg(t) Vt for the Bianchi

type 1X and 1, = « for all other three-dimensional models :
1/2

_ 1
ht = —p3 (x;,p;, T) /¥ 2 =[ (PF + p7) - ZGTT‘P(Xan) ] -(39)

The equations for the evolution of x42 and py o are the Hamiltonian
equations for the explicitely time-dependent Hamiltonian h:

dx; 3 ah/ap; oh

Xj _ Xt - 1 Pi _ T (408)
dT  V2xs,. V2 dhidps  p;

dp; 8 oh/ox; oh

Pi Pi-t _ 1 Ll (40b)

dT ~ V2xs. V2 ohlaps  ox;

The configuration space is now two-dimensional and the solutions of the
field equations may be considered as the trajectories of the "universe
point” moving in a time-dependent potential of the form exp(yT)¥(x). We
shall next generalize this concept to an arbitrary number of dimensions.
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11.4.2. The general case n>3

In this section we shall give the generalization of the trans-
formation (34) for the higher dimensional cases. Additionally to the
volume coordinate z (or x,) we shall also introduce the special
anisotropy coordinate x (or x4) (31,33). In the new coordinates we can
write the po- tential in the form z%¥(x , Xq...X4.1 , Xd+1---Xpn-1) Where
k1+e¥ is a polynom of maximally third degree in x (30):

gﬁ = ZK—“[rd+1ch+1<2rdD+1c‘1de] . (41)

The functions rg and rp etc depend only on the (n-2) coordinates xq...x4.1 ,
Xd+1---Xn-1,

Proposition 4.1.
Let A and Bk (k=d,D) denote the linear transformations A : IR" — IR" , By :
IRk — IRK-1 represented by the matrices

( A

B, 0
A = A/D/nd ...... ... A/D/nd -A+/d/nD ......... - 4/d/nD 42)
0 B,
\VvVno 7vn VN . 17vn )
[ — 12 12 o T ¢ )
-1vVB -16 2n6 0 .e.....0
By = .0
S R ST o
~VAVKETD) e o= VAR K) (k=1 V(KD )

Then the mapping X - x = AX, P - p = AP is a symplectic transformation
of the 2n-dimensional phase space which especially introduces the co-
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ordinates x, = InzA¥ny2 and x4 = Inx/o, diagonalizes the quadratic form
T(P;P) (12):

2
Ta(p,p) = Epn2 - QZPi (43)

and brings the function gR(X) (17) into the form (41).
Proof: Since A-1 = AT, the transformation is symplectic. The

lines of A are orthogonal to each other and the sum of all elements in
each line vanishes (except in the n’th):

n n
ZAij =Vng, , ZAji A = ATAY = 8y -

j=1 j=1

For the n'th and the d’th component of x we have

Inz.

Xy = An X| = Zx = ——1ng - 172

XdzAdej=\/_z “/nD — K .
d+1

Using (12) we obtain for the kinetic part of the Hamiltonian the diagonal
expression (43): T(P,P) — Ta(p.p) =T(ATp,ATp) =2/(n-1){Z;(ATp);}2-2
(p,AATp) = 2/(n-1) (n §jy pj)2-2p2 = 2/(n-1) pp? - 2[p12+p22+...+Pp.12]. A

Instead of the pair ( xn,pn ) we shall use ( Xq.Po ):i={ XnV(n-1) ,
pn/¥(n-1) } and the notation x = ( xg.x ), P = ( Po. ). The kinetic and the

potential part of the Hamiltonian now read (with nj := diag (1,-1,...,-1) :
Ta(P,P) = 21;PiP; = 21 (P,P) (44a)
QRIX) = e P . (44Db)

In the new coordinates we thus have the following
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Proposition 4.2.
The modified Hamiltonian equations in the canonical conjugated coor-
dinates (x,p) read :

1

h = 4[ SneP + %e”’% ‘P(x)] (45)
oh ah

Xgp = =—— | —Pgo,g = — 46a

o = G Pore = = | (46a)

oh dh 1

X,; = — ; B,y = — + —eo g(x 46b

X it % R % 2 @(Xx) (46D)

where the n’th (o’th) component of the extra force ¢(x) vanishes. The
potential ¥ and the force are given as

Y(x) = k% [rg + krp + 2rgp + x 1 rpg] (47a)
o(x) = 2x* [Afy + xAfp], (47b)

where rq, fg etc. depend only on x without xq4 and @(x) stands
perpendicular to the momentum with respect to the Eukliedian metric of
IRN-1,

Proof: From Proposition 4.1. we know that the modified
Hamiltonian equations written in the coordinates (x,p) must still be of
the form (11). Using equations (13) and (30b) the transformation of the
force terms yields

Flo AjF = AGFl = Az (o] +x ()] 1 = 60 (482)

where the n’th component of the force vanishes since the traces EiCiijk
are zero for all jk (46):

Py = 2Anl K—a[idj + KLDJ ] = ——2— —0,( CJ . ht* 4 ijKK HKK) = 0.

\/ﬁ Jap

The orthogonality is finally obtained from (8) with A-1 = AT since the
n’‘th component vanishes :
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0 = <FIy = _41_g Xie F' e 2(ATx, ) F

= 2Xj,1 (AF)j = Z Xjiq Q) o< R.9) . A (48b)

The Hamiltonian (45) represents the generalization of (38) for
all higher dimensional diagonal models. The information on the Lie group
is contained in the force vector ¢(x) and in the potential ¥ (x). The
equations of motion for (x,,pe) are Hamiltonian equations without
modification, no matter whether the Lie group is unimodular or not.

As in the (3+1)-dimensional case, we can introduce the time T
= V(n-1) x, = X, and use the constraint h=0 to obtain a time-dependent
Hamiltonian ht = -po( X, R, T) :

1/2

"
ht = —po (x,R,T) =[ [ Ze”‘l’(x_)] : (49a)

The evolution equations for ht can be written in Hamiltonian form when-
ever the equations for h are Hamiltonian :

dx _ X: _ dhp _ ohr

- = (49b)
dT y 4p, op

, oh
dp _ Rir _ dh/ox __r (490)
dT . - 4p, 304

If we also have to take the extra force terms into account, the equations
(49c) for p must be modified and have the unpleasant form

dp ohy 1 1 _yx
= - + —hy' et
dT x 8 1o *®

The discussion of the explicitly time-dependent equations
(49) turns out to be rather difficult even in (3+1) dimensions where the
system has only two degrees of freedom, x4 and x». The potentials have
exponentially steep walls which expand as T— -~ (t = 0). The question
of whether a solution behaves regular near the cosmological singularity
is equivalent to the question of whether there is an infinite sequence of
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reflections from the potential walls [19]. If the equipotential hyper-
surfaces (lines) are not closed (as is the case in (3+1)-dimensional
cosmology for the Bianchi types I...VIl), the universe point can move in
directions where no collisions take place and the solution behaves
regular as T — -. If, on the other hand, the equipotentials are closed or
if there is only a set of directions of vanishing measure where they are
open (as in the Bianchi type VIll and IX models), the problem is more
difficult and one has to find out if the universe point is (after each
collision) fast enough to catch up again with one of the expanding walls.
In order to make the system treatable in this form, the exponentially
steep walls are usually replaced by infinitely steep ones and the
universe point is assumed to propagate freely between two reflections.
Using these assumptions, the following properties of the system are
known:

In (3+1) dimensions the solutions for type VIII and IX behave
ergodic [40] and chaotic [19] near the cosmological singularity, whereas
the solutions for the other Bianchi types show a regular approach to the
singularity since their equipotentials are not closed.

The (4+1)-dimensional homogeneous models have been clas-
sified by Fee [41]. Since none of the Fee types has closed equipotential
walls, chaos is not expected to occur in this dimension [8] (this need not
be true for inhomogeneous models as we shall explain in part 1V).

Within the framework of moving equipotentials, models in
more than (4+1) dimensions have mainly been discussed for cases with
higher symmetries [11] and were found to behave regular as t—0 (see
Part V).

The method of explicitly time-dependent potentials is (es-
pecially in higher dimensions) rather unpleasant since it requires
assumptions of the mentioned kind. Another approach, which has turned
out to be successful, starts with the question whether there is a time t,
and a constant vector ¢ € IR" ( with Zo; = £6;2 = 1 ) such that a solution
of the form g;(t) = t20i may be a good approximation for all t < t,. Using
the Levi-Malcev decomposition for Lie algebras [21], such a stable
generalized Kasner solution may be found for all homogeneous models in
more than (3+1) dimensions [20]. In this context one has to assume that
the generalized Kasner solution is the only regular approach to the
cosmological singularity and that the transitions from one Kasner epoch
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to the next one takes place instantaneously.

In the next section we shall show that in all homogeneous
vacuum models the explicit time-dependence of the modified
Hamiltonian equations can be eliminated. Within the new set of
autonomous equations we shall later (Part IV) find a necessary condition
for the existence of regular solutions and we shall also show that the
generalized Kasner solution is in fact the only regular general approach
to the singularity in homogeneous cosmology.

I1.6. Reduction to an autonomous system

The invariance of the Hamiltonian constraint under simulta-
neous rescaling of the volume coordinate and the momenta and the
behavior of Vg as a function of t make it possible to eliminate the
explicite time dependence in the equations of motion (49). In order to
show this, we first consider the function xq(t) :

Proposition 5.1.
Let E(t) =( x(t) , p(r) ) be a non-stationary solution of the modified
Hamil- tonian system (46)

E.=1{&,h}-f, (f,J&) =0 (50)

with Hamiltonian h(¢) = 0 and additional constraint force f of the form

;
f=§e“"‘°(o,g,o,sa(x)) (51)

h=2n(p,p) + %e"”‘o YY) = To+ V. (52)

Then x,(t) is either monotonically increasing for all times or it has
exactly one local extremum which is also the global maximum.

Proof: Let x4'(14) = 0. We first show that x," "(1o) £ 0 : Using x5 =
4p, and py = -yV(x) we obtain from h=0 at t=1,: py'= -2y|R|2 and thus
Xo (10) £0.If xg"'(t) # 0 then any critical point of x4 is a local maximum
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and the statement follows. Let us thus consider the case where x5 "(1to)
also vanishes:

Let X (to) = Xo "(To) = 0 .We show that x,"""(t5) = 0, Xo{4)(to) < 0: From
(f,JE') = 0 and (51) we know that (p ,¢) = 0. Using this and p = -1/2
exp(y xo) (VW¥+¢) and ¥'= -4( Y¥,p), we obtain

¥ =8e " (pp)
¥ =8e T [(RR)+(RR) - 4YPo(RR)] .

Together with py(to) = Py (To) = 0 and py (15) = -2y |RI2(T,) = O we have ¥'(t,)
=0and ¥ '(15) = 8 exp(-y X5) |R°]2 = 0. Differentiating the equation x,""=-2y
exp(yxy) ¥(x) twice with respect to 1 yields at 1 =145 : X5 "(15) = 0 and
Xo(#(10) = -2y exp(yxy) ¥ "(t5) =-16 Y[R |2<0 ( and = O only if p'= 0 at 1 ).
If x,(4)(1,) # 0 the statement follows again since the first non-
vanishing even derivative of x4 is strictly negative.

If, finally, xo{4)(t,) also vanishes, we have py(t,) = R(to) = 0 and py'(to) =
p'(tg) = 0 which imply pg(k)(ty) = p(K)(15) = 0 for all k =2 1 . This is imme-
diately seen from the coupled equations of motion for py(t) and p(t) at 1o
by induction. Assuming that pgy(t) and p(t) are analytic functions for
finite T, we thus obtain the stationary solution p(t) = 0. A

Using x, as a new time coordinate we shall now eliminate the
explicite time dependence of the modified Hamiltonian equations (49) by
considering the following

Proposition 5.2.
Let the modified Hamiltonian system (50-52) be given as in Proposition

5.1 and let | be the t-interval where x, is increasing | := ] -eo,15 [. Then
(for p, # 0,:0) there exists a diffeomorphism n : & e IR2" 5 n(€) e IR2N , a
projector P : e IR20n — Pn e IR2n-2 and a vector field W : P e IR2n-2 -
W(Pn) e IR2n-2 such that on | the 2n modified Hamiltonian equations (50)
together with the constraint h=0 correspond to the (2n-2)-dimensional
autonomous system

d
o - W 53
aT Pn(§) | (Pn(g)) (93)
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T
and the equation T = J F(Pn(T)dT , where T:=-x,(1).
Proof: For p, # 0, let n(§) be the regular transformation

1
TI(E..) = (qO:l(.sYst.) = (xo_?ln pozillln pg,"g_')

o]

and the projector (Pn); = (1 -85 ® 85 ) i.e. Pn =(x,y) . We shall show
that it is possible to find an autonomous system (53) for (x,y). Having
solved these equations, t (T) is obtained by an integration : '

T i D
y=-| 2 yT7/2 |¥(T )l — 1/2 dT’ ’ 54
(M) = - 2e ] (54)

and one has the solution in parametric form x = x(T), xo =-T, t= 1(T)
for T e t-1(l), which is equivalent to the solution x = Xx(t), Xg = Xo(t) Of

(50-52) after having solved 1t =1t(T) for T on the interval I. The Hamil-
tonian in the n-coordinates separates in the y,-dependent part

i
hm) =e¥ €(x,¥,0) =eyo[2 (1—Ix|2)+-2-e"q° ‘P(;)] (55)

and so do the equations of motion for x and y :

K' — m = 1_ey°a_€ — poa_e (56a)
R Po oy oy
Y= —lpypel =-—| Dy Ty X
Po ° PolOx 2 9Xg
= —py|— + —eT%¢g - 56b
p°_ag(_+2€ Q 18%} (56b)
, . 2 Po I 2 o¢
- R N . I q & —a=l |, 56
Qo Xo Y by po_ + Yaqo] (56¢)

Using the time coordinate T, -dT := dx, = 4podt, these are (2n-1) autono-
mous equations for the (2n-1) coordinates ( qo , X, ¥ ). Since the trans-
formation n(§) is constructed such that the new Hamiltonian separates
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in the y,-dependent part, the Hamiltonian constraint h(§) = 0 holding in
the 2n-dimensional phase space reduces to the new constraint

€(Qo,x,y) =0 (57a)

for the (2n-1) quantities x, ¥, and q, . Solving (57a) for qq,

_ _1__ ]y-‘z -1 ) 57b
Qo = Yln [4_‘F(X_) ( )

and using the time T, the right hand sides of the equations (56a,b)
become only dependent on x and y :

dx dy

—:l : —

1 Y+
dT " d 2

\Y%
- (re- T 2w) . 68

These are now the 2n-2 autonomous first-order differential equations.
Using finally qg = Xo - 1/y In(po2) = -T - 1/y In[(-dT/4dt)2] the constraint
(57) can be written in the form

_2/ 1k
e_-r(_ dT] T (4 |112—1J
4dx Y (X)

which for a given solution x(T), y(T) of (58) can be integrated with
respect to T and yields (54). A

Some comments are reasonable:

Using the original time coordinate t , dt = Yg dt and the
relation g = exp(Nn/2 x;) = exp(1/2y x,) = exp(-T/2y) , we can also
write

T , ‘ 2_
£ (Ty = _J‘ g~ T/l | W =T 172 - (59)
¥(x(T)
The cosmological singularity is achieved as xq o InVg — -o
i.e. as T —» +eo. If Vg has no local maximum then the long time behavior
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may be discussed considering (58) for T — -~ whereas otherwise T is
only an admissible time for T e [Tgy,eof .

If the original system can be written in Hamiltonian form
then @(x) vanishes and the last term in (58) is a logarithmic gradient. If,
on the other hand, the Lie group is not unimodular, we still have from
(50,51) the orthogonality between the extra force ¢@(x) and the "velocity"
y with respect to the Eukliedian metric of IRN-1:

(@(x),y) = 0. (60)

The last term in (58) may also be written as

n o

V¥ + 9 R!

(5 )i - 2 ATy 61
j=1

This is obtained after multiplying (23) with A, Aj; dR/dX; = dR/dx; = A;
Ri -2/g Ajj Fi, using (48a), gR = exp(y Xo) ¥(x) and g = exp(xy/y) :

g% oW .\ gl%o
g ox; g

¢ = A”ﬁj i i=1...n-1

The system (58) also possesses a Ljapunov function to which
we shall pay attention in the following

Proposition 5.3.
Let the function L : (x,y) e IR2M-2 5 |(x,y) € IR be defined as
lyl? -1
L(x,y) = 62
(X.¥) ¥ (62)

and let (for T>T,) I'(T) = ( x(T),x(T) ) be a trajectory in the (n-1) x (n-1)-
dimensional phase space of (58) for which L(I'(Ty)) # 0,ee. Then

L [p

(and =0onlyfory=00r T=o) (63b)
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(where L| := L(T(T)) and L°|I~ denotes the orbital derivative of L along
I), i.e. L is a Ljapunov function belonging to the semi flow induced by the
vector field W on the phase space.

Proof: Multiplying the second equation of (58) by y we obtain
together with (@,y)=0 and d¥/dT = (V¥,y) (where " o " denotes the
derivative with respect to T):

IPO
2yy°=9°=(1-y°) (712 - )

or the integral equation

2 2 T

y© -1 vy -1 B i .

et T = T —~ THdT , 64
‘P(x)() ‘Pm(o)exp{ vJTox() ] (64)

where we have used sig(|y|2-1) = sig¥(x) which follows for any physi-
cally relevant solution of (58) from the constraint (55,57). From (64) we
can conclude that L| is continuous, positive and that it does not vanish
at finite times T>T,. Differentiating (64) we also obtain (63b) ,

dL
ﬁlr = —y(¥*L)Ir < 0 (65)

where the "=" sign only holds for L=0 or y = 0. A

Using equation (64) we can write the transformation (59) to
the cosmological time in the form (with t(e) = 0)

T

T
t (T) o —-j exp [—% (12(T”) + -n1T1 )dT"} dT” , (66)

which is as an example helpful for the discussion of the generalized
Kasner solution which we shall discuss in the following

r ition 5.4

Let oi(t) be the Kasner "functions" defined as
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oi(h) = 1_ - (g|( ) glo]
2 t/ t,

and let the generalized Kasner solution be defined as usual , gi/gjo = t20;
where the constants o; satisfy the two relations

zn: Gj :i Gi2 = ] . (68)

Then the functions (67) in the time coordinate T read

(67)

n-1
G (T) = ZA“ Xj (T) - '\[ﬁ / 21In t(T) , 1=1..n ; (69)
j

and any solution of (59) satisfying
y =e , e = constwith | e | = 1 (70)
is a generalized Kasner solution (68).

Proof : Using the transformation X = ATx with A, = 14n Vi
and -T = x, = V(n-1) x, we obtain (69) from (67) :

n-1

T
exp(Xi) = exp{ ZAJ'XJ (T - ﬁ“‘)‘]= exp[2oi|nt(T)] .
j

gi

For ¥ = 0 we have lyl = 1 from the integral equation (64) and thus y = ¢
with lel = 1 from (59). This is indeed the Kasner solution since (66)
yields in that case In (t/t;) = - (T-Ty)/ 2y and together with (59b) and
y =e we have x =x, +¢& (T-Ty). Inserting these equations in (69) the
time-dependence cancels out and the Kasner exponents become

n-1
1
Oj =—Y[ZAji9j-'—nzﬁ} = —y(AE), (71)
]
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where E e IRN is defined as Ej := g for j=1...(n-1) and E, := -1 (n-1).
The relations ATA =1, ;A =Vn §;; and E2 =lgl2 + (n-1)"1 = 1/42
guarantee the Kasner conditions to be fulfilled :

Nn
=

PIv¥ =1. A

Zio‘i =—’Yz”A”E] =—y\/ﬁ2j anjEjz"'Y 1 .

%iof = ¥ (AE,AE) = ¥?(E, E)

1I.6. Conclusion

Introducing volume and anisotropy coordinates and rescaling
the canonical momenta we have shown that the explicite time
dependence of the modified Hamiltonian equations can be eliminated. Our
system consists in the (2n-2) autonomeous first-order differential
equations (D),

dx dy

__=l g —

d ’

1 2 ( 2‘P+g2 )
= —=(1- - , D
3 > (1=l vy 7 X (D)
for which we can also find a Ljapunov function L(x,y) (62). Any solution
of the diagonal field equations is obtained from a solution of (D) by the
transformation (A) and the integration (I):

n—1
-
gi(T) = exp{ JZ,Aji X; (T)}exp[— T\fﬂ_——ﬁ] (A)
T T
_ : X . - L
t(T) = J' dT” exp QJ' dT |:Iy_(T ) +n_1] . )

In the next Part we shall use these relations to discuss the behavior of
the (n+1)-dimensional homogeneous models near the cosmological singu-
larity.
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lll. Cosmological models with product topology

The field equations for cosmological vacuum models of the
form IR x R4 x RcP, where R;d and R.,D are d- and D-dimensional
Riemannian spaces of constant curvature can be reduced to a two-
dimensional autonomous dynamical system. Discussing the phase portrait
we show that all solutions exhibit a Kasner-like behavior near the
cosmological singularity. For all decompositions n =d + D (d,D # 1),
these models have d contracting and D expanding scales or vice versa
ast— 0.

111.1. Introduction

In Part Il we have introduced coordinates which are adapted
to the symmetries of the internal curvature and to the scaling properties
of the Hamiltonian. The field equations for an (n+1)-dimensional
homogeneous vacuum model were reduced to a system of (2n-2)
autonomeous first-order differential equations. In order to obtain a
better understanding of the dynamics described by this system, we shall
in the following discuss the qualitative behavior of some highly
symmetric spacetimes.

The cosmological models that we shall treat now have a pro-
duct topology of the form IR x Rgd x R, where R.d and R, are d- and
D-dimensional Riemannian spaces of constant curvature, respectively.
Most models studied in the literature are assumed to have a product
topology [9-14]. The cases where, additionally, R.d and R;DP are isotropic
spaces are especially discussed in [9,10,13,14]. The qualitative behavior
of the solutions near the cosmological singularity is found to be
dependent on the assumptions on the energy momentum tensor. For the
vacuum models IR3 x SD and S3 x SD the solutions exhibit a line-like
singularity with D expanding and d contracting scales as t — 0 [13].
In our formulation the advantage of writing the field equations in terms
of anisotropy and volume coordinates reflects in the fact that the phase
space becomes two-dimensional.

In the second section we shall first reduce the general
system to the two-dimensional case and then give an analytic solution
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for the case where either R.d or R.D is flat.

The different possibilities for the behavior of the solutions
are analysed in the third section. The aim is to show that for all initial
conditions (up to a set of vanishing measure) the trajectories approach a
Kasner-like solution. Whenever the curvatures of the subspaces have the
same signs, the two exact solutions (Kasner solutions) T .(T) = (xo+T,1)
and T _(T) = (xo-T,-1) divide the phase plane into the connected
component S = { (x,y) | |y|£ 1} and its disconnected complement in
IR2, The fact that every trajectory has to remain in S or IR2\S at all
times together with the existence of a Ljapunov function causes the
solutions either to approach the boundary of S or to perform an infinite
number of oscillations. We shall show that the logarithmic derivative of
the curvature function ¥ (x) determines which of these two possibilities
is realized. Finally we shall extend our arguments to the case where Rgd
and R.;P have different curvature and show that the oscillatory behavior
can be excluded in all cases.

In the last section we shall extend the discussion to a toy
model which still has a two-dimensional phase space but nevertheless is
closely related to the general case where no symmetry restrictions on
the Lie group G are made. We shall consider two cases and show that
oscillatory solutions can not exist for n > 3 in the first case and n > 9
in the second case. These are exactly the critical spatial dimensions
separating the chaotic and the regular regime in homogeneous and in
inhomogeneous cosmological models [15-18,20]. Our toy model may thus
serve as a help for an intuitive understanding of the dynamics of the full
equations, which we shall discuss in Part IV.

lll.2. The system and the phase plane
111.2.1. Reduction to a two-dimensional system

In Part Il (chapter 1I.5.) we have introduced the 2(n-1) first-
order differential equations :

dx dy 1 2 ( V¥ + ¢ )
— ; — T — e, —_ ;i 1
a7 " ¥ il (1-1y[")| vy 7 & (1)
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Having solved these equations for the anisotropy vector x € IRM1 we
obtain the solution of the field equations performing the transformation
(2) and the integration (3):

n-1
.
gi(T) = exp[ jzAji X; (T)}exP[__\lF('rT—_—n] (2)
T T
_ ’ X # g2, 1
t(T) = j dT exp 2[ dT [Iy_(T Y +n_1] . 3)

We have also mentioned that any solution satisfying y =g with an
arbitrary constant unit vector e is a generalized Kasner solution
(Proposition 11.5.4.).

Let us now discuss the system (1) for cosmological models
with a product topology of the form IR x R,dx R;,P where R;d and R.D are
d- and D-dimensional Riemannian spaces of constant curvature,
respecti- vely. Considering the transformation (11.42) x AX and the
scale factors gi=exp(Xy) =...= gg=exp(Xq) , 9d+1=€XP(Xd4+1) =...= gn=€xp(Xp)
we see that the only non-vanishing components of x are x4 and x,. The
function exp(xq) describes the evolution of the ratio of the two scale
factors of R.d and R.P (I.33) whereas x, is related to the new time
coordinate T through -T = x, = V(n-1) x,. The vector x e IR™1 thus
reduces to the the scalar x4 where from now on we shall suppress the
index d and often use « instead of x4 :

Kk = % ., o:=+vn/dD . 4)

In general, the functions rq,rp,rqdp."pd.fqg and fp defined in section 11.3. de-
pend only on Xq...X4.1,Xd+1---Xp-1- In our case where the only non-vanishing
component of x e IRM™1is x4 they reduce to constants :

rq = const , rp = const
fab =fod =0 , fg =T =0 : (5)

rqp and rpq are vanishing since for product topologies no structure con-
stants of the Lie group G with both sorts of indices p,ve 1..d; I,J € d+1...n
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do exist (11.28¢,d). We thus obtain from (5) and (11.47)
Y(xg) = x& (rg + Krp) i o(xq) = 0 . (6)

The system (1) reduces to two autonomeous differential equations of
first order for x and y

‘ 1
X =y, y'=5(1—y2)[w—!<x)1 , @)

where we have introduced the logarithmic derivative I(x) of ¥(x). The
discussion of the solutions of the field equations for the scale factors
gld)(t) and g¢(D)(t) belonging to the isotropic subspaces R4 and R.P with
the curvatures rq and rp is thus reduced to the treatment of the
trajectories in a phase plane. Having found a solution x(T) of (7) the
two scale factors g4 = ... = gq =:9(d(t) and gg41 = ... = gn =: 9{P)(t) and the
cosmological time t are obtained in parametric form (see chapter 11.6.):

@Ty = (O/n _L} . 8

)Ty = (-9 T

g (M) = x exn[ _\/n(n—-‘l):| (8b)
T y T 5 1

t(T) = -j daT exp—-z-j dT [y T ”F} , )

where we have used the definition of A (11.42) and X Ajx; = Agixq =D/n
In(x) (j=1..n-1) if i el..d (X Ajx; = -d/n In(x) if i ed+1...n). We remind
that T is only a well defined time coordinate either in the expanding
(Te[Tq,eo[) or in the contracting regime of the n-dimensional volume.
The Kasner functions are defined as in the general case (Il.
67,68). Now there exist two generalized Kasner solutions yq= eq = 1.
The corresponding Kasner exponents are obtained from o= -y [ AgiYd -

1N(n(n-1))1  (1.71), )

i el.d : c_(dl = g = 1—[1 e B(n—‘l)
’ n V d ]

i edttn: o =g = %li‘i +- = (n-1) (10)
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and satisfy the conditions (11.68):
do_(‘,jl + Dof)_) = d[o_(‘,jl]2+ D[o:sﬁf[?_)]2 = 9

If d #1 and D #1 there are always d positive and D negative (or D positive
and d negative) exponents. Near the singularity any generalized Kasner
solution of IR x R.d x R;P thus consists either in d expanding and D
contracting (yq=-1) or in D expanding and d contracting (yq=+1) scales.
Since we shall show that any solution of (7) approaches either y4q=-1 or
yg=+1, this behavior is generic for all solutions of IR x Rgd x R.P (with d,D
>1). Although solutions with n expanding dimensions can not exist in
homogeneous vacuum models of the above type, they may occur in more
realistic models with non-vanishing energy-momentum tensor T,, [9,13,
14]. To prove the above statement, we shall consider how the shape of
I(x) affects the phase portrait of (7). We shall especially distinguish the
cases where |(x) is bounded (¥(x) has no zeros, i.e. Redand R;P have both
positive or negative curvature) and where I(x) has a singularity ( i.e. R.d
and R;P have different curvature). As a starting point we consider the
case where either R.d or R.P is flat and (7) can be solved analytically.

11.2.2. An analytic solution for rg = 0

In order to become familiar with the plane dynamical system
(7), we shall first treat the case where either R¢d or RcD is flat, i.e. rg =
OQorrp =0. As T - = (t - 0) the solutions exhibit the expected Kasner
behavior y:= yq —» 1 which we shall also prove in the next section for the
remaining cases where none of the curvatures vanish.

Let us now solve (7) for rq = 0 and rp # 0. The logarithmic
derivative I(x) then reduces to a constant |,. Together with (6) and x =
exp(wx) we have

1-a
) = [px 7]

2= o(l-) = lg >0 (11)
I'DK1—a

where a = D/n and o = (n/Dd)1/2 (11.32).
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Proposition 2.1.
Let I(T) = ( x(T),y(T)) be a solution of

X" =y y-=-12—(1—y2)[w—lol (12)

with y(To) # lo/y = (d / D(n-1) )¥/2 | and let S be the strip

S == {xy) | <1} | (13)

in the phase plane IR2. Then

) T(To)e (€)S = I(Me(e)S VT,

i) y(M) = 1 as T—o o,

i) y(T) = lo/y as T — ==, for I(To)e S ,

iv) y(T) = 20 as T - T >-, for T(Ty)e S .

Proof: i) Since |, is finite, no solution of (12) can intersect
one of the special solutions T'y(T) = (xox T, £1) for finite T.
ii) The second equation of (12) can be integrated with respect to T and
yields

2

(Y_IO/YJ [yo—1 ]
Yo—lo/y) \y -1

for D21, i.e. 1-lo/y > 0, whereas for D=1, i.e. 1-l,/y = 0 we obtain

- 1
exp[ 2 2 ][y 1](y°+ ) = exp[2y(T-Ty)] . (14b)
y-1 yo-1] \yo~1/\y+1

1+l /v

1=y
(y°+ ) = exp[(1—(IO/Y)2) y(T-Ty)1l  (14a)
y +1

The right hand sides of (14) tend to infinity as T— < and so must the
left hand sides, which in both cases is only possible if y—+1 or y—-1.

i) For I'(Tgy) e S we have |y(T)] <1V T and we obtain y —» I/y as T —
-0 in (14a) and y — 1 (= ly/y, D=1) in (14b).

iv) If T(Tg)e S then |y(T)] 21V T and the minimum of the left hand
sides in (14) is easily seen to be strictly positive and to be attained only
if y =+ 0ory = - Since the r.h.s. in (14) are monotonically decreasing
to zero as T — -, there exists a finite time T'< T, with y( T') = +oo if
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Y(To) >1 and y( T') = - if y(T,) < -1. The qualitative behavior of the

solutions is shown in fig.2.1. A
y fig.2.1.
‘ > 0
Qualitative behavior of
I 4 | o —=, T, the solutions of (12).
— As T increases, all tra-

——————————————— I/ ¥ jectories either tend
toy=-1ory=1.As T

J rp<0 — x decreases, the solutions

inside the strip |y| < 1
approach the dashed line

> = al . whereas the trajecto-
- T ries lying outside the
rp>0 strip reach |y| = o« after

a finite time interval.

The physically relevant solutions are those with sig(y2-1) =
sig(¥(x)) = sig(rp) (Proposition 11.5.3.) and we thus obtain the following

Corollary 2.2,

Let R.d be flat and R.P have non-vanishing curvature. Then
i) every solution approaches one of the two possible generalized Kasner
solutionsy =+1 as T — o« (i.e. t - 0):

d
26¢ )ﬂ+

@ _, 206" ,g

D) 2U(D3L,— (15)

g -t ,

i) if RcD has negative curvature, the scale of the flat space tends to a
constant whereas the scale of R.D diverges as T — - (i.e. t — ),

iii) if the curvature of R.P is positive, the n-dimensional volume reaches

its maximal extension after a finite time t'>ty (i.e. T*<Ty).

Proof: The first and the second statement follow from Pro-



Vol. 63, 1990 Heusler 1019

position 2.1.ii) and from Proposition 2.1.iii) and (8), respectively, since
g(d(T) - exp{T[Dwly/yn - 1/In(n-1)]} = const and g(D}(T) -
exp{T[-dwly/yn - 1Nn(n-1)]} = exp{-T/yD}. The last statement is due to
Proposition 2.1.iv). A

l1.3. The properties of the two-dimensional system

Let us now analyse the two-dimensional dynamical system
(7) for a class of functions I(x) as general as possible. We shall first
assume that I(x) is bounded for finite values of |x|. This holds true
whenever the curvatures of the two subspaces have the same sign
(see(B)).

Proposition 3.1.
Let I'(T) be a solution of (D) and let I{(x) : x e IR - I(x) € IR be a dif-

ferentiable function satisfying the conditions

[(X)] <= ¥x , II|im Ix) # 0
X|— o0
I(X) >(<=) 0 for x > (<,=) X, , Iy(Xx) # 0 . (16)
Then
NT(Tg)e ()S = TI(Me(e)S VT,
i) Po = (xo,0) is the only critical point of (7) and P, is a stable node or

a spiral pointas T — -,
i) L(x,y) is a Ljapunov function of the system :

X
Lxy) = (y°-1) exp[—j I(X')dX’] ; (17)
xo

iv) Py is an asymptotically stable solution of (D) as T — -oo,
v) (7) has no periodic solutions, no limit cycles and no bounded solutions.

Proof: i) Since I(x) is bounded, no solution of (12) can
intersect one of the special solutions T y(T) of (D) for finite T.
i) The function I(x) has exactly one zero at x = x,. P, is thus the only
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critical point and the linearized system has the eigenvalues

8
?\.1.2 = %|:1 id" —?lx(xo)} s

Since the derivative of I(x) at x, is strictly positive, the eigenvalues are
unequal and Re()Aq 2) > 0. Thus P, is either a stable node (0 < I;(xo) < y2/8)
or a stable focus ( ly(xy) > ¥2/8 > 0).

iif) No solution of (D) ( except T'+(T) ) can have |y(T)] = 1 at a finite time
T. Since |(x) is bounded the integral [ I(x’)dx" is finite for finite
x-intervals. For a solution TI'(T) e S we have L|r < O (if T # ) and the
orbital derivative of L along T is positive semidefinite , (dL/dT)|y = -y
y2 L|r 2 0 and vanishes only if y =0 or T = . The functions L and
dL/dT are satisfying definiteness conditions of opposite signs and L is
thus a Ljapunov function of the two-dimensional system (see also
Proposition 11.5.3.).

iv) The asymptotic stability theorem [42] states that if there exists a
positive definite function L(x) which has an infinitesimal upper bound
and if dL/dT is negative then x(T) = x, is an asymptotically stable so-
lution. In our case P, is thus an asymptotically stable solution as T—-c.
v) Since any trajectory in IR2\ S has index zero (there are no critical
points in IR2\ S ) there exist no periodic solutions and no limit cycles
in IR2\ S. Let us now consider the trajectories in S: At any finite time T
we have L) < 0 and the function (dU/dT)|r(ry is strictly positive on
every trajectory with T'(T,) # P, (up to the set of vanishing measure on
the T-axis where I'(T) intersects the x-axis and (dL/dT)|r(T) vanishes).
There are thus no bounded solutions as T — « except of the instable
one I'(T) = P,. We can also introduce the level set (L) of L,

Ylo) = { xy) e S | L(xyy) = Lo} (18)

and use a similar argument as in the Poincaré-Bendixon theorem : Every
solution has to intersect each of the closed level curves (L) with L >
L(I'(Ty)) exactly once. The statement is now a consequence of y( Lo+ AL )
D Y(Ly) D ... 2Py =7(-) for AL > 0. A
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Next we shall show that the solutions of (7) in S either
wind infinitely often around the critical point P, or approach
asymptotically one of the Kasner solutions T4(T) as T — . The
behavior of I(x) for large values of |x| determines which of the two
cases is realised.

Proposition 3.2.

Let y(®) denote the set of the orthogonal trajectories to y(L) (18), Q;
(i=1...4) the i'th quadrant of the phase plane with respect to P, and
n(I',Ty) the winding number of T with respect to P, in the interval
[Toeol :

N(LTy) = -21—an o'(T)dT 19)

where tg (¢) := y/(x-Xo). Let the assumptions on |[(x) be the same as in
Proposition 3.1. (16) and let T'(T) e SV T be a solution of (7). Then

i) I(T) intersects the trajectories y(®) in the same order as ¢,(T) = Po-
p(cosT,sinT) (p<1) ,

i) I'(T) passes the Q; in cyclic order,

iii) either there exists a T with T'(T) e Qj V T>T or n(I',Tg) = oo V Tgy<oo.

Proof: The orthogonal field to y(L) points in the direction of
(I(x)-1, (y2-1)/2y ) =:¥® since ¥V a ( I(x)"!, (y2-1)/2y ) = 0 and (Y@, VL)
= 0. The variation of @ along the circle c,(T) is thus

1 2

-y 2y°
1(X) (= dT .
2y I(x) [ G (5] 1—y2 :I

doler = (€, ¥®)dT =

Since |y| £1 and I(x) (x-xo) = 0 by the assumptions on I(x), we have
sigld®|om] = sig [y (x-x)] = =(-1)' in Q

On the other hand, the variation of @ along a solution I' is obtained by
using (7):
1

d®|pr = @©,¥®)dT = T [y2+ €100 {I(x) —yy }1dT
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with e := (1-y2)/2 < 1. The expression in brackets is positive for all
(x,y) € S\Po . This is clear for I(x)-yy 2 0 and I(x) = 0, whilst for I(x) < O
we have [...] > y2(1-e2y2) + €2 yy I(x) > 0. If I(x)-yy £ 0, we can write the
bracket in the form €21(x)2 + y(y - I(x) ye2) > €2l(x)2 + y2(1 - y2e2) > 0,
since v,e <1 and Jy| £ 1. We thus obtain again

sigld® ] =sig [ylx)]=--1) in Q

ii) Since every y(®) contains the critical point Py, c,(T) intersects all
v(®) whilst passing the quadrants in cyclic order and so does TI(T) by i).
iii) Except of Py, there exist no critical points in Q5. Using the first
equa- tion of (7), we have for I' e Qo : dx/dT = y < 0 which can not hold
for all times without I' crossing the y-axis and entering Q. The
analogue behavior holds in Q4 and thus every trajectory that does not
wind infinitely often around P, stays eitherin Qq orQg for VT>T. A

Next we shall consider the question of how the behavior of
I(x) for |x|] - o determines which of the two possibilities n(I',Ty) = «
or I'(T) e Q1,3 VT > T, is realised. If the graph of I(x)/y is located
outside the strip S for large values of |x| then the winding number of T
around P, turns out to be infinite (later we shall see that this can not
happen in the cosmological models, where I(x) is the logarithmic
derivative of ¥ (x)).

p " 3.3
Let the assumptions on [(x) be the same as in Proposition 3.1.(16) and
let there exist an R e IR such that

I(x)] =2 v for Vx: |[xxo| > R > 0 . : (20)

Then every solution T(T) e S has infinite winding number n([,Ty) Vv Ty
(fig.3.1.).

Proof: Using Proposition 3.2. we only have to show that no
solution can stay in Q1 orQ3 as T — «. Let I'(T) e Q; V T > T". Since
there is no critical point in Qg and since dx/dT = y > 0, there exists a
time T such that |x(T) - xo| > R, VT > T"". From the assumption on I(x)
we obtain for the second equation of (D) : dy/dT < (1-y2)( yy - I(x) )/2 <0
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VT>T  and T intersects the x-axis after a finite time. The same

argument also shows that I'(T) ¢ Qg VT>T". A
| A y L xY fig.3.1.
L +1 / -
L —

The solutions for a func-
om tion I(x) which is loca-

ted outside the strip S
/ m\ XX o for large |x| have infinite
gr ) winding numbers. The ar-
& rows pointin the direc-
\K tion of increasing T and
-~ &

the cosmological singula-

f L rityisat T =w.
-1

‘—.....\__
<l

Let us now discuss the case where I1(x)/y has a horizontal
asymptotic which is located inside S. We shall show that every
trajectory enters the region between this asymptotic and the boundary
of S, stays in this region and approaches either T', or I as T — oo,

Proposition 3.4,
Let the assumptions on I{(x) be the same as in Proposition 3.1.(16) and
let there exist two positive, finite constants R, , R. € IR such that

I(x) < -y for Vx: x<x-R. ,
I(x) < y for Vx: x>xg+R,.

Let us define I, := lim [(x) as x —» < and let S, be the semi strip
(fig.3.2.)
S, ={(xy)e S| x>xg+R,, yy2(,+7v/72}. (21)

Then every solution I'(T) e S fulfils :
) T(T) e S, = I(T) e S, VT>T,
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i) 3T : I(T) € S,,
i) T(T) > T (T) as T o oo,

Proof: Since I(x) = |, <y as x —» « we can choose R, such
that I(x) < (I, + y)/2 for x > x, + R, . Let us define the set with boundary

v(Lo) (18) (fig.3.2.) :
SLO = {{xy)e S | Lixy) < LO}

i) For I'(T) e S, we have the inequalities
: . 2,| 1
x=y>0,y 25(1—y) E(l++7)—l(><) 20 ,

which obviously guarantee TI'(T) € S, at all later times.

i) Let L, be such that S o~ S, # {} Since L|r) is increasing on every
solution T (T)#P, there exists a time T, such that I'(T) remains
outside S|, for all times T > T.. Thus T'(T) can not wind infinitely often
around P, without entering S, where it has to stay by i), i.e. n(I') # oo,
From Proposition 3.2. we thus see that either I'(T) e Qq or I'(T) e Qg3 as
T— . Using the same arguments as in Proposition 3.3. it is easy to show
that I'(T) can neither stay in Q3 nor in Q{\S, and thus I'(T) € S, as
T—oeo.

i) Let T'(T) e S, V T > T,. Then we have yy - I(x) = (I,+ v)/2 - I{(x) > 0
and thus we obtain the inequality

2 dy
A=y 1y -, +v)/2 ]

> dT
which after integration yields
4y
[ZW—(v+l+)} (1—VOJ
21o—(y+1) ] \1-y

Since (y-1,)(3y+l,) is strictly positive, all solutions I'(T) e S, fulfil
y—o+1 as T o eo. A

3y+1,

-,
1
[ +y°) 2exp[%(v—u)m+l+)(T—To)}.
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fig.3.2.

The region S Lo and the
strip S+. S+is not
empty if the function

I(x) has a horizontal
asymptotic inside the
strip S. Any trajec-

tory then enters the
dashed semi strip

after a finite time
interval.

Until now we have considered solutions of (7) for bounded
functions I(x). Using I(x) = ¥,/¥ and (6) this corresponds to the
situation where ¥ has no zeroes, i.e. ry and Rp have the same sign.

Since sigi‘P = sig(y2-1) the solutions inside the strip S are those with
rg< 0 and! rp < 0. We thus have the following

Corollary 3.5.

Let Rcd and R.P have negative curvature and let n = d+D > 3. Then
i)as T — « (i.e. t—0), every solution of (7) approaches one of the two
generalized Kasner solutions (see 10,15):

d D
@ 209 o 209 22)

g » 9

ias T -|9 - (i.e. t > <o), the ratio of the scale factors approaches the
constant value

Proof: i) From (6) we obtain the expression

lIJ’ (1) 4
) = ¥ = 0| ——— -« (23)
rq/rp + €™
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and |I(x) fulfils the assumptions (16) of Proposition 3.1. Additionally,
I(x) has the horizontal asymptotics

lim Ix) = o(1-a), |limIlx) = —0oa . (24)

X—+ 00 X—— e

Since we have

—oo = —-¥D/nd > -v(n-1)/n =-y , d=1,
w(l-a) = d/nD < ~v(-1)/n = vy , D1, (25)

there exists for all choices of d and D with d + D =n >3 at least one
non-empty set S, or S. ( S.is the analogue to S, in Q3 (21)). If
neither d=1 nor D=1 then even both sets are nonempty. Using Pro-
position 3.4 we know that every solution has to approach either T, or
I'_as T— e which are the Kasner solutions with Kasner indices of{d)_
and o(D), or old),  and o(P), respectively.

i) As T—-, every solution approaches the critical point P, (see Pro-
position 3.1.). Since x, is the zero of ¥,,, we obtain ko = rg / [(1-a)
rp] = Drg /d rp. A

fig.3.3.

/
I(T) +1‘ y/\(x) !

If the function I(x) has
a horizontal asymptotic
» inthe strip S then all

/ *X0  solutions tend towards

the Kasner solution
(xy)=(T,1)as T —eo.

S
—_—

R i

Fig.3.3. shows the behavior of the solutions in the case where the
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asymptotic I./y is located outside S whilst I./y is inside. Thus all
[(T) 5T, (T) asT o e (t—>0) and I'(T) > Py as T — - (t - o).

Next we shall discuss the solutions of (7) which remain
outside the strip S for all times. These correspond to the situation
where both subspaces have positive curvature. Since this part of the
phase plaine is unbounded and contains no critical points the situation is
simpler than before.

Proposition 3.6.

Let the assumptions on [(x) be the same as in Proposition 3.1.(16) and
let |I(x)| < y. Then every solution T(T) € IR2\ S of (7) has the following
properties:

i) y(T) is monotonically decreasing (increasing) in the region y=1 (y <1),
i) y(T) = +1 (1) for y(To) 2 1 (y(Tp) < -1),

i) 3T < To: YT = o .

Proof: i) We consider the case y> 1. The second equation of
(7) yields the inequality

dy/dT = 1/5(1-y2) (yy-I(x)) < Y (1-y2) (y-1) <0

which holds along any trajectory in the region y > 1 and thus dy/dT < 0.
i) Integrating the second inequality above we obtain

- 1
exp{ 2 __2 } [y 1)[y°+ ) > exp[2y(T-Ty) ]
y-1 yo1]\y,-1/\y+1

We thus have y -5 1, as T — o,
i) Let us define the time T :=-T and integrate the inequality with
respect to T:

_ 1
exp[ 2 2 My 1](y0+ J < expl 2y(To—T"]
y-1 yo-1] \yo-1/\y+1

Since the left hand side is always greater or equal to the positive cons-
tant (yo+1)/(yo-1) exp[-2/(y,-1)] = exp(2YyT'y) (and equal only if y = o),
the inequality becomes wrong as soon as exp(-2yT) < 1 =: exp(-2yT"")
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i

and we thus have y(T) = « at a finite time T7> T, (i.e. T< Ty ). A
Using this Proposition we obtain the following

rollary 3.7.
Let Rcd and R.P have positive curvature. Then
i)as T — o (i.e. t—» 0), every solution of (7) approaches one of the two
generalized Kasner solutions (22),
i) The n-dimensional volume reaches its maximum after a finite time t".

Proof: The function [(x) has the same properties as in Corol-
lary 3.5., but rqy and rp now are positive constants. Since I(x) is
monoto- nically increasing, the horizontal asymptotics (24) are the
lower and upper bounds of [(x). Using (25) the assumption |I(x)] £ y in
Proposition 3.6. is fulfiled and the corollary immediately follows from
Proposition 3.6.ii) and iii). A

Let us finally consider the case where the curvatures of R.d
and R.P have different signs. The function ¥(x) then has a zero and its
logarithmic derivative I(x) is no longer bounded.

Proposition 3.8.

Let I(x) : IR\ {xp} — IR be a differentiable function with
lim Ix) =1 , |l €£v ; limIx) = e
X—t o x—>xi

p

Then every solution T(T) of (7) satisfies

) T(T) » T,(T) or T(T) as T — o ,
i) AT <Ty : Y(T) » - asT - T_.

Proof: We shall not go into the details of the proof since
these are similar to the arguments used in the preceding Propositions.
The only difference consists in the zero of W¥(x). Multiplying the second
equation in (7) with y and using yl(x) = (d¥/dT)/¥ we obtain the
equation in the integrated form



Vol. 63, 1990 Heusler 1029

yE -1

’
2 s 2 rd r
yum =1+ —— ¥ exp[—vaoy (T)dT} :

where (yo2-1)/¥, has to be positive (Proposition 11.5.3.). Whenever
¥ (x(T)) vanishes for finite times, y2(T) becomes equal to one and the
trajectory intersects the boundary of the strip S. |
Going backwards in T-time it is easy to see that all solutions intersect
y=-1 and enter the region Qo+ :={ (x,y) e Qs | (x,y) e S }. In Qx* the
trajectories approach y = -~ after a finite time T* which can be
shown as in Proposition 3.6.

As T — oo, i.e. as the scales approach the cosmological singularity, the
solutions can behave in two different ways: If there exists a strip S. e
Q3 (i.e. if the asymptotic |./y is located in side S) and if the trajectory
enters S. then it stays there and approaches the Kasner solution T _(T).
If on the other hand, the solution does not enter S. it has to leave Qg, to
enter Q4\and to intersect y = +1 at the point P,. Subsequently TI(T)
remains i Q¢t ={(x,y)e Qi | (xy) ¢ S} and approaches the other
Kasner solution T (T) which is easily seen using I, /y<1. A

fig.3.4.

If the function I(x)
has a pole then the
solutions intersect
the boundary of the
strip S. Since the
asymptotics of I(x)
are located inside
the strip S, all so-
lutions either tend

towards (x(T),y(T))
= (T,1) or (-T,-1).
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The behavior of the solutions is illustrated in fig.3.4. According to the
condition  sig¥(x) = sig(y2-1) the trajectories are located inside
thestrip S in the region where Y(x) is negative whereas they have to
stay outside S if ¥(x) is positive.

Corrolary 3.9.

Let Rcd and R, have different non-vanishing curvature. Then

yas T — o (i.e. t> 0), every solution of (7) approaches one of the two
generalized Kasner solutions (22),

i) the average scale factor (or equivalently the n-dimensional volume)
reaches its maximum after a finite time t".

Proof: Let ry <0 and rp > 0. Then the function I(x) is given
by (23) where ryq/rp now is a negative constant. Together with |, =

o(1-a) <y, | =-wa 2-y and xp = 1/ In (-rg/rp), we have I(x) - Il as
X = teo, |l £y and I(x) » teo @s x — Xps. The corollary thus follows
from Proposition 3.8. A

li.4. Summary

In the preceding sections we have shown that the generic
vacuum solutions of cosmological models, consisting in a product of two
isotropic Riemannian subspaces with arbitrary dimensions, approach a
generalized Kasner solution as t — 0. Since the latter are defined as g =<
t20j, there are only two possibilities satisfying X o; =X 6;2 = 1. Thus, if
neither d=1 nor D=1, there always exist d contracting and D expan-
ding scales near the cosmological singularity (or vice versa). In the
exceptional case where either R.d or R.D is one-dimensional, there is a
solution with (n-1) dimensions approaching a finite value whereas the
one-dimensional scale factor vanishes as t — 0. Discussing the long
time behavior, we obtain a constant ratio of the scale factors if both
subspaces do not have positive curvature. If either rq or rp is positive
then the n-dimensional volume is bounded and reaches its maximum after
a finite cosmic time t".

We have shown that the shape of the logarithmic derivative
of ¥ with respect to x for large values of |x| determines the behavior
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of the solutions as t — 0. The reason why all models of the form IR x
Rcd x RcP  exhibit only Kasner-like solutions near the singularity is thus
simply due to the fact that at least one of the asymptotics of [(x)/y is
located inside the strip S. Kasner-like solutions could not exist if both
asymptotics of I(x)/y were located outside (or on the boundary) of S, as
we have demonstrated in Proposition 3.3.

Before we turn to the discussion of the general equations (1)
we shall briefly consider a "toy model” which also has a two-
dimensional phase space. But instead of vanishing ryp and rpg we
assume tljlese to be negative constants.

l.5. A toy model

As shown in Part Il, the function ¥ (x) : IR"-1 — IR can be
written in the form

Y(x) = x%[rg + krp + x2rgp + k1 1pg] (26)

where rq, rp,...depend on Xxq...X4.1,Xd+1--- Xp-1 and x = exp(w Xg). In the
preceding section we have considered product topologies for which rgp,
rbg Vvanish and rgq,rp are constants. In order to make a step towards the
general homogeneous models, let us now assume that the "mixed
curvatures” rqp and rpq are also non-vanishing constants. Having in view
the general situation where r4qp and rpgq are negative semidefinite
functions (11.28) of xq...Xg4.1,Xd+1--- Xn.1, We restrict the discussion of
(7,26) to the case where ry4p, rpg < 0. We shall distinguish between the
situations where both constants rqyp and rpg are strictly negative and
where rpq vanishes. In the first case, oscillating solutions can not exist
if n > 10, whilst in the second case the critical dimension is n = 3. In the
general situation the Levi-Malcev theorem [37] renders a decomposition
n =d + D possible, such that the function rpg(x1...Xg.1,Xd+1--Xn-1)
identically vanishes for n > 3. The non-existence of chaotic solutions in
homogeneous models with n > 3 corresponds thus to the non-existence
of oscillating solutions in the toy model with rpg = 0.

& Let us now discuss the trajectories of the system (7,26). The
function ¥(x) has maximally two zeroes since rgqp, rpg £ 0. The
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logarithmic derivative I(x) still has the horizontal asymptotics |, and
. as X = £ oo,

If ¥(x) has exactly one zero or no zero at all (i.e. I(x) has one
pole or is bounded), the situation is completely analogue to the
discussion in section 3. The question of whether the trajectories
approach a Kasner solution or not can be answered by investigating
whether one of the asymptotics of I(x)/y is located inside the strip S.

The new case where |[(x) has two poles is related to the
situation where I(x) is bounded, i.e. ¥(x) < 0 (as far as the behavior of T
— o (t— 0 ) is considered. Since the region where ¥(x) is positive is
bounded by the zerces xy and x, , the trajectories must be located
inside the strip S for x < xy and x > xp, and again the asymptotics of
I(x)/y determine whether a Kasner solution is approached or not
(fig.5.1.). (The long-time behavior (i.e. T — -w) is different from the
cases discussed up to now, since the critical point (x,,0) is located in
the "forbidden” region {(x,y) | x e [xq1,x2], |yl < 1} of the phase plane).

Using the fact that (independent of the number of zeroes of
Y(x) ) the asymptotics of I(x)/y determine the behavior of I'(T) as T —
o« and writing I(x) in the form

2 3
p X +2rdDK —I'pg
I(X) = ol —a +

mCLLE , @)
[ K+TIpX +Tgp X +TIpg

we can now easily discuss the behavior of the solutions of (7) as T — <.

Corrolary 5.1,

Let rgp, rpg< 0. Thenas T - o

i) no solution of (7,27) can approach one of the generalized Kasner solu-
tions T (T), T(T) if n<9,

i) all solutions approach either T,(T) or I'.(T) if n>10 and d,D = 1.

Proof: i) The asymptotics of I(x) (27) fulfill the
inequalities:

. 2d +D vV8
« = AWK =B = 2 o

) 2D +d V8
Il =1 | = —1-a) =— <- 2
- = mIK) = eE1-e) =—Tm=m < = @8)
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For n<9 we have |lu/y| 2 [(8/n) (n/(n-1))]1/2 2 1 and neither I,/y nor
I./y are Iiocated inside the strip S. No solution can thus approach T (T)
or T(T) as T - o (t - 0).

i) The asymptotic |./y is located inside S if I,/y <1.Using D=n-d
this is equivalent to d2 +d (3-n)+n < 0. For n> 10 this inequality
holds whenever 2 < d < n-5. On the other hand, I/y >-1 holds if 2<D <
n-5 or equivalently 5 <d < n-2. Thus for all d € [2, n-2] either the ne-
gative or the positive asymptotic of [(x)/y is located inside the strip S
and the solutions of (7,27) approach either T' (T)or T'(T) as T - =
(i.,e. t - 0). (As is easily seen, the same statement holds for n = 10 if d

e [3, n-3)). A
fig.5.1.
¥ <0
ry(T) If I(x) has two poles and

both asymptotics are lo-
cated outside the strip S
then the trajectories can

not approach a Kasner so-
lution. The behavior is si-

=-1 milar to the case where
I(x) has no poles (fig.3.1.).

nm

Let us now consider rpq = 0 which will be the relevant case
in all higher-dimensional homogeneous models.

Corrolary 5.2,

Let rgp < 0, rpg = 0. Then for arbitrary choices of n,d,D (d=1), all
solutions of (7,27) approach one of the generalized Kasner solutions
(M), T(T) asT o (t—> 0).
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Proof: Instead of (28) the asymptotics of I(x) (27) fulfill the
inequalities

. 2d+D V8
I, = | | = - = >
P E LTI me@ =Ty 2w
. ' VD 9! +n—1
== oot —_ I e — —_ R . 2
L= Mg =ete) === &= ey 23

Depending on n the positive asymptotic of I(x)/y can be located inside
or outside the strip S, whereas the negative asymptotic |[./y is always
(d#1) located inside S. Thus every solution which does not approach
L,.(T) has to approach TI_(T) (after a certain number of oscillations,
depending on the initial conditions). A

In the general case which we shall discuss in the next Part,
the function W¥(x) may be written in the form (26) where r4,rp,rqp, and
rpg are functions of xq...Xg.1,Xd+1---Xn-1- Whenever n > 3, there exists a
decomposition d + D = n with d # 1 such that the structure constants of
G appearing in rpg(...) vanish (11.28). The above Corollary, stating that
the plane toy model with vanishing constant rpgq has no oscillating solu-
tions, then finds its generalization in the fact that the general model
with the identically vanishing function rpg(...) has no chaotic solutions
for n > 3 . Moreover, the first Corollary 5.1. states that if all terms in
¥ (x) exist, the critical dimension is increased to n = 10. This is in
agreement with the supposition that chaos does not occur in
inhomogeneous cosmological models with n > 10 [16-18].
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IV. Regular and chaotic solutions in (n+1)-
dimensional cosmological models

Homogeneous models in an arbitrary number of dimensions
are discussed. Approaching the cosmological singularity, the generic
solu- tions of the field equations are either oscillating functions or
behave like general Kasner solutions. Using the (2n-2)-dimensional
autonomous system derived in Part |l, a geometrical condition which
guarantees the existence of regular solutions is found. It is shown that
in homogeneous cosmology chaos may only occur in (3+1) dimensions. The
arguments are also generalized to inhomogeneous models where the
critical number of spatial dimensions is found to be n=10.

IV.1. Introduction

The behavior of the scale factors near the initial singularity
has been discussed for higher-dimensional cosmological models in
[8,15-18,20]. Apart from the cases treating a product topology [9-14,36]
there exist essentially two different approaches to the gAeneraI problem.

The first approach [15-17] bases on the discussion of the
ergodic properties of the generalized "mixmaster" map [4,5], which is the
discrete Jynamical system describing the change of Kasner exponents. In
order to discuss the problem within this framework, one has to assume
that the generalized Kasner solutions are admissible approximations
during supcessive time intervals (Kasner epochs). If the number of space
dimensions increases n=10 then there exists a non-empty set of Kasner
exponents in which no further transitions can take place and the
solutions thus behave regular as t — 0.

The second approach uses the Hamiltonian formulation [18],
describing the motion of the "universe point" in a time-dependent poten-
tial. The evolution is replaced by a sequence of free propagations inter-
rupted by collisions with the moving potential walls [19]. (In order to
obtain a bouncing law, these are usually assumed to be infinitely steep.)
Again the critical dimension is found to be n = 10, since for n > 10 the
velocity of the equipotentials exceeds the velocity of the "universe
point", and there exists a last bounce as t — 0. As was pointed out in
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[18], these arguments hold for inhomogeneous as well as for
homogeneous models. The fact that the critical number of space
dimensions in homo- geneous cosmo- logical models is decreased to n =
3 is due to the absence of some equipotential walls.

In the following we shall propose a third approach which also
yields the same critical dimensions in homogeneous as well as in in-
homogeneous cosmological models. The advantage of this method is that
it works without the approximations mentioned above. We shall give a
condition rendering it possible to decide whether or not there exists a
set X xY in the phase space where the solutions behave monotonic. The
solutions entering this region approach a generalized Kasner solution as
t - 0. Since we do not replace the field equations by a discrete
dynamical system, the question whether the solutions in fact enter the
set X x Y seems to be more difficult to answer within our framework
than it is for the mixmaster map [15].

In the second and third section we shall discuss the behavior
of the modulus y := |y|, where y € IRN-1 is the velocity vector of the
system (Part Il, eq(58)). Using an integral equation for y, we shall show
that either the modulus y(t) is an oscillating function as t — 0 or the
vector y(t) approaches a fixed point ¢ € SN-2, i.e. the solutions approach
a generalized Kasner solution .

In order that the cosmological model behaves regular as t —
0, a necessary condition concerning the Lie group G must be fulfilled.
Roughly speaking, the combination of all hyperspheres Ckij(¥) = | ¥ - oijl
- | akjjl = 0 coupling to non-vanishing structure constants Ckij must not
contain the hypersphere SN2 ( gy are constant vectors of Rn-1). This
criterion is derived in the fourth section and, in the fifth section, it is
shown to hold whenever G has at least a two-dimensional subgroup.

For the cases in which the condition mentioned above holds
we shall construct an invariant set X xY in the phase space in section
six. Every solution entering this set approaches a generalized Kasner
solution. To close the discussion of the homogeneous cases, we use the
Levi Malcev decomposition [20,21] for Lie algebras to show that X xY is
not empty for all Lie groups except SO(3) and SO(2,1).

In section eight we finally extend the discussion to the in-
homogeneous models. Since our criterion only affects the geometrical
configuration of the hyperspheres  ¢;j(x)=0 coupling to the non-
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vanishing structure constants Ck;; , it still holds in the case where Ck;
depend on the spatial coordinates. In order that the model behaves
regular near the cosmological singularity, we re-derive n=10 for the
critical number of spatial dimensions.

IV.2. The behavior of the modulus of the momentum
Let us now consider the full system (I1.58)

dx _

dy _ 1 V¥ + ¢
dT

. 2 X

with the functions @: xe IR™ - @(x) e IRM1 and ¥ : xe IR - ¥(x)
e IR . As we have shown in Part Il, ¢(x) stands perpendicular to y with
respect to the Eukliedian metric of IR"-1, (@(x),y¥ ) = 0. The function
¥(x) can be written in the form

¥X) = -t exp[2y (g, X)] —sif exp [2y (i, X)] (2)

where we have introduced the constant vectors ga;, ojj € IRN-1  with
components ( ;) , ( akjj)t, defined as

() = -1 ATy
(akipt = - (@)1 [AT; + AT - ATl . te {1..n-1}. (3)

A isthe nxn matrix introduced in (1.42.) and y = Y(n-1)/An (11.32.).
The constants t; and sj* are defined in terms of the structure con-
stants of the Lie group G (ll.24):

€2+ 1/2 C5Cli
siff 174 CH2% =20 . (4)

—
Il

Using Xj = ATjyx; + AT, x, , where t runs from 1 to (n-1) and AT;, =
1An Vi, expression (2) for ¥(x) follows from (I1.22) and (3):
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ﬁ - —tl e~X| _ Sijk e Xk—X|~—XI - e—XnNn \IJ(K) .

Instead of the second (n-1) differential equations for the
vector y e IRN-1, we can also discuss the equations for the modulus
y(T) := |y(T)| € IR+ and the unit vector &(T) := y(T)/y(T) € S"2. We shall
show that the evolution of the modulus vy is closely related to the
behavior of the d’th component yq in the two-dimensional model
discussed in the previous part. Although the motion of &(T) on the
hypersphere SN2 can be very complicated, 4(T) has to approach a fixed
point & on SN-2 when- ever the modulus y - 1as T > o (i.e.t - 0).
Thus, in order to decide whether the trajectories behave like generalized
Kasner solutions, we shall be able to restrict ourselves to the discussion
of the modulus y(T). Before we show that y(T) is either an oscillating
function in T or approaches the constant value y =1 as T — o, we
first derive an equation for y(T):

Proposition 2.1.

Let the functions ¢;, cjj : e IR™1 — ci(y), ckj(y) € IR be defined as
ci(y) = |y-g@il? - |gl?
Ckij(¥) = ¥ -axijl? - | oxijl? (5)

and let ® denote the mapping @ : I'(T) e IR x IRN-1 5 O(T) e IR :

»
D (M) =¥ () exp[ —YI y2(T") dT’] ; (6)

defined on every trajectory T'(T) = ( x(T), y(T) ) of (1). Then every
solution of (1) fulfils the equation

y2(T) = 1 + ®(T) (7)
and together with the definition (3), ®(T) may also be written as

T T
Q) = -t BXP{—YJ. Ci(!(T'))dT'] -S'ijk exp{—y‘[ Ckij QL(T'))dT'] (8)

where t; and s’k are constants with sig( t'j, s'jj) = sig( t , si ).
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Proof: Differentiating (7) with respect to T we obtain from
(1), d(y2)/dT = (y, dy/dT), (@(x) ,¥) =0 and (¥¥, y) =d¥/dT:

d¥/dT

d®/dT  2vy) 1

o y2_1

in agreement with definition (6) for ®. Using (6), (2) and x(T) =f)L(T')
dT” + const , we can write

T T
QM = -t exp[—yj (y2—2gix)dT'] —s’ijk exp[—yj (y2—2ﬂkijl)dT’}

which is identical with (8) since y2-2gay =|y-2il2-]g 2 =cy).
The constants tjand s’ differ from t and s;¢ in some exponential
factors depending only on initial conditions. A

Before we apply (7) and (8) to discuss the behavior of y(T),
let us take a closer look at the functions cj(y), ck;j(y) defined in (5).

Proposition 2.2. _
Let ci(y), ckij(y) be the functions defined in (5). Then { ¢j(y) =0} and

{ckij(y) = 0 } are hyperspheres in IR"-1. They all contain the origin y =0
and, if i # j, their radius is either R4 or Ro:

Ry
Ro

R(Ci) = R(Ckij) = 1/2 if k e {i,j} .
Rckij) =1/2[1+2/21V2 if ke {i,j} . (10)

Proof: The centres of { ¢j(y) =0} and { ¢{y) =0} are g
and qyj - The radii || and |ay;| are computed using the definitions (3)
and the relations X ATy Ay = (ATA); - ATiy Apj = §jj - 1/n for the
matrix A defined in (11.42) (the sum over t runs from 1 to (n-1)):

=R12 .

1 1 1 3
012 = — Y AT AT, = (1——]=<2v>2f =

1
n 4
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For the modulus of ay; we either obtain Ry (ke {i,j}) or Rz (ke {i ,j}):

n

1

| il * = (?;'2' z (A=Al AT (Ay-Ag-Ay) ~ (ATkn ~ATi=AT) (A A i-A )
¥ Lt=1 ;
E (i#) i
= @N2[3-28-28+28;-1n] = @ [Y+2(1-8;-8;)].

If neither i nor j are equal to k we have |ayjjle = (2y)2[y2 +2] = [1+
2/y2] 14 = Rpy2.If ke {ijj buti# jthe expression (1 - 3y - dyj)
vanishes and thus |2 = Rq2 . A

Next we shall show that every solution with non-oscillating
modulus y(T) (as T — ) approaches y = 1. We thus assume that there
exists a time T° such that y(T) is a monotonic function in T for T > T’
and, choosing T’ big enough we thus have either y(T) =21 or y(T)<1 VT
> T'. Let us first consider the simpler case y(T) =21V T>T:

Proposition 2.3.
Let T'(T) be a solution of (1,2) with monotonic modulus y(T) 21V T >
T.Then y(T) 51 as T — oo,

Proof: We show that the assumption |im y(T) # 1 for T — e
leads to a contradiction. Since y(T) > 1 we obtain

cily) = l¥-@il2 -lel? =2 (lyl-leyl)? - |ayl?
= y(y-2|gl) =y(y-1) 220

where we have used R{ = 1/2 (10) in the last equality. According to the
assumptions, y(T) is monotonic for T > T* and does not approach y = 1.
The inequality y (y-1) 2 0 thus yields

(=]

[ cwanar > yamuym-11dr = «. A1)

Now we are able to give an upper bound for the limes of ®(T). Using (11)
in (8) we obtain
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-
lim®T =-s-5 lim exp{—yj‘ ckij(y(T’))dT’] <0 (12)

Toeo ' Tooo

where the last inequality is due to the fact that the sijk are quadratic
expressions in terms of the structure constants (4) and that sig(s'ijk) =
sig(sijk ). Since y(T) 21V T>T and lim (y(T)) # 1, equation (7) yields
lim ®(T) = lim (y2(T) - 1) > 0 which is in contradiction to (12). Thus, if
there exists a time T such that the modulus of y is a monotonic func-
tion withy > 1 VT > T then y has to approach the constant value y=1. A

Next we shall show that the same statement also holds in the
situation where y(T) <1V T>T-

Proposition 2.4.
Let I'(T) be a solution of (1,2) with monotonic modulus y(T) <1 V T >
T Then y(T) -1 as T — co.

Proof: We first show that (1) has no stable critical points as
T — o« (i.,e. t » 0). As already mentioned in Part |, all critical points are
located within the region |y| < 1. Their coordinates are P; =(x., Q)
where x. has to be a solution of (V¥ + ¢@)(x.) = 0. The 2(n-1) x 2(n-1)
matrix M corresponding to the linearized system (1) at P.is

0 n-1 " n—1

M = 1 Y
-2 ;&) —2—’"n_

1

where ljji= Vi{(Vi¥ + ¢;)/'¥}. The quadratic form Q(8) := (6,M8), 6 = 61x 82,
Q(8) = (61x 82, M 61x 02) = (04,05) -1/2 (02,1 61) +v2 | 62|2 is not
negative semi-definite, thus M has at least one eigenvalue with strictly
positive real part and the critical points of (1) are instable as T — o, i.e.
t—0.

Let us now consider a solution I'(T) for which y(T) is a
monotonic and bounded function with y(T) < 1 for T > T". Thus we have
dy/dT - 0 and y(T) - y. € [0,1] as T — . Multiplying (1) by ¥, the
equation for y2(T) becomes
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v/ dT) —

— - 2 _METus &b
= (1 y)(w 7

Let y. # 1. Since the l.h.s. of (13) has to vanish as T —»«~ and since f{(T)
=1 (1-y(T)2) » f, =y (1-y..2) > 0, the second bracket on the r.h.s. of
(13) also must approach zero as T — . The function g(T) := -(1-y(T)2)
(d¥/dT)/¥ is thus bounded as T — < and g(T) = g.. = -Y Yoo? (1-¥.2) < 0.
From the integral equation

2 2 1 F(s) F(T) T
_ -F(s .
Yy (M) =|yes + J‘Tag (s)e ds ] e , F(M:= ITQ f(s)ds ,

following from (13), we can see that for unbounded F(T) every solution
y2(T) ( with y2(To) # -JTO g(s) exp(-F(s)) ds ) is not bounded as T — .
Since we have f(T) » f., > 0 by the assumption vy, = 1, the function
F(T) is unbounded in our case and thus (up to a set of initial conditions
with vanishing measure) y(T)2 - < in contradiction to y(T)2 € [0,1] V T.
The only possibility to avoid this contradiction for a bounded and
monotonic modulus y(T) is to assume y(T) - 1 as T — . A

IV.3. The behavior of the momentum y(T)
near the singularity

Having shown that the modulus y(T) approaches y=1 when-
ever it is a nonoscillating function for T > T, we shall next turn to the
behavior of the direction &(T) = y(T)/y(T). The important observation is
that a(T) tends towards a fixed point e on Sn-2 whenever y(T)
approaches Sn-2 (i.e. the modulus y(T) — 1). In order to show this we
first have to discuss the integrals of the functions c¢;(y(T)) and
Ckij(¥(T)) defined in (5). In the generic case (with y — 1) all integrals
[Tei(y(T)dT” diverge as T—e. The situations for which exactly one of the
integrals (for instance [Tcy(y(T')dT ) is bounded correspond to instable
solutions with y — 2ay,.
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Pr ition 3.1.

Let I'(T) be a solution of (1,2) with monotonic modulus y(T) for T >T".
Then

i) either [~c;(T) dT = ~ for all i or there exists exactly one bounded
integral [~cy(T) dT

i) dei(T)/dT — 0 Vi if no bounded integral I“cb(T) dT exists and
dep(T)YdT — 0 if I“cb(x(T')dT' has an upper bound.

Proof: i) Let i#. From definition (5) we obtain ¢; + ¢j 2 2y2 -
2y |aj + j| . Since

i, oL
4 (oy? 2(n-1) 2

and since y(T) approaches y=1 monotonically as T — e, T, can be chosen
such that y > (1+12)/2 for T2T, and we obtain

o0

JT (ci+c;)dT ZITO 2y(y—1/\/2)dT>—j dT = o . (14)

o)

Thus there exists mostly one index b with lim Jecp(T) dT # +oo.
ii) Since f°°cb(T) dT is the only bounded integral and since ®(T) —» 0
asy — 1 (7), we obtain from (8) :

T T
t'y exp[—yJ. cde'} +Zs'ijk exp [_7,[ Cij dT'} -0, (@15

where the sum contains at least one non-vanishing term as T — . Using
the differential equation (1), definition (6) and equation (7), we obtain
after a differentiation of (5) with respect to T:

dCb

r = (Qp- D(w‘bm V‘PG‘XP[ vfy dT”

- - (9, V¥) exp[—yj y2dT'} , as T—oe . (16)
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The second step is a consequence of ®(T) - 0, y —» 1 and of dy/dT — O,
implying d®/dT — 0 and thus also exp(-y [Ty2dT’) (y,.V¥) = exp(-y
[Ty2dT’)- (d¥/dT) — 0. Now we can use (2) to calculate the gradient of ¥
and again (5) in the exponents to write

dc i e dT’ , 2 - dT”
- 201 Ui @) © leidTy ok (e oY ki 9Ty (17)

From (17) we can conclude that dcy,/dT —» 0 V b if all integrals tend to
infinity as T — oo,

If, on the other hand, there exists one bounded integral [~c,(T) dT, only
the term with i = b can give a non-vanishing contribution to the first
sumas T — . Using (15) and (gap,2p) = 1/4 we obtain

_ 2’Y S’;j

dT

dcb k e*"YI ckij dT”’ |: 7

1
(s &p) — —] : (18)

The bracket always (V k,i,j,b) vanishes or is negative since

1 1 1 1
(QuijpQp) = —2[83b+8jb—8kb—-—] < . 1-1/n )= —
(2v) n (2y) 4

where the inequality is due to the fact that no qyjj with i=j exists (sjk
= 0 for i=j). If a bounded integral Iwckij(T)dT with k,i,j such that
(akijapn) # 1/4 would exist then -dcy(T)/dT would approach a
non-vanishing positive value and the integral [~cy(T)dT could not be
bounded, which is in contradiction to the assumption. The only integrals
J=ckij(T) dT that can co-exist with  [<cy(T)dT are those with (cuijep)
= 1/4, i.e. b € {i,j}, b#k. Thus either the bracket in (18) vanishes or the
factor in front of the bracket approaches zero as T — . A

In the preceding Proposition we have seen that the solutions
withy - 1 as T —» <« admit either none or exactly one bounded integral
Jecp(T)dT. The first case corresponds to the generic situation whereas
the second case occurs only for special initial conditions. More
precisely, we have the following
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Proposition 3.2.

Let T'(T) be a solution of (1,2) with monotonic modulus y(T) for T >T" and
for witch 3 b, such that [Tcp(y(T7))dT” < B2 < . Then

) ¥ > 2ap @ T — oo,

i) T(T) is not a generic solution.

Proof: i) Using dc,/dT — 0 (Proposition 3.1.) and [Tcy(T")dT <
B2, we first show by contradiction that ¢, — 0 as T — oo Let lim cp(T) #
0. Then 38 > 0 such that v T, 3 Ty with ¢y(T¢) =8 (or -3). Since
lim(dcy/dT) = 0 we can choose T, such that |dcy/dT| < 32/(6B2). Let Ty :=
T{ + 6B2/5. For T > Ty we have c,(T) = ¢p(Tq) + dep/dT(T™) (T - T4) 28 -
82/(6B2) (T - T¢). Integrating this inequality in the interval [T4,T2] we
obtain Jop(T)dT" = SAT[1 - & AT/(12B2)] = 3B2 > 2B2 in contradiction to
[Tep(T)dT's B2, From ¢,(T) — 0 we now obtain 2g,y — y2 — 1 and thus
with |ay| = 1/2, ¥ —» 2qa;,. This shows that for a solution with bounded
Ich(T')dT’ the magnitude of the oscillations of each component has to
vanish as y approaches S"-2. In this case the only possible limit for y is
2ay, which is the only common point of the spheres c,(y) = 0 and Sn-2.
ii) Since ®(T) must tend to zero as y —» 1 (7), the asymptotically non-
vanishing term t'p exp [ -y JT ¢p(T") dT°] in (8) must be compensated by
some terms of the form s'bjk exp [-y [T Ckpj(T)dT’]. Using (5) we obtain
ty + Spj® exp [ 2y x (aj-ax )] = 0, which is only possible for a set of
initial conditions with vanishing measure (t, and s'pj* depend on initial
conditions ; t', =ty exp ( 2yap Xo) )- A

As we shall see later, these special solutions correspond to
instable Kasner solutions . Considering the Bianchi type IX model in (3+1)
dimensions as an example, we sshall find three solutions (fig.7.1.) with y
— 2ap as T — . In the time-dependent Hamiltonian formulation, these
are exactly the special solutions where the "universe point" is moving on
a straight line inside one of the three infinitely thin channels. In
agreement with Proposition 3.2, the directions of the channels are 2¢4 =
(V372 , -1/2) , 205 = (-V3/2 , -1/2) and 2953 = (0, 1).

Let us now discuss the generic cases with y - 1as T — O:

Corollary 3.3.

Let T'(T) be a generic solution of (1,2) with monotonic modulus y(T) for
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T>T". Then

limyM =eec s"2 | (19)

Proof: Using Propositions 3.1. and 3.2. we have dci/dT — 0 Vi
as T —» o and thus ( g;dy/dT) — 0 Vi. Since the vectors g; form a (not
orthogonal) basis of IR"-1, we obtain dy/dT — 0 and also da/dT — 0,
using y —» 1 and dy/dT — 0 (Propositions 2.3. and 2.4.). The unit vector a
thus approaches (not necessarily in a monotonic way) a fixed point g on
the hypersphere SNn-2, (The case where & is oscillating around g with an
asymptotically non-vanishing magnitude, but such that da/dT — 0, will
be ruled out later by a stability consideration.) A

IV.4. A geometrical condition for |y(t)] —» 1

Until now we have assumed a monotonic behavior of the
modulus y(T) for T > T~ and have shown that in this case the vector
¥(T) approaches a fixed point e € SN-2. In this section we shall show
that the solutions can only exhibit this behavior if a necessary condition
concerning the configuration of the hyperspheres cjj(y) = 0 is fulfilled.
In order to find this condition, we first investigate the set of points g e
Sh-2 which can be approached by the vector y(T).

P " L
Let Dy (Dg) be the combination of the inner of all hyperspheres cj(y) =0
(ckij(x) = 0) appearing in expression (8) for @,

D, = U {ciw<0}, Vi with t; =0 ,
|

Dy = & {oG <0}, Vik with sif # 0, (20)
ij

and let E be the set of all points of SN-2 which are located outside (or
on the boundary) of all hyperspheres cjj(y) = 0 :

E = {ege SN2 | e ¢ Dg}. (21)
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Then for almost all solutions T'(T) of (1), y¥(T) can only approach points
belongingto E as T — .

Proof: Let lim y(T) # 2¢; Vi and |y(T)] — 1. Then there exists
an e>0 such that cj(y) 20 V ye Ug(e) and thus 3 T'(g) such that
ci(y(T)) 2 0 VT = T". All integrals [T ¢j(y(T’)) dT’ thus tend to infinity as
T - 0. Let us now assume that the unit vector ¢ ¢ E and that,
nevertheless, y - e as T — «~. Then ¢ is a point of Dg and there exists
an €>0 and an index triple m,n,| such that ¢jpn(¥) < 0 Vy € Ug(e) and
thus 3 T'(e) such that cjmn(¥(T)) <0 VT > T'. This yields the following
estimation:

(2] 00

[ cmnTdT < (T"-To)Cmax - [ Ieim(T)1dT" .

which is finite, since the maximum of ¢;mn(X(T)) over all T e [Ty, T]is
finite. Thus, expression (8) for ® contains at least one term in the
second sum which does not vanish as T — . Since all terms of the first
sum vanish ( JT ¢;(y(T")) dT° > « )as T » « and since all terms of the
second sum are positive, we obtain lim ®(T) # 0 and thus from equation
(7) lim|y(T)] #1, which is in contradiction to the assumption that y(T)
approaches a point of Sn-2, A

Let us now show that the solutions approaching a point g e E
are stable. In order to see this, we consider the trajectories X =x, +&T.
Since |g| = 1, these are exact solutions of (1) for all directions g e Sn-2.

P - 2
The generalized Kasner solutions (1.70) , I'(T) = (xo+eT ,e), |le| =1 are
i) instable solutions of (1) if ee¢ E,

ii) stable solutions of (1) if ee E\JdE , e #¢; .

Proof: The 2(n-1) x 2(n-1) matrix M corresponding to the non-
autonomeous linearised system for (Uy) = (X-Xo-€T,y-¢) at (0,0) is

0n—1 L
n-1
M(T) = v . (22)
0, €@ (g (T)-ve)
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The only non-vanishing eigenvalue of M is equal to the trace and the
corresponding eigenspace is spanned by ¢ (The equation (e ®b)v = A v
= (b,v)e implies v=pe andthus A =(e,b)=1r (e ® b) ). Using (2) we
obtain

MT) = 2y t (@) exp[2y @) T + s7f (@) exp [27 @) T] _

t exp[2y(@) T1 + s expl2y(@axi) T

1
= .2
5 | 23

i) If e e E then there exists at least one c¢jmn With ¢ipmn(e) < 0, thus
(&,2imn) > 1/2. Let I,m,n be such that (g,mn) 2 (&.2kjj) Vk,ij. Since
(e,aj) < |ajl = 1/2 Vi, the terms with the exponents [2y (e.2imn) TI
dominate as T —» « and we have

AT - 2vy[ (e,oumn) - 1721 , as T o e . (24)

Since (g,0mn) > 1/2, there exists a time T, such that A(T) > 0 VT > T
and thus (u,v) = (0,0) i.e. (x,x)=(X%Xo+&T,e ) is nota stable solution of
(1) as Toee .

i) Let @ e E\JE. Then cgj(e) >0 V k,i,j and thus (g,ajj) < 1/2. Since
MT) = 2y[(e, ) -1/2] as T — «, where (g, a) := max {(g , akjj) , (&, @)}
< 1/2, there exists a time T, such that A(T) < 0 VT > T". The equation for
the component of y in the direction of g reads

d(v,e) /dT = A(T) (v.e) + o(v3) , where A(T) <0 VT >T.
Thus we obtain (y,e) -1 as T— and, together with y—=1 we have y —»e. A

As a consequence of the preceding Propositions, the solutions
of (1) can behave in two qualitatively different ways as T — <. Which
way is realized depends on the existence of a non-empty set E e Sn-2:

Corollary 4.3,
Let E e SN2 be defined as in Proposition 4.1. and let I'(T) = ( x(T),x(T) )

be a solution of (1,2).
) fE\JE ={}, then T'(T) cannot approach a generalized Kasner
solution (up to a set of initial conditions with vanishing measure) and



Vol. 63, 1990 Heusler 1049

the modulus of the "velocity" vector y(T) is an oscillating function with
non-vanishing magnitude as T — o (i.e. t —» 0).
i) fE\JOE #{}, then I'(T) can approach a generalized Kasner solution,

(x¥)=(xo+eT,e) with ee E\JE.

The condition that E \ dE is not empty is at least necessary
for a generic solution to approach a generalized Kasner solution. If we
assume that there exists a time T  with &(T") € E\9E then we can
show that &(T) € E\9E VT > T (see section 7) and the condition also
becomes sufficient. This assumption must still be justified by
discussing the ergodic properties of the system (1,2). We shall however
not treat this question here since it seems to be more difficult than the
corresponding problem for the mixmaster map [33].

IV.65. A consequence of the Levi-Malcev
decomposition for the Lie algebra ¢

In the preceding sections we have reduced the problem of
whether a solution behaves regular as T — <« to the question of whether
there exists a region E e SN2 such that cy;(g) 20 forge E and all
k,i,j with sijk # 0. This condition depends only on the configuration of
the hyperspheres coupling to the non-vanishing constants sijk which are
de- fined as the squares of the structure constants Ckij of g. The
following Proposition shows, that E \ dE is not empty, whenever g has
at least a two-dimensional subalgebra. Let us again use small Latin
letters for indices running from 1 to n, Greek and capital Latin letters
for indices between 1...d and (d+1)...n, respectively.

Proposition 5.1.

Let G4 be a d-dimensional Lie subgroup of G with d > 2. Let g4 denote
the "south pole" of Sh-2 with respect to the d-axis, e4 := (0,...,0,-1,0,..,0)
and let D; and Dg be defined as in Proposition 4.1. (18) and

Q:={ye R | |y-eggl<pl} . (25)
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where p :=2-[3 + 14N2]1/2 5 0. Then
i) E\JE is not empty ,
i) Q "Dy = QnDg = {}.

Proof: We show that none of the hyperspheres cj(y) = 0,
Ckij(¥) = 0 contain the point g4 . Let us define & and A as

_ 1 D X 1 d
§ = @2y Ay = — A= =@ A gy = — . (26
@77 Ag, 2\/d(n_1) : @Y Ag 2\/%_1) (26)

Denoting the d’th components of the centres ga; and gy with o; and
akjj, we obtain the following possibilities using (3) and (26) :

®guv = CKuN = @y = -8 (27a)
o kuN = OKMN = Oy = A (27b)
OxkMN = [0 +2A] (27¢)
aKkuy = -[A+28] (27d)

If gq9 is a d-dimensional (d > 2) subalgebra of g then all structure con-
stants of the form CK,, vanish and thus

sywK = 0, VKe[d+1,d+D] , Vpve [1,d] . (28)

(Due to the Levi-Malcev decomposition, such a subalgebra always exists
for n > 4 ; see also section 7.) In this case W¥(x) (2) contains no terms
with exponents 2 y(akpv,X ) and thus the terms with Me Kuv (T)HdT”
are also absent in the corresponding expression for ® (8). The most
negative d-component the vector ay; can have is thus not -[A + 23] as
in the general case, but only -6 (27a,d) :

1 O 98 4 n-2 1
i)g 2-8=-=a [ > ——nf — .2
i) 2\ din-1) 2\ 20y 7@ @Y

Since all hyperspheres contain the point y = 0 and since by (29) the d’th
component of all centres is greater than -1/2, none of the hyperspheres
can contain the "south pole" g4 of SN-2. More precisely, there exists a

(

ke
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neighborhood Q of g4 such that no element of Q is contained in either
one of the sets cyjj(y) <0 or ¢j(y) < 0. Let y e Q, then

Cij() = | ¥ - xkijl® - | akijl® = ¥ - 2 (aij, ¥ - €d) - 2 (2kij &q)
> (1-p)2-2Rp |y - &gl + 2 (akij)g 2 (1-p)2 -2p-2N8 = 0,

where we have used (25),(29) and Ro <1 forn 2>3. Fory e Q we thus
obtain cj(y) > 0 since the spheres cky,y do not exist. This proves ii).
Defining E as SPh-2n~ Q, we also obtain i). A

IV.6. Construction of an invariant set in the phase space

Let us now assume that g has a subalgebra g4 of dimension d
> 2. Any solution T(T) with y(T) e QVT > T then fulfills Ckij(T) > 0 and
ci(T) > 0 VT > T  for all hyperspheres appearing in (8). We thus obtain |y|
— 1 from equation (7) and the solution approaches a Kasner solution as T
— o (i.e ast — 0). |

It remains to show that y(T) stays in Q if y(T') e Q for a
(sufficiently late) time T'. In order to see this, we have to consider the
whole (n-1) x (n-1)-dimensional phase space. Using the representation
(11.47) for ¥(x) we are able to construct an invariant set X x Y € IRn-1 x
IRN-1 with Y € Q and to show explicitly that y(T) approaches a fixed
pointee Eas T — .

In the second part we have written ¥(x) in the form

Y(X) = «*[rg+xrp+ G dD + x1rmgl ., (30)

where rq, rp etc. depend on xq,...,X4-1,Xd+1,---Xn-1 @nd x = exp(wxq). The
advantage of writing ¥ (x) like this consists, on the one hand, in the
explicit x4-dependence and, on the other hand, in the fact that now the
terms which are proportional to x-1 are vanishing: The function rp has
been defined in the Part Il (section 3). It is proportional to suvK exp [ Xk
- Xy - Xy 1, where X = ATx. Since all terms in rpg now contain a vanishing
factor s;_wK = (CKM\,)2/4, the terms in (30), which are proportional to x1
do not appear if g has a subalgebra g4 which is at least two-
dimensional.
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Let us now construct the invariant set X x Y. We shall assume
that the region where ¥ (x) is positive is simply connected and bounded in
IRn-1. (All candidates for an irregular behavior of the scales, as the
Bianchi types VIl and IX, belong to this category. The other cases in
which ¥(x) is positive for a set of directions x/|x| with non-vanishing
measure correspond to models with open potentials for which the
solutions behave like Kasner solutions as T — o). Let us define M as

M = max |X|
Y(x) >0

Before we construct X x Y, we give the following estimation for the
logarithmic derivative of W (x) with respect to xq :

Proposition 6.1.
Let ¥(x) = x2[rg+xrp+x2rgpl, Z=x\xge IR"2 and M < . Let Q
be defined as in (25) and

Q ={yeQ | |yl €1},

_ 1 £
Xe I={l€|Rn1| Xd<—M—'a)-|n(1+"é-g)')} . (31)
Then there exists an e > 0 such that
) Ig(x) = @W¥/dxgq)/¥ >-(wa+¢e), forall xe X¢ , (32)
i) [vyya-lax)] < 0, forall (x,y)e Xg xQ. . (33)

Proof: Let € := [y- wa )/2, where ¥ = [(n-1)/n]1/2 | o = D/n and
o = [ n/Dd ]1/2  (11.32). Since the dimension of the subgroup Gy is d 2 2,
we have Yoo = V2 [(n-1)/(n-2)]'2 > 1 and thus € > 0. For the radius p
of Q (25) we obtain '

1 1 1 D 1 o o £
I, (. L = — | e — 1,
2 <2(1+«f§']< 2(”'\/ d(n—1)J 2(1+7) v(”wa)

If the first statement holds, we can use this estimation to prove the
second one :
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YYd-lg(x) < y(p-1) +0a+e < -wa (1 +e/wa)+oa+e =0 .

Let us now prove i). If G consists in a product of two groups then the
factors which depend only on structure constants with both sorts of
indices vanish, i.e. rgp(z) = rpg(z) = 0. Since M s finite, the functions
rq(z) and rp(z) are negative semidefinite. The logarithmic derivative of
W(x) with respect to x4 becomes

|d(Z)=(D[~OL+ o @ « >-oo>—-(oo + £) .

rg (2) + rp(2) x

In the case where g has a subalgebra g4, the function rqp(z) does not
vanish identically but is negative semidefinite by the definition (l1.28c).
We can then write ¥(x) in the form

¥(x) = rgp(z) % [x-xq(z) [ [x-x2(2)] , (34)

where x4(z) and xp(z) are bounded functions with e ®M < xy(z) < xo(2)
< e®M, since W¥(x) <0 for | x4| > M. For x e X we thus obtain from (31)

-1 e
Ky (£
K 20

v

[1 K5 (2)
T T x

The logarithmic derivative of W(x) with respect to xq now satisfies the
inequality (32):

4
|d&)=m{—a+[1—K1K('z')] +[1—K2@} }>w[—a—2i}=—(w+8)- A

K 20

Using inequality (33) we can now give an invariant set in the phase space
IRN-1x |Rn-1,

Corollary 6.2,
Let Y= {ye IR | |y <1, yq < -1+p2/2}
X = Xg , with £¢:=[y-0a]2 . (35)

Then I'T) e XxY =2T(MeXxY VTI>T .
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fig.6.1.

The hypersphere Q con-
tains no points with c(y)
<0 since all centres of
the c-spheres are located
above the dashed hyper-
plane. Q contains the
subset Y, which is a part

of the invariant set X x Y.

Proof: If y € Y then we have yq < 0 and thus from (1) dxg4/dT <
0, i.e. X remains in X and |y| remains smaller than one. Since Y is a subset
of Q., we obtain (yyq-Ilg(x)) <0 for (x,¥y) e Xx Y from (33), and the
derivative of yq is smaller (or equal) than zero :

o

(1-y?)(1yg-lg X)) <0 .

=1
dT 2
Thus, if (x,¥) € X x Y, the d-components of x and y cannot increase, and
we obtain (X, y)(T) e XxYV T>T if (x,y)(T)e XxY,. A

Since I'(T) remains in the set X x Y and since Qo> Q. oY, we
see that y(T) e QV T > T and thus y(T) - e E as T — . A similar Co-
rollary can also be proved in the case where y(T)e Q, :={ye Q| |y| 21}.

IV.7. Conclusions

Using the results of the preceding sections, we can now show
that chaotic solutions in (n+1)-dimensional homogeneous models can
only occur for n = 3. If n > 3, the scales behave regular approaching the
cosmo- logical singularity.
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Corollary 7.1.

Let G be the Lie group of an (n+1)-dimensional homogeneous model. If n >
3, there exists a non-empty set X, such that any generic solution
approaches a generalized Kasner solution with Kasner indices o¢;e X.

Proof: Since for n > 4, any real n-dimensional Lie algebra has
a subalgebra, there always exists a decomposition n = d + D, such that
CKyy =0 Vyuyve [1,dand V Me [d+1,n]. (This is a consequence of the
Levi-Malcev decomposition [21] for a Lie algebra into a semisimple and a
solvable part [20].) We can thus apply the preceding Propositions to
construct a non-empty invariant set X x Y (35). Every solution T(T) of
(1) entering X x Y then approaches a generalized Kasner solution with
Y(T) 5 ee E=8S"2~Q asT - o, i.e.ast —» 0.

The Kasner exponenets are parametrized in terms of e (I1.71)
and fulfil Zn 62 = XN o; = 1, since |e| = 1 (11.68). Using (25), we have
le-eql < p and together with (11.71) we obtain the set X :

2

-1
L = {Gi | o =_Y[2Aji e —J—J , lel=1, ede[—1,—1+-92-]} . A (36)
j

In Part Il we have discussed the models consisting in a pro-
duct of two isotropic subspaces. These had a two-dimensional phase
space with coordinates (x4,yq).- The condition for the scales to approach a
Kasner solution consisted in the existence of a horizontal asymptotic of
I(xg)/y inside the strip S = { (xq,¥q) | Ivql £ 1 }. The toy models discussed
in 1ll.5. satisfied this condition if rpg vanished (l11.29), since then

lim I(xg)y =-vD/AM=T) = —NT72V(r-—27n-1) >-1. (37

Xg——o°

This estimation obviously corresponds to the estimation (29) for the
d-components of the centres ayjj (if g has subalgebra which is at least
two-dimensional ) :

d=2
n-2
2 (0ui)g = —28 = -
(g-ku)d 2(n-1)
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The region in the plane toy model where yq4 can approach the value -1
now corresponds to the set X x Y where the vector y can approach a
constant unit vector e € E.

Let us finally consider the (3+1)-dimensional homogeneous
models (Bianchi types) as an illustration.

Corollary 7.2.

The only (n+1)-dimensional homogeneous models which cannot approach a
stable Kasner solution as t — 0 are those which correspond to one of
the Lie groups SO(3) or SO(2,1) (i.e. the Bianchi type VIl and IX models).

Proof: Using Corollary 7.1., the only candidates are based on
3-dimensional Lie groups. We have to show that the only groups for
which the set E \ 9E in S1 (20,21) is empty are SO(3) and SO(2,1).

E = {ee S | c(@) 20, V kij with sik=0}.

For n=3, the hyperspheres Sn-2, Ckij(¥)=0 and c;j(y)=0 reduce to circles.
Since the radius of all circles cj(y)=0 is Ry = 1/2 (10) and since all
ci(y)=0 contain the origin y = 0, we have cij(g) 20 V e e S1. Let us thus
consider the circles with radius Ry = 1/2 [1 + 2/42]1/2 =1 (y2=2/3).
These couple to the constants s;jk with k ¢ {i,j}, i# (Proposition 2.2).
For n=3 there exist at most three circles of this kind, cy23(y) = O,
Co31(¥) = 0 and c315(y) = 0 . Their centres are located on S! and on a
triangle with equal sides, since |a123| = 1 and since

1 1 1
(@123, 0a12) = @ l? = oy 1? - |as® + 2(@y, ) = — -

4 oy 2’

If at least one of the structure constants Cl,3, C254, C3;5 vanishes then
not all three circles are present and the set E \ dE obviously is not
empty. The only cases in which E \ 0E = {} corresponds thus to the Lie
groups with structure constants Clog # 0, C231 # 0 and C345 # 0 which
are SO(3) and SO(2,1). A

Fig.7.1. illustrates this situation. The combination of the sets
Ckij < 0 contains all points of the set |y| < 1. The centres are aq53 =
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(V3/2 , 1/2) , w31 = (¥3/2, 1/2) and @s3p¢ = (0, -1). The cenres of
the small circles ( radius Ry=1/2 ) are ay = (V3/4 , -1/4) , ap = (-V3/4 ,
-1/4) and ag = (0, 1/2). The set E \ dE is empty, and E consists in the
three points 2a4, 200 and 2a43. As already mentioned, there exist three
instable solutions with Kasner indices (04,02,03) = (2/3, -1/3, 2/3) for
Yy - 204, (-1/3, 2/3, 2/3) for y - 2a» and (2/3, 2/3, -1/3) for y - 2a3
. For each of these cases there exist two identical contracting scale
factors and one expanding scale as t — 0.

AY2

C123<0 C231<0

= Y4

fig.7.1. SO(3) and SO(2,1) are the only Lie groups for which the combi-
nation of all sets Ckijj < 0 contains the whole hypersphere (circle) |y| < 1.

Using x = exp(wxyq) = exp [V(3/2) x5 ], the potential ¥(x) (2,
11.37) may be written in the form (30) ,

¥(x) = x~® [+ 2ch(xy/N2) + (1-ch(¥2xq)) x -1/2 x-1] ,(38)

where the upper (lower) sign holds for SO(3) (SO(2,1)) and the term
which is proportional to x-1 now does not vanish. As is well known [19]
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and easily seen from (38), there exist three directions in the (xq,X2)-
plane where the equipotentials of ¥(x) are not closed . In the time-de-
pendent Hamiltonian formulation of the problem (ll,section 4.1.), the
"universe point" can only move in one of these directions without
colliding with a potential wall. The directions are 201, 200 and 2gg, in
agreement with the directions of the instable Kasner solutions
mentioned above.

IV.8. A comment on inhomogeneous models

Let us finally extend the discussion to inhomogeneous cosmo-
logical models. The arguments are of the same kind as in the preceding
sections. The structure terms Ck; are still constants with respect to the
time coordinate, but they now depend on the spatial coordinates. The
explicit form of these functions does not affect the following
discussion. The important point is that in contrast to the homogeneous
case, there now exists no decomposition n = D + d, such that all CK
with pv € [1,d] and K € [d+1,n] vanish. The most negative d-component a
centre ayj; of a hypersphere cyj(y) = 0 can now have is no longer -3 but
-(28+A) (27). Thus, even for n>3, there may exist some hyperspheres
containing the "south pole" g4 of S"-2. In order to find the critical number
of dimensions, we again have to answer the geometrical question
whether there exists a set E on SP-2 which has no common points with
Ds (21). (Dg is the combination of the sets { Ckij(x) < 0 } , where now all
k,i,j must be taken into account (20).)

Proposition 8.1.
Let sijk # 0 Vkzi#jzk and let Dg be the combination of all corresponding
sets { cjj(y) <0}. Let E:={ee S"2 | ge Dg }. ‘
If n > 10, there exists at least one decomposition n = D + d, such that E \
dE is not empty.

Proof: Let us show that either a whole neighborhood of the
"south pole"™ or of the "north pole" (with respect to the d-component) of
Sn-2 is located outside the set Dg. This is the case, if either the most
negative d-component of all centres q;; is greater than -1/2 or if the
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most positive d-component is smaller than +1/2. Using equation (27), we
obtain the conditions

TA+25] > -1/2 or [8+2A] < +1/2

Together with (26) and D+d=n we obtain the following inequalities :

2
d2—d(3+n)+4n = [d--s—?-} +-1-(9—n)(n-1) <0,

3-n 1

2
d2+d(3——n)+4n [d+T] +-&—(9-n)(n—1)<0.

If n < 9, none of these inequalities is fulfiled and the "south pole" as
well as the "north pole" are contained inside the set Dg If, on the other
hand, n > 10 then the first inequality holds for all decompositions with
[n+3 - {(n-9)(n-1)}1/2] < 2d < [n+3 + {(n-9)(n-1)}1/2]. A

Since the choice of the decomposition n=D+d only concerns
the definition of the coordinates introduced in Part I, section 4.2., we
have shown, that for n > 10 there always exists a point ¢ e SN2, a real
number p>0 andasetQ :={ye R"1| |y-e|<p} suchthat Q n Dg =
{}. Approaching the initial singularity in (n+1)-dimensional (n 2> 3)
cosmological models, the generic solutions of the field equations behave
thus

« chaotic if n < 10 and monotonic if n = 10 in inhomoge-
neous cosmological models ;

« chaotic if n = 3 and G = SO(3) or SO(2,1) and Kasner-like
in all other homogeneous cosmological models with an arbi-
trary number of dimensions.
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