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The nonlinear ion-acoustic waves in a current carrying
collision-dominated plasma

F. Raemy, Yu. S. Sayasov, H. Schneider
Department of physics. University of Fribourg, Switzerland

(10.1.1989)

Abstract: We present experiments which describe the saturation of the self-developed ion-

acoustic waves in a collision-dominated current carrying plasma. The plasma with degree of
ionization ranging from 30% till over 90% was generated by a capacitor discharge with maximum

current-density j=20 A/cm2 on the axis of symmetry, in a glass-tube of 20 cm diameter with a

cathode-anode distance of 80 cm. The electron temperature Te 4.7 eV was determined by the

double probe, and the ion temperature Ti 0.7 eV by an energy analyser. The experimental

results are in agreement with a nonlinear three-fluid hydrodynamical theory of ion-acoustic waves

in a collision-dominated plasma, taking into account arbitrary degree of ionization, temperature

oscillations and motion of neutral particles. Particularly, in agreement with this theory it was

observed that the ion-acoustic instability starts in these collision-dominated plasma for electron

drift velocities exceeding the ion sound velocity by an order of magnitude.The amplitude of the

saturated oscillating electron density observed in our experiments as a function of the degree of
ionization agrees with the theory, too.

1. Introduction

For a very long period physicists have been interested in the collective plasma phenomena.

An important example of a resonant microinstability is the ion-acoustic or ion-sound instability.

Ion-acoustic waves are of great interest because they can be used for the heating of a plasma

[1,2]. For diagnostic purposes they serve for the determination of the plasma drift velocity [3] or
of the electron temperature [4,5]. A summary of literature of the ion-acoustic waves is given by

P. Michelsen [6]. Reference [7] shows a review of the theoretical and numerical work. The first

measurements of the growth rate and the saturation of ion-acoustic waves, generated by optical

mixing, are presented in [8]. In this reference the saturated relative density fluctuations are

considered as a function of the incident power. The references [6,7,8], however, refer to

collisionless plasmas.

In our experiments, performed with a current carrying argon plasma, we measured self

developed ion-acoustic waves accompanied by ion-acoustic turbulence as a function of the plasma
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parameters. To our knowledge we present the first measurements of the self developed saturated

ion-acoustic waves in a collision-dominated plasma, and explain the saturation over a wide range

of ionization degrees. The experiments presented here refer to a current carrying plasma without

magnetic field

Apart from the quasilinear theory several theories have been proposed to offer saturation

mechanisms for the ion-acoustic fluctuation energy. An overview for thin plasmas is given by

reference [9]. The theoretical understanding of the instability, however, is still far from

satisfactory.

As a basis of our theoretical considerations of the nonlinear ion-acoustic waves and the

saturation we refer to the theory of Abu-Asali, Al'terkop and Rukhadze [10,11,12] for collision-

dominated plasmas and extend the theoretical analysis for a wide range of ionization degrees by

taking also into account the temperature fluctuations and the motion of neutral particles.

2. Experimental set-up and basic plasma parameters

2.1 Experimental set-up

Figure 2.1 shows the experimental set-up. The plasma is generated by discharging a

capacitor in a circuit with a 100 cm long tube (diameter 18.8 cm; wall thickness 6 mm) which is

limited on both sides by flat stainless steel electrodes. Two crosswise arranged slots in the

electrodes allow for the insertion of electric and magnetic probes in tubes of 9 mm diameter to any

desired position.

During the experiment there is a steady flow of argon between anode and cathode in a

pressure range of 1 to 10 mTorr. The capacitor bank, consisting of 40 parallel arranged 7.7 lîF

capacitors, is charged through a 80 k£2 resistance with a DC high voltage source to 6 kV. After a

charge time of 50 s (x 25 s) the capacitor with an energy content of 5.6 kl is sinusoidally

(T/2=1.6 ms) discharged through an ignitron (GL 7703) and an inductivity (L 0.875 mHy).
The discharge current (2900 A) generates a maximum current density of 20 A/cm^ on the major

axis.

In the case of neutral gas pressures of less than 6 mTorr the described circuit fails to

produce the plasma. For this reason we introduce a second discharge, this time between the third

electrode and the cathode of the first described circuit. This discharge delivers enough free

electrons to initiate the main discharge down to pressures of 1 mTorr.
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Figure 2.1 Schematic diagram of the experimental set-up

2.2 Current- and electron density measurements

According to the equations of Maxwell one finds, under the assumption of
rot H » eo dE/dt :

j(r) l/r3/ar(rH0(r)) (2.1)

Figure 2.2a shows the principal arrangement of such a B0 probe in the plasma. The result of a

measurement of B0 as a function of radius r and time t is presented in figure 2.2b. From this three

dimensional plot we derive numerically the current density according to equation 2.1, and we get

the result shown in figure 2.2c.
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Figure 2.2 a) schematic arrangement of the B0 probe

b) magnetic field B0(r,t)
c) current density j(r,t)
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In a further experiment we measured the electron density by means of a Langmuir double probe

[13] as described in reference [14]. The results are shown in figure 3.2 where we compose the

radial and time dependence of current- and electron density. The maximum value of the current

density is 20 A/cm^ and the electron density has been found to be 6.3 10^ cm"3-

V
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Figure 2.3 a)

b)

measured particle density
measured current density
measured particle density
measured current density

ne(t)/ne(tmax)
j(t)/j(tmax)
ne(r)/ne(r=0)
j(r)/j(r=0)

From this accordance in the radial and time dependent profile of the current density and electron

density we obtain an important result: The drift velocity of the electrons vd constant as a

consequence of j ~ ne. Other plasma parameters are listed in table 1 below.

discharge tube:

plasma parameters:

ion-acoustic wave:

length lm
diameter 18.8 cm
plasma length 80 cm
discharge current 2900A

current density 20 jtym
electron temperature 5 eV
ion temperature 0.8 eV

electron density 6.3 10*" m"-'

v<j electron drift velocity 2.10^ m/s

vei electron-ion collision frequency

Vij ion-ion collision frequency

via=10 na [1/s] electron-atom collision frequency (according to [9])
frequency 24 kHz
wavelength 16 cm
phase velocity 3.4 10^m/s

Table 1 Parameters
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3. Experimental investigation of the nonlinear ion-acoustic waves

For the current density (j=20 A/cm2) and the electron density ne=6.3 IO13 cm-3 and a

mean electron temperature Te 4.7 eV it turns out that the drift velocity of the electrons exceeds

the ion sound velocity by several times. Under this conditions we expect the appearance of ion-

acoustic waves in the plasma.

3.1 Experimental set-up

Figure 3.1 shows the electronic diagram which consists of two double probes measuring

the electron density. Instead of a transformer [14] we use two current probes (A 6302) with two

current to voltage converters (AM 503) to protect the A/D oscilloscope (LC 9400) from primary

discharge high voltage.

m

C^ IT bi;

plasma

cathode

current probe A 6302

20 mA/DIV
5 MHz AC

bias ^1 ~~ i

SE:
20 mA/DIV
5 MHz AC

Le Croy 9400
A/D

PDP 11/34

L tape unit 1

Figure 3.1 Two double probe arrangement in the discharge tube

The time dependent signals of figure 3.2 show that the mean electron density does not change,

but with increasing ionization degree the fluctuations become significant. In the high ionization

case we investigate the fluctuations by the digital spectral analysis applying ZOOM-FFT technique
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[15,16]. The key idea underlying the wave and instability identification is to compute auto- and

cross-power spectral density functions using FFT techniques in order to determine frequency,

wavelength and phase velocity.
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Figure 3.2 Time dependent density fluctuations for different ionization degrees; 0.2ms/div

3.2 Spectrum of density fluctuations and identification of the wave

Figure 3.3 gives the typical auto power spectrum with a main peak at the frequency f=24

kHz in argon at a neutral gas pressure p 2.4 mTorr.

log P

(lffcl
0 12S 250 375 500 625 750 875 1000 1125 1250

Figure 3.3 Auto-power spectrum
log p [a.u] versus frequency in kHz at p=2.4 mTorr argon
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Noticing the phase difference as a function of the distance for the main peak (fig.3.3) between the

two double probes on the major axis x, we find the propagation velocity of the wave (from

fig.3.4) V0 3.4 IO5 cm/s and the corresponding wavelength X 14 cm

(k 2n/X= 0.44 cm"i).
Û0

[rad

0.4

[cm]

Figure 3.4 Phase difference as a function of the distance between the two probes for f=24
kHz and pressure p 2.4 mTorr

From the phase spectrum (fig 3.5) follows the dispersion relation found by the phase

measurement of the two probes in a distance Ax 1 cm. In the low frequency part of the

spectrum (with the coherence 1) the phase is proportional to the frequency. As a consequence of

this, the dispersion relation is a linear function and the wave is propagating with constant phase

velocity along the x axis according to figure 3.1. A comparison ofthe phase velocity with the ion-

sound velocity (vs (Te/mi)1/2 3.35 IO5 cm/s; mi is the ion mass) confirms the

identification of ion-acoustic waves.

0 12S 250 375 500 625 750 875 1000 1125 1250

Figure 3.5 Phase-spectrum of the two double probes in a distance of 1 cm on the plasma axis

(A<|>[rad] versus frequency [kHz])

From figure 3.5 we derive a linear relationship between the wavenumber k and the frequency co

for the low frequency part of the spectrum. This will be discussed in the next part of this paper.
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4. Theory of nonlinear ion-acoustic oscillations in collision-dominated

plasmas

The plasmas investigated in these experiments can be considered as collision-dominated in

the sense that the collision frequencies Ve, Vi are big enough, i.e. the electron and ion mean free

paths are much smaller than the wave-length X 2rc/k of the ion-acoustic oscillations excited in

the plasma. Under these conditions stabilization of the ion-acoustic waves occurs mainly as a

result of collisions of plasma ions with plasma particles, in contrast with thin plasmas in which

the stabilization occurs as a result of the ion Landau-damping. A theory of nonlinear ion-acoustic

oscillations in two-fluid approximation was developed in [10,11,12] for two limiting cases - for

weakly ionized plasmas where only electron and ion-neutral collisions are of importance, and, on

the other hand, for strongly ionized plasmas where only collisions between charged particles are

of importance.

In the present experiments, performed in broad diapason of electron concentration,

collisions of all types must be considered simultaneously. In addition, the level of saturated

electron density oscillations can be high. Moreover, for the observed oscillation frequencies co

comparable with the ion collision frequency vj the two-fluid approximation may not be valid i.e.

the motion of the neutral gas must be accounted for as well. In the following, the theory described

in [10,11,12] is generalized to meet the realistic conditions existing in this experiment.

As in [10,11] it will be assumed that the problem is a one-dimensional one, i.e. that all

quantities depend on the coordinate x counted along the plasma axis only. The basic equations of
three-fluid hydrodynamics for non-isothermal plasma (Tj « Te), under the the assumption of

quasi-neutrality (ni=ne=n) and the neglection of electron inertia, can be formulated as follows:

min(-5r + vi-5F>=-V(^^-minvi.(vi-v»)+mixin-^ (41)
>v«
dx2 (4.2)

3va 3v„ 3 v a
m in »(~5T + v »~5T> m in vi.(v i - v •) + m ix »n .-^F
3n

_,_
dn ^

3v, „
"5F + vi"gr + n-5r=0

lr+^-e)|S-+n^ o

«T.Ogf + K +ve)^--)= -^(nX-g^) (4 5)

(4.3)

(4.4)
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Here vi, ve, va are respectively the ion, electron and neutral particle velocities, vd eE/meVe is

the electron drift velocity, S=ln(Te/n1'"1), y 5/3. The coefficient miXi is the ion viscosity which

is under the present conditions mainly due to the ion-ion collisions, i.e. Xj=1.28 Ti/mjVu (vü

being the ion-ion collision frequency), Xa T/miVia is the neutral particle viscosity. The

coefficient X is the electron thermal conductivity, which according to the mixture rule, can be

represented by

1 _L+J_x xei
+

xea

with Xei=3.16Te/(mevei) and Xea=Te/(mevea). Note that in general the electron collision

frequencies vei, vea entering X and vd can include the turbulent effects, and thus differ essentially

from classical values. Using the assumption [10,11] that the saturated ion-acoustic wave is a

function of the argument 4=kx-cot only, we can reduce the system (4.1)-(4.5) to a set of ordinary

differential equations:

-w'a-w) -ßV-p)-^L(w-wa)+YiW (4.1-)

-w'aa-wa) g(w-wa)+Yaw"a {AT)
-p'(l-w)+w' 0 (4 j')
p'(a- l+wj+w'^0 (44.)

t"+ wY -S(l + -^Ar)(W- 1-0a-l/v 3
(4.5')

Here p ln(n/n0), w=Kvi/co we kve/co wa=kva/co g=vin/(û)na), 5=co(a-l/(Xk2))=

ltveff(a-l)/(ö, a=vdk/co, veff=(Vei/3.16)+vea, Ti=Xik2/û), ya=Xak2/(ü, x=Te/Teo, Teo, n0 are

the undisturbed electron temperature and density. Prime means differentiation with respect to %,

ß=vsk/co, vs=(Te/mi)l/2. As follows from (4.3'), p ln(l+n'/no)=-ln(l-w) i.e.

n' w
n „ 1 - w (4.6)

where n' is the fluctuating part of the electron density (n=n0+n'). Assuming 5 « 1 we can reduce

the equation (4.5') to ï'= - 8w' ,i.e. 'i — Ow Assuming also g « 1 we can take wa « w i.g.

to neglect wain (4.1'). Inserting t' -ôw and p'=w'/(l-w) w'(l+w) into (4.1') we can

reduce it to
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Yiw"-2ww' + (l-ß2)W'-rrw=0, r=5-^ (47)

In this form (4.7) coincides with eq. 4.1 in [10] (for slightly ionized plasmas) where

vea»vei/3.16, or for vea « vei/3.16 with eq. 11 in [ 11] (for strongly ionized plasmas). As it was

shown in [10,11] the equation (4.7) allows a periodic solution, having a period of 2tc

(w(0)=w(2rt)=0), corresponding to saturated ion-acoustic waves, in case ß=l i.e. the dispersion

relation

co vsk (4.8)

which is characteristic for the linear ion-acoustic wave must be also valid for nonlinear saturated

waves described by the equation (4.7). According to [10,11], the periodic solution of (4.7) can

be represented explicitly by the formula

w=vdbrw ¦ ~vï*tïk. ,.x_,

where h is the function satisfying the equation

(4.9)

2

dt2 dx (4.10)

It allows the first integral

(^•)2=F(h) Ceh+h + l, C<1

i.e. the function h=h(T.) can be defined by the relation

}-dh =x=y/2irrr)c,
h.vF

The condition of periodicity of h=h(Ç) provides the relation

(4.11)



Vol. 62, 1989 Nonlinear ion-acoustic waves 455

J-^ V2(e + l)7t,F(h01) 0

h. (4.12)

defining the constant of integration C C(e). This constant can be expressed for the two limiting

cases e —> 0 and e —> °° by the asymptotic formulas

C=l-e e->0

n 7t2(e + 1 y\C=exra *-=—L\, e-><=°*\ 2 (4.13)

For intermediate values of e the constant C=C(e) was obtained by numerical integration of (4.12).

It is given in Fig. 4.1.

C(E)

1-.^

0.8 ^^
0.6

0,4

0.2 \
-I - E

0.01 0.02 0.05 0.1 0.2 0.5 1

Figure 4.1 C(e), 0.01< e < 1.

The maximum value of the density fluctuation (n'/n0)=wmax can be now found by the formula

(4.14)
(£>-.=iTO.'<B=V(ë7ï)lnc.

The function f(e) is given in Fig. 4.2.
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f(E)

XX
y

0.01 0.02 0.05 0.1 0,2 0.5 1

f(E)

Figure 4.2 a) f(e), O.Ol < e < 1

b) f(e) in the limits according to (4.13). The dotted line
corresponds to the formula (4.13) in reference [10].

The experimental conditions correspond to the assumption e » 1. In this case f(e) n i.e.

(n'/n0)max it T/2. This formula can be found also from elementary considerations. For e » 1

we neglect the term yjw" in (4.7) thus obtaining the solution w= ^T/2. The real solution

represents in fact a sawtcothed curve (Figure 4.3). However the linear solution w=^T/2 holds

almost in the whole interval 0 ^ !; < 7t and breaks down only in a very narrow interval adjoining

4 — 7t, decaying very quickly to w=0 for t\ —>n. Thus, to obtain wmax we can simply put Ç=tc

in w=Çr/2, getting wmax =Tx/2. (A more detailed analysis shows that this simple approach

involves errors of the order of e~112 In the conditions of our experiment e ~ IO3. Thus this

approximation is very good. For the parameters summarized in table 1 we get

ft) wmax=f-0.5(1-0.5
1

L)

(4.15)

This formula provides already a reasonable description of experimental curve representing the

density fluctuation n'/n0 as a function of the degree of ionization (curve bi in Fig.5.1).
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V»

Figure 4.3 Solution w(kx - cot) for one period

A better description of the experiment can be achieved by considering effects due to the

motion of the neutral particles. These effects must be especially pronounced for the high degree of
ionization when the parameter g=vin/(cona) becomes large. Qualitatively, this corresponds to the

fact that at high degree of ionization the neutral particles get involved in the oscillatory motion

and, hence, the relative velocity vi-va becomes small. Accordingly, the friction force miVinCvi-Vä)

experienced by the ions drops essentially. In the approximation wa~T these effects can be

described by considering instead of (5.7) the set of equations

YjW" - 2 ww' + 5w

-w'a g(w-wa)
co (w-wa) 0

(4.16)

(We drop here the small term Y.w" and (ß2-l)w'). A tentative estimate of the maximal value of

w n'/n0 defined by (4.16) can be done by the collocation method [17]. We will use the trial

functions

w AÇ, wa=Bg(7t2-42)

where A,B are some constants. Inserting them into (4.16) and neglecting the term tîw" we get the

residual equation
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R(U _V^ Ag(7t2-U/^c
2tû'l-g(7c2-^)/2^0

-(2A -rA) 0

which defines the constant A by the requirement of R(^o)=0 for a choosen point Ç=Ço. Assuming

Ço=t/2 we get

,A v
A { 5

m
i ^ 37t
1 + -Is-IkK 4 BJ

and hence

ft) w max ATI

max
r-o.5 1-0.5 a-x)/x ^

1+0.8 1-x (4.17)

This approach corresponds to the introduction of a modified ion-neutral collision frequency

veff=vi/(l+g37t/4) taking into account the reduction of friction force for high degree of ionization.

The curve b2 in Fig. 5.1 gives a better agreement with the experimental result. The analysis based

on the formulas (4.15) and (4.17) is certainly not complete since the parameter T is in fact not so

small. However, in virtue of theorems in [18], asserting that the solution w=w(Ç) as given by

(4.1')-(4.5') can not differ essentially from the solution of (4.7) if the parameter T is not too

large, one can state that the qualitative features of the nonlinear ion-acoustic oscillations are

represented correctly by these formulas.

5. Results and discussion

5.1 The saturation of nonlinear ion-acoustic oscillations as a function of ionization degree

The most important result of our investigation is the demonstration of the saturation of
ion-acoustic waves as a function of ionization degree. The nonlinearity of the present ion-acoustic

instability manifests itself in the way, that the amplitude of the fluctuation after a very short time

compared with the discharge time reaches a state of saturation. This has been observed over a

wide range of ionization degrees.

From the digital data nei (i=l,...,N), determining the standard deviation, and relating the

result to the mean density we have
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k=^hàiÈ^-~nf)
(5.1)

which is the relative saturated density fluctuation.
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Figure 5.1 Saturated relative density as a function of the ionization degree with ve,eff=l6vei
a) experimental o bl) theoretical (as formula 4.15) D

b2) theoretical (as formula 4.17) A

The results of the relative saturated density fluctuations, whitch we identified as ion-acoustic

waves, represented as a function of the ionization degree (fig 5.1) are compared with our

theoretical considerations of chapter 4. Whereas in the range of low ionization degrees the

amplitude of the ion-acoustic wave is almost 0%, in the high ionization region there appear

saturated amplitudes of about 80% related to the mean electron density. The transition is located

between 30% and 50% of ionization degree. The curve bl in figure 5.1 shows the result of the

expression 4.15 based on the theoretical investigations of reference [10,11,12], b2 represents the

extended theoretical consideration which confirms the sensitivity of the saturation level on effects

due to the motion of the neutral particles (4.17).
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5.2 Conclusion

To our knowledge we present the first experimental results showing the saturation level of
self developed ion-acoustic waves over a wide range of ionization degrees in a collision-

dominated plasma.

The main result which confirms our interpretation of experiments in terms of nonlinear

ion-acoustic waves can be summarized as follows:

From the experimental results showing that the current-density is proportional to the

density of charged particles and that vd widely exceeds vs, which is characteristic for collision-

dominated plasmas, it can be concluded that the electron drift velocity during this slow experiment

is constant and therefore we are dealing with ion-acoustic waves.

The linear dispersion relation (4.8) holds also for the nonlinear ion-acoustic waves.

Despite of many simplifications our theoretical description of the saturation mechanism fits

well with the experiment (Fig. 5.1).
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