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Some Applications of the 3 + 1 Formalism of
General Relativity

By R. Dürrer and N. Straumann

Institut für Theoretische Physik der Universität Zürich
Schönberggasse 9, 8001 Zürich, Switzerland

(13. IV. 1988)

Abstract. A variety of basic formulae of general interest are derived in a uniform manner within
the 3+1 formalism of GR. These include: (i) The 3 + 1 split of electrodynamics in terms of
differential forms, (ii) Convenient forms of the Liouville operator for a geodesic spray, (iii) The 3+1
split of hydrodynamics, (iv) Applications to spherical collapse and inhomogeneous inflation, (v)
Gauge invariant cosmological perturbation theory. Many of the resulting equations are known, but
some are new. Numerical solutions for the evolution of cosmological perturbations and in-
homogeneous inflationary models are deferred to future publications.
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1. Introduction

The importance of the 3 + 1 formulation of general relativity is well known.
It plays a crucial role in basic theoretical investigations and is also very useful for
more practical purposes. The 3 + 1 or dynamical approach is, for instance, used in
discussions of the initial value problem [1], [2] and in numerical relativity [3]. It is

directly related to the Hamiltonian formulation of geometrodynamics, which was
originally introduced as a tool for quantizing general relativity. (For a description
of these roots see Ref. [4].) More recently, the 3+1 formalism has become
important as a technique for studying astrophysical processes around black holes.
This viewpoint is called the 'membrane paradigm' and has been fully described in
a recent book [5].

It is the purpose of this paper to systematize and extend the 3 + 1 formalism
in various directions. We derive in detail and in a uniform manner a variety of
basic formulae of general interest. Many of the resulting equations are known but
some are new. Even in cases where we obtain known results, we hope that our
derivations will be useful for other workers, since we arrive at them in a smooth

manner, making full use of the Cartan calculus. A large portion of the paper is
devoted to cosmological perturbation theory. We have solved the resulting
equations numerically for various scenarios. This part of our work will be

presented in a separate publication [7]. Numerical investigations of in-
homogeneous inflationary models are also under way.

In Section 2 we recall the general setup of the 3 + 1 formalism. With the
Cartan calculus we obtain in Section 3 the 3 + 1 split of electrodynamics in a very
elegant manner for an arbitrary spacetime background. The form of the 3 + 1

split of the Liouville operator for a geodesic spray given in Section 4 is new.
Section 5 treats the 3 + 1 split of hydrodynamics and in Section 6 (and Appendix
A) we recall for later use the 3 + 1 split of Einstein's field equations.

Specializations to spherically symmetric collapse and inhomogeneous inflation

are carried out in Section 7 for a gauge satisfying the maximal slicing
condition. Section 8 is devoted to the gauge invariant cosmological perturbation
theory. Here, we give first alternative derivations of known results [8], [9]. With
the help of the 3+1 formalism we arrive much faster at the final equations. We
also add some new results. In particular we develop the gauge-invariant
perturbation theory of collisionless particles. Furthermore, the entropy produc-
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tion rate of the perturbation is related generally to a certain gauge invariant
matter amplitude.

2. 3 + 1 formalism, generalities

We assume that spacetime (M, g) admits a slicing by slices 2-, i.e., there is a

diffeomorphism tp-.M^-HxI, /cR, such that the manifolds 1., tp~l(Lx {t})
are spacelike and the curves cp~\{x} x I) are timelike. These curves are what we
call preferred timelike curves. They define a vector field d„ which can be

decomposed into normal and parallel components relative to the slicing (Fig. 1):

d, an + ß. (2.1)

Here n is a unit normal field and ß is tangent to the slices _>.,. a is the lapse
function and ß the shift vector field [1,2]. A coordinate system {jc'} on 2 induces
natural coordinates on M:cp~l(m, t) has coordinates (t, x') if m e 2 has coordinates

x'. The preferred timelike curves have constant spatial coordinates. Let us
set ß ß' di(d, d/dx1). From g(n, d,) 0 and (2.1) we find

g(d„ dt) -(a2 - ß%), g(dt, d,) ßi.

Thus in 'comoving coordinates'

g -(a2 - ß!ß;) dt2 + 2/3, dx' dt + g,y dx' dx> (2.2)

or

g - a2 dt2 + gij(dx' + ß' dt)(dx> + ß> dt). (2.3)

This shows that the forms dt and dx' + ß' dt are orthogonal.
The tangent and cotangent spaces of M have two natural decompositions. One

is defined by the slicing

TP(M) HP® Vp, (2.4)

an __3t/Ly
Z.

Figure 1.
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where the 'horizontal' space Hp consists of the vectors tangent to the slice through
p and the 'vertical' subspace is the 1-dimensional space spanned by (d,)p
(preferred direction). The dual decomposition of (2.4) is

t*p(m) h;®v;, (2.5)

with H; {co€ T*p(M):(to, 3t) =0} and V*p {to e T*p(M):(to, Hp)=0), which
is spanned by (dt)p.

The metric defines - through the normal field n - yet another decomposition

Tp(M) Hp®HpL, (2.6)

where Hp is spanned by n, and dually

T*P(M) (V*P)±®V*P. (2.7)

Equation (2.1) reflects the fact that, in general, the two directions Vp and Hp do
not agree. Dually this implies that H* and (V*)x do not coincide. We have for
X e (V*Y the following decomposition relative to (2.5)

X hor(X)+(X, ß) dt. (2.8)

The decompositions (2.4) to (2.7) induce two types of decompositions of arbitrary
tensor fields on M. We call a tensor field horizontal if it vanishes, whenever at
least one argument is d, or dt. Relative to a comoving coordinate system such a

tensor has the form

s 5j;:::;;a,-, <8> • • • <g> dir <g> dxh <8> • • • <8> <icW

This shows that horizontal tensor fields can naturally be identified with families of
tensor fields on Z„ or with time-dependent tensor fields on __. ('absolute' space).
We shall denote them with boldface letters (except 3, and dx').

As an often occurring example of a decomposition, we consider a horizontal
p-form co and its exterior derivative dot. We have

dm dio + dt a d,<a,

where dco is again horizontal. In comoving coordinates d involves only the dx'
(d dx' a di) and 3,co is the partial time derivative, dco and 3,co are horizontal
and can be interpreted as t-dependent forms on 2. In this interpretation dco is just
the exterior derivative of co. Similarly, other differential operators (covariant
derivative, Lie derivative, etc) can be decomposed. We use two types of bases of
vector fields and 1-forms which are adapted to (2.4) and (2.5), respectively (2.6)
and (2.7). Obviously, the dual pair {3^} and {dx11} for comoving coordinates
[x") are adapted to (2.4) and (2.5). On the other hand, equations (2.1) and (2.3)
show that the dual pair

{di,n} and {dx*' + ß' dt, a di) (2.9)

is adapted to (2.6) and (2.7).
Instead of {3,} we shall also use an orthonormal horizontal basis
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{e,}(g(e,, e,) ó/y), together with the dual basis {0'} instead of {dx1}. Then we
have the following two dual pairs, which will be constantly used:

{e/; 3,}, {&, dt} (adapted to slicing), (2.10)

{e„ e0 n}, {0"} (adapted to (2.6) and (2.7)), (2.11)

where the orthonormal tetrad {0'*} is given by

d°=adt, d' W + ß'dt (2.12)

with ß' defined by ß /3'e,. We note also the relation

e„ n -(d,-ß'ei). (2.13)
a

3. 3 + 1 split of electrodynamics

As a first example of a 3 + 1 split of physical laws we rewrite now Maxwell's
equations on (M, g) in terms of horizontal differential forms for electric and
magnetic fields. The resulting equations have been widely used in black-hole
electrodynamics [5]. The following derivation is, however, valid for any slicing of
an arbitrary space time. Using the general setup of Section 2, we first decompose
the Maxwell form F as in special relativity with respect to the orthonormal tetrad
(2.11):

F E a6° + B,

E Eid', B \Bij6' a ff. (3.1)

Next we use (2.12) for a further decomposition into horizontal and vertical
contributions:

E Ei(& + ß'dt)=% + it,%dt, (3.2)

where

£ £,0' (3.3)

is the horizontal electric 1-form. Similarly, we have

B â& + dtr\ir& (3.4)

with

m ÏBijV a 9'. (3.5)

We obtain thus the following decomposition of F into horizontal and vertical
components

F=m + (a^-ipm)Adt. (3.6)
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The homogeneous Maxwell equation dF 0 gives

d& + dt a d,m + d(a%) Adt- d(ip38) a dt 0

and thus

dS8 0, d(arg) + 3,38 d(ipâ8). (3.7)

Here we have everywhere horizontal forms. We reemphasize that they can be

interpreted as time-dependent forms on 2. Using the Cartan formula for the Lie
derivative Lp dip + ipd, they can also be written as

d38 0, d(a%) + d,m LpäB. (3.8)

Next we consider the inhomogeneous Maxwell equation. From (3.6) we find for
the Hodge dual *F:

* F 2 - (aM + ipä>) a dt (3.9)

with

ar=#», »=»s (3. io)

(* denotes the 3-dimensional Hodge dual). Now we also decompose the current
3-form -Z in d*F 4jrif. Its dual 1-form / * if can first be decomposed as in
special relativity

J Pele°+jkek, (3.11)

where pe/ is the charge density and /* the electric current relative to the tetrad
{e*}. It is natural to introduce the horizontal forms

p Pel9l a d2 a a3, j =AO*, 3 *j. (3.12)

Then one finds with (2.12) easily

if p + (ipp - aS>) a dt. (3.13)

With this and (3.9) the inhomogeneous Maxwell equation can be written as

d*F dS> + dt a 3,2 - A(aX) Adt- d(ip3>) a dt

4jrp + 4jr(ipp - a$>) a dt.

From this we find the following 3 + 1 split of the inhomogeneous Maxwell
equation

dS) 4;rp, d(aW) (3, - L„)2> + 4jraJ>. (3.14)

From (3.14) we obtain immediately the local law of charge conservation in the
form

(a,-Lp)p + d(a^)=0. (3.15)

We write also the Hodge-dual of this equation. Using equation (A.9) of
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Appendix A, i.e.,

3, vol (g) (div ß - a tr K)vol (g), (3.16)

where K denotes the second fundamental form of the slices, we obtain

(3, - Lp)p£/ + V.(a**)- apel tr (K) 0. (3.17)

4. 3 + 1 split of the Liouville operator for a geodesic spray

In this section we derive a useful form of the Liouville operator for a

geodesic spray for an arbitrary 3 + 1 split. In later sections this will be worked out
for spherical collapse and in a gauge-invariant manner in cosmological perturbation

theory.
We start with some generalities. The metric g of the spacetime manifold M

defines a natural diffeomorphism between the tangent bundle TM and the
cotangent bundle T*M, which can be used to pull back the natural symplectic
form on T*M. In terms of natural bundle coordinates the diffeomorphism is given
by (x*1, pt')>-^(xfl, pp =gflvpv) and thus the induced symplectic 2-form on TM is

to dx»Ad(gßVpv). (4.1)

The Lagrangian L \gtlvp,ipv on TM defines a Hamiltonian vector field Xg on
TM, determined by

ix (o dL.

In terms of natural bundle coordinates the geodesic spray Xg is given by

À,-(/>", -T"aßPapß), (4.2)

where T^ are the Christoffel symbols for (M, g). (For further details see [10].)
The one-particle phase space for particles of mass m, i.e., the submanifold

{v e TM:g(v, v) — m2}, is invariant under the geodesic flow and we denote the
restriction of Xg to the one-particle phase space also by Xg.

Let / be a distribution function on the one-particle phase space. The Vlasov
and Boltzmann equations for / involve the Lie derivative LXJ- If we consider the
spatial components p', relative to an orthonormal tetrad {eß} as independent
variables of/, then the Liouville operator Lx can be written as

LxJ=p\,(f)-to'a(p)pa^„ (4.3)

where 10% are the connection forms of (M, g) relative to the dual basis {d*1}.
We derive now a more explicit expression of (4.3) for an arbitrary 3 + 1

slicing. In order to do this, we need the connection forms relative to the basis

{0''} introduced in Section 2. These are derived in detail in Appendix A. They
can be expressed in terms of a, ß, co), e), where to) are the connection forms of
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the slices 2- belonging to the induced metric g and c) is defined by

d# cfiJ. (4.4)

Using equations (A.5), (A.3), (A.6) and (A.2) we find (p=p'e,, E=p°
Vp2 + «i2):

^Up)Pa^ì=o>ì0(p)p°~ì+(o)(p)p1^ì

K(e>° + <»ó(p)K^ + KW + wXp)]p7^

Here X] are the components of the second fundamental form of 2„ for which we
also use equation (A.7) of Appendix A. denotes the covariant derivative on
(2„ &)).

This leads to the following useful 3 + 1 split of the Liouville operator:

LXJ » [| a, + Lp_f„]/ - [co}(p - ^ ß)/p^ + £2(ln or)" - E//^ dp'
(4.5)

where we have introduced the horizontal tensor field

H'^aXft-Cj). (4.6)

5. 3 + 1 split of hydrodynamics. Equation of motion for a test particle

Calculations similar to those in the last section lead quite rapidly to a 3 + 1

split of hydrodynamics. The resulting equations have been used, for instance, in
black-hole physics [5]. We shall apply them in Section 8 on cosmological
perturbation theory.

Let us decompose the energy-momentum tensor into horizontal and vertical
components:

T ee0®eo + e0®S + S<8>e0 + T. (5.1)

For an ideal fluid with

T (p+p)u®u+pgu (5.2)

we find, setting as in special relativity u y(e0 + v), y (1 - v2)~l/2,

e Y2(p+pv2), (5.3)

S (p+p)y2v, (5.4)

T (p+p)y2v®v+pg#. (5.5)
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Now we compute V • T for an arbitrary T. From

Veo(ee() ® e„) Leo(e)eQ ® e„ + <rc->;,(e0)e, <g> e0 + ee,, ® <wi,(e„)e,-

and

Ve.(ee„ <8> e„) Let(e)e0 <g> e„ + eco^e^e, (8) e„ + ee,x <g> (o'0(ek)e,

we obtain

V • (ee„ <g> e0)^_„(e)eo + e<w!,(e„)e,- + c<»^(e;)c0.

In the same manner one finds the other contributions with the result:

(V • T)°=Leil(e) + eto'()(e,) + to(!(e(,)S' + S*k + to«(e,,)S> + <(e,)7".

Inserting the expressions for the connection forms given in Appendix A, leads to
the following form of the energy conservation:

- (d, - Lp)e -V • S - 2 grad (ln a) ¦ S + e tr (K) + tr (K • T). (5.6)
a

Similarly one finds

(V • T)' tofane + Let>(S') + [toltej) + <ofc0)]S' + œUe,)S' + œ%en)T> + Tf,

and from this we obtain the momentum conservation equation

- (3, - LP)S -grad (ln a)e + 2K • S + tr (K)S - a~lV • (aT). (5.7)
a

This form of the conservation laws will turn out to be very convenient in our
treatment of cosmological perturbation theory.

Some of the terms on the right hand side of (5.7) appear also in the equation
of motion for a charged test particle. Indeed, the horizontal component of V,,p,
p mu, is similarly found to be given by

y-'(V„p)hor i(|-Lp)p + VvP + my grad (ln a) - 2K • p, (5.8)

where p is the horizontal part of p.
In order to work out the Lorentz equation

Vup eF*u, (5.9)

we use

(F# ¦ u)b -iuF, u y(e„ + v) ^ (3, + a\ - ß)
a

and (3.6), giving us

y y
iuF (a% - ip38) + yi„98 - - ipâô + terms prop, to dt.

a a
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Thus

-(iuF)hm=Y(%-U®), (5.10)

and hence

(F# ¦ u)hm y(E + v x B), (5.11)

where E and B are the electric and magnetic vector fields belonging to % and 38

(via the metric g). Using (5.8) and (5.11) in (5.9) gives us the equation of motion
in the form

- — - Lp jp -my grad (ln a) - Vvp + 2K • p + e(E + v X B) (5.12)

which shows some similarity of electromagnetic and gravitational 'forces' (relative
to 'absolute' space).

Let us finally write the local baryon number conservation law

V-(Po") 0 (5.13)

in a 3 + 1 splitting. Here p„ is the rest mass density of baryons and u the
four-velocity of baryon number. With u y(e0 + v) and p := yp0, we find as

above

(| - L„)p -V • (apy) + ap tr (K). (5.14)

Note the similarity of this equation with (3.17).

6. 3 + 1 split of Einstein's field equations

For the sake of completeness and for later applications we discuss also the
often-used 3 + 1 split of the gravitational field equations. The calculation of the
curvature forms relative to the basis (2.12) is presented in Appendix A. The
reader will note that Cartan's calculus leads rather quickly to the required results.

We use the notation introduced in the previous section (5.1) for the various
projections of the energy-momentum tensor T into normal and horizontal
components:

T e_>„ <8> e() + e0 (g) S + S <g> _.„ + T. (6.1)

From equations (A.14), (A.16) and (A.17) of Appendix A for the Einstein and
Ricci tensors, Einsteins field equations can be written in the form (recall that
boldface letters always refer to the slices 2,):

R + (tr K)2 - tr K2 16jrGe, (6.2)

V-K-V-tr(K) 8*.GS, (6.3)

a,K LpK-Hess(.v)
+ ar[Ric (g) - 2K • K + (tr K)K - 8jtGT - 4jrGg(e - tr T)]. (6.4)
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In addition to (6.2), (6.3) and (6.4) we have the following relation (Appendix A,
equation (A.8)) between g and the second fundamental form K:

d,g=-2arK + Lpg. (6.5)

Note that this decomposition into constraint equations (6.2), (6.3) and dynamical
equations (6.4), (6.5) involves only horizontal quantities and thus provides the
3 + 1 split of the gravitational field equations.

Later we shall also use the following consequence of (6.4) and (6.2)

3, tr (K) -Aar + Lp tr (K) + ar[tr (K2) + 4nG(e + trT)]. (6.6)

Note that 3, and tr do not commute. With (6.5) one shows easily

tr (3,K - LPK) 3, tr (K) - Lp tr (K) - 2a tr (K2). (6.7)

7. Applications to spherically symmetric spacetimes

We now specialize the previous results to spherically symmetric spacetimes.
This will lead to useful expressions for relativistic collapse problems or in-
homogeneous inflationary models.

The shift vector ß has only a radial component: ß ßdr and the metric (2.2)
can be put into the form

g -(a2 - A2ß2) dt2 + 2A2ß dr dt + A2 dr2 + B2r2(dd2 + sin2 0 dtp2), (7.1)

where A and B are two functions of r and t.

7.1. Field equations for maximal slicing

For a spherically symmetric configuration the gravitational field is not
dynamical (no radiation). Therefore, it must be possible to find a gauge in which
the metric variables are determined instantaneously in terms of the matter
variables. Such a gauge can be constructed as follows.

First we can arrange ß such that A B, which means that the metric g on the
slices 2, is conformally flat. Next we restrict a by imposing the 'maximal slicing'
condition [2] trK 0 for all times. It can be shown that this is indeed possible,
because the dynamical equations guarantee that this condition propagates. An
obvious advantage can be seen from (6.6) which then becomes a time-
independent equation:

Aar=ar[tr(K2) + |(e + trT)]. (7.2)

(In this section we set 8jtG 1.) Now we work out the expression (A.7) of
Appendix A for the second fundamental form relative to an orthonormal basis,
which we repeat here:

KX^-.(ßt\i+ßi\i-Cii-Cn)- (7-3)
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In the present situation the basis {¦&} of Section 2 is

91 Adr, &2 Ardd, O3 Ar sin 0 dtp. (7.4)

Thus the coefficients c) in (4.4) are

• À c. I 3A\
&>-Â*> (A=^)- (7-5)

The connection forms co) of the slices 2, are readily found to be (a prime denotes
3/dr):

2 t (rA)' a2 (rAY»2=-tol ^-f 02, 01? -^ ^—f- d3°»î -»2 ^T#z, wt -co^ ^f * ¦ (7.6)

From this one finds for

% e,03,)-co*(e,)&

the expressions

(Aß)' (rA)'
0i|i=!lX-> &|2 &|3 ^f>i/*. A|y 0fori#y. (7.7)

Thus tr K 0 implies

(3/A)(A'ß-A) + 2ß/r + ß' 0. (7.8)

We note also

K22 K\ -\K\, \r(K2) i(K\)2. (7.9)

Furthermore we find

(Aß)' À
aKlx A A (7.10)

l(ß'-ß/r),
and thus,

ß -irf^dr. (7.11)

Next, we work out the constraint equations. First we need the Riemann scalar R
for the spatial slices. Since these are conformally flat one can write down the
result immediately

R -8r"2A-5/2 3r(r2 3rAy2). (7.12)

In addition, we need the covariant divergence of K{ (with respect to g). The
absolute exterior differential [11] is

DK) AK) + rojitj + m'jK'i.
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Inserting the connection forms (7.6) gives in particular

VjK{ XA-4 3r(r3A3K\). (7.13)

Now we write down the constraint equations (6.2) and (6.3):

X 3r(r2 3rAm) \A-5,2{e + i(K\)2], (7.14)

r-3A-43r(r3A3K\) Sx. (7.15)

The explicit form of (7.2) becomes

A~3X 3r(r2A 3ra) a[\(e + tr T) + §(/Cl)2]. (7.16)

The last three equations, together with (7.10), provide four equations for the
functions a, ß, A, K\ which contain only derivatives with respect to r! Thus the
metric coefficients are instantaneously determined by the source terms e, Sx and
trT and we have thus found the gauge we were looking for. (See also [13].)

For our choice of gauge (A B, tr K 0) numerical simulations simplify very
much. Numerical studies are underway for spherically symmetric inhomogeneous
inflationary models, where the source terms are given in terms of the energy
momentum tensor of a Higgs field. The self-consistent set of equations contains
then only one partial differential equation. For the Lagrangian

L„iggs l/2(dcj>, dtp) - V(<f>) (1.17)

the source terms are

e l/2 (a-^-^ + A-\tp'f\ + V(4>),

Sx -A-1tp'(a-l<p-ßcP'),
1

2.4
.rT la-2(4>-ß<l>')2-WT-2(<i>')2-3V(cp).

°^-—= °

The field equation

3V
dtp

reads explicitly

-«-¦(or-^-^V) +/S.f-1(ar-,tf>-|V)

+ A-\A-ltp')' +A-,(K(aA)-,cp' + 2(-^)tp' -^ 0. (7.18)

One of the purposes of a numerical investigation of these coupled equations is to
decide whether the chaotic scenario of inflation [14] works for 'generic' initial
conditions.
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7.2. Explicit form of the Liouville operator

It is now very easy to work out the general formula (4.5) for the Liouville
operator. Let us parametrize the four momentum p of a massless particle as

p (E, Ep, £Vl - P2 cos tp, £Vl - P2 sin ip~). (7.19)

The distribution function / is considered as function of r, t, E and p. If we insert
the expressions (7.6) in (4.5), we obtain in a first step

LXgf -3tf + A-l(Ep--Aß)drf
* a \ a I

1-3-^^fxpm&xrA'

-[ (rA)' 2
1

rA2 plp2- —cot d(Py

[(rA)' 1 „

dp2

M.
dp3

-EA-Xa~xa' -+-. + Eax
dp' (ßt\t-cx\x)p2^p + (7.20)

From

0
df df 3f

d4> dpiP + dp3P

we see that the terms proportional to cot 0 in (7.20) cancel. Furthermore, the
chain rule gives immediately

E(i-p2)^xiP2)2xPr]^~py^-py^-
dp dp' dp2 dp"

3/_, df df df
E3l~P 3j>+P dJ2+P 3j3>

and thus,

E(l-p2)^+pE2^ E2^.y ^ 'dp ^ dE dp1

This enables us to collect terms in (7.20) as follows:

LXJ Ea-' 3J + A~\Ep - Ea~lAß)3rf + ^~f E(l - p2)
rA1

K
dp

A-[a-[a'[E(l-p2)^+pE2^\f

i[ißt\t-cxx)pi^+---]f+ Ea~
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In the last row we insert now (7.7) and (7.5) to obtain

^-^^¦¦X^'-^4XwHß'-rWw
-(X'-XXdE

+ (ß'-Xß)p v p ' dp * dE]

Finally, we use the maximal slicing condition (7.8) and obtain after some
rearrangements

E~XLXJ a'1 d,f + A-\p - a^Aß)drf
df

+ E
dE

-pA-1-+a-l(Xß-ß')(l-lu2)]
a J

2Xf+ (1-M2)_
dp

(l-a-lpßA)(l/Ar)-a-l[X +^ß'
\A/ a

(7.21)

This equation can, for example, be used for the Boltzmann equation describing
the neutrino transport in a type II supernova explosion.

A similar calculation leads to an explicit expression for Lx f in the following
gauge, which is so far used mostly in numerical simulations of supernovae
explosions

g =-e2* dt2 + e2A dr2 + r2 dQ. (7.22)

Details can be found in Ref. [12].

8. Gauge-invariant cosmological perturbation theory

The blackbody nature and the astonishing isotropy of the microwave
background radiation provide strong evidence that the early universe can be
described to a good approximation by a Friedman model. Initial deviations from
homogeneity and isotropy must have been very small (<3 • 10~5, [18]) indeed.
Thus there was a long period during which deviations from Friedman models can
be studied perturbatively, i.e., by linearizing the Einstein and matter equations
around the solutions of the idealized Friedman models.

Until recently this perturbation analysis was always carried out in a
coordinate dependent manner [15,16], by fixing the gauge freedom in some
convenient way (synchronous gauge, etc). This leads often to misinterpretations
of the growth of density fluctuations - especially on super-horizon scales - and

gave rise to incorrect conclusions in the literature.
In recent years, Bardeen [8] and others [9] have developed a manifestly

gauge-invariant formalism, which eliminates ambiguities and problems of inter-
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pretation. In this section we give simplified derivations of the main equations of
this formalism by using the tools developed in this paper. We also present some
new results. These include gauge-invariant equations for the entropy production
rate and gauge-invariant perturbation equations for collisionless particles (neutrinos,

etc). One of us (R.D.) has translated the resulting system of perturbation
equations into computer programs. The results of this numerical investigation will
be published in an accompanying paper [7].

For the unperturbed Friedman model with metric g(0) we have, if t denotes the
conformai time,

a(0) a(t), ß(O) 0, g(°) a2(0Y- (8.1)

Here a(t) is the scale factor and y is a metric on 2 with constant curvature K 0,
±1. In addition, we have matter variables for the various components (baryons,
radiation, neutrinos, axions, strings, etc).

In the following we linearize all the basic equations around the unperturbed
solution in the usual manner. For the small-amplitude departures in g g(ü) + ôg,
etc, we have in the linearized approximation the gauge freedom

Ôg^ôg + Lçg™, etc, (8.2)

where § is any vector field. This transformation changes in particular the lapse
function and the shift vector field.

8.1. Harmonic analysis

The unperturbed spaces (2,y) of constant curvature K 0, ±1 are highly
symmetric which invites us to carry out a harmonic analysis of the perturbations.
This is achieved in two steps,
a) Decomposition into scalar, vector and tensor contributions:

This decomposition of the quantities ôa, oß, ôg, ÔK, etc, proceeds as follows.
Consider first the set â?(2) of vector fields on 2. This module can be decomposed
as follows into 'scalar' and 'vector' contributions

ar(z) ses e %v,

where âW consists of all gradients and X of all vector fields with vanishing
divergence. (More generally, we have for the p-forms Ap on 2 the decomposition
A? dAp-1 ©Ker ó \AP, where ô denotes the codifferential) Similarly, we can
decompose a symmetric tensor t e -/(2) set of symmetric tensor fields) into
'scalar', 'vector' and 'tensor' contributions:

t t5 + t" + tr,

where

t* tr(t)y,y + (V,V,-èô;yA)/,
tïj V,X, + V,X„ with X e XVÇ2) (8.3)
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and

tr (tr) 0, V • tT 0.

One can show [9] that these direct decompositions are respected by the covariant
derivatives. For example, if X e âf(2), X X* + grad (/), V • X* 0, then one
finds easily

AX AX* + grad (A/ + 2Kf)
and V • (AX*) 0. (A group theoretical discussion will be given in [6].)

This observation implies a decoupling of scalar, vector and tensor modes.

Only the scalar modes are interesting for the problems of galaxy formation,
because only these contribute to density perturbations. In what follows we
consider only the scalar modes. (For the other modes we refer to [9] and [6].)

b) Decomposition into spherical harmonics. In a second step we decompose
the scalar components of all functions, vector fields and symmetric tensor fields
on 2 in terms of spherical harmonics on (2,y) and their covariant derivatives.
The spherical harmonics Y are eigenfunctions of the Laplace-Beltrami operator
on(2,Y)

(A + A:2)Y 0. (8.4)

The possible eigenvalues depend on the curvature K [19]. Indices, referring to the
various modes, are always suppressed. The scalar contributions of the vector and

symmetric tensor fields can be expanded in terms of

Y,:=-k-%Y,
Yij-.= k-2MiVjY + \y,jY and Yytj.

(8-5)

The following properties are easily derived by computing covariant derivatives

(using the Riemann tensor for (2, y)):

ViY' kY,

AYi=-(k2-2K)Y„
V,Y,=--k(Y9-ÏYvY),
V%=lk-\k2-3K)Y.„ (8.6)

^.¦VmY,m l(3K-k2)(Y,j-hy,jY),
AYij=-(k2-6K)Y„,

V«n - */**, (*/3)(l - (3K/k2))(y,mYj - y,^).
Clearly, different modes in a harmonic expansion do not couple in the linearized
approximation. Hence it suffices to consider a generic mode.

For the metric perturbations ôa, <5ß and <5g we have, using the same
notation as [9],

ôa aA(t)Y,

ôfi=-B(t)Y'd„ (8.7)

dg a\2HL(t)YijY + 2HT(t)Yìì\ dx' dx'.
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Gauge transformations (8.2) affect scalar modes only for vector fields of the
'scalar' type:

Ç=T(t)Yd, + L(t)Y'di. (8.8)

Using

Lê dt d(Lçt) d(TY) TYdt- kTYt dx', etc, (8.9)

one finds the transformation laws

A^A + t + (à/a)T,

B-*B-L-kT,
(8.10)

HL^HL + (k/3)L + (à/a)T,

Mf —-, Mf — kL.

Next, we consider perturbations of the energy-momentum tensor T. The
4-velocity u is defined to be the normalized timelike eigenvector of T

Tu =—pu, g(u, u) =—1. (8.11)

We decompose T as follows

T pu <g> u + x, (8.12)

where x is orthogonal to u,

V«v 0. (8.13)

For the unperturbed model we have

u^ a-l3„ t<,0)0 0, t}°>' p(o>ó;:. (8.14)

For a general mode the perturbations have the form

ôp pwÔY, (8.15)

ou a~\-AY3t + vY' 3,). (8.16)

Here the coefficient in the first term for ou is fixed by the normalisation condition
in (8.11). For the spatial components of the stress tensor x we set

Ox) pm[?TL YÒ) + JTTY'j\. (8.17)

The other components are fixed by the condition (8.13):

ôrjj 0, ÔT.£=-(p(0>+p(0>y', or? (p(0> + pW)(v - B)Yj. (8.18)

Under a gauge transformation defined by the vector field (8.8) we find

ô^ô-3(1+ w)(à/a)T,

v—*v — L,

ttl-+ jtl - 3(c2/w)(l + w)(à/a)T,
(8'19)

JTf —* JIf,
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where w=p(0)/p(0) and c2 Pm/p(0) is the velocity of sound. In deriving the
substitution rules for ô and jtl use was made of the unperturbed equation

p(0) -3p(0)(l + w)(à/a). (8.20)

8.2. Calculation ofgeometrical quantities

For scalar perturbations the 4-velocity field u is hypersurface orthogonal. Indeed,
it can easily be seen that u is proportional to the gradient of the function

tm=t + k~\v-B)Y. (8.21)

This function defines another foliation of space time, which plays a certain role in
what follows. We compute first the second fundamental forms for the two families
of slices {t const} and {tm const}. This is conveniently done with the use of
(6.5). For the original slicing {t const} we obtain in zeroth order

K(0> -àYij dx' dx1, tr (K(0)) -3d/a2. (8.22)

Using (8.7) and (8.6) one finds in the linearized approximation

K —akOgYij dx' dx',

tr(K) -3(à/a2)(l + KgY),
(8.23)

where K is the trace-free part of K and

Kg -A + \(à/a)~lkB + (àla)~lHL, (8.24)

og XHf-B. (8.25)

Similarly, we calculate the second fundamental form K(m) of the slices {tm
const}. It is easy to see that one obtains the same expression as in (8.23), but with
B replaced by v in (8.24) and (8.25). Thus

K(m) -akomYijdx'dx',

tr(K^) -3(â/a2)(l + KmY),
l " >

with

Km -A + h(à/a)-xkv + (à/a)-lHL, (8.27)

om k-1Hf-v. (8.28)

We need also the scalar Riemann curvature R of the slices {t const}. This is

derived in Appendix B with the result (B.8)

ÔR 4a~2(k2-3K)rMY, (8.29)

where

® HL + \HT. (8.30)
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8.3. Gauge-invariant amplitudes

From the transformation laws already written down we deduce

m^>2/ì + (à/a)T,

Kg^ Kg - (à/a)-\(à/a)2 + (k2/3) - (à/a)]T, (8.31)

og—> og + kT.

Therefore, the following combinations, [9], are gauge-invariant:

sd A-a-1(^7®j, (8.32)

m k(à/a)-l9l - og, (8.33)

n jTf, (8.34)

r jTL-(c2/w)ô, (8.35)

V=-om v-k~1HT v-B-og, (8.36)

As= ô+ 3(1+ w)(a'/a)k-log. (8.37)

Bardeen [8] originally introduced also the following combinations, which we have
used in our numerical simulations [7]:

d> k-1(àla)® ®.-k-\à/a)og, (8.38)

V M + (ka)-\a®) =A- (ka)-\a°g) (8-39)

Ag= Ò +3(1+ w)0l (8.40)

A, + 3(1 + w)<&. (8.41)

Another gauge-invariant quantity is the acceleration of u

* Vuu -kAmYi3i, (8.42)

with

Am A - (ka)-\a(v - B)\ W - (ka)-\aV). (8.43)

This result can be obtained by noting that for an arbitrary slicing one has (see
Appendix A, (A.5))

Veoe0 û>o(e0)e. oc~la%.

If this is used for the slicing {tm const} one finds the given result.
Summarising, we have shown that each scalar mode is described by 2 gauge

invariant metric amplitudes si, _S (or <I>, *P) and four gauge-invariant matter
amplitudes that describe the source terms in Einstein's field equation. These are
Ag (density contrast), V (peculiar velocity), n (anisotropic stress) and T, which
describes the entropy production, as will be shown in the next subsection.
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8.4. Perturbation Equations

8.4.1. Gravitational field equations. The perturbed field equations can be

directly obtained from the general formulae (6.2) to (6.5).

a) Constraint equations. By comparing (8.14) and (8.16) with n a~l(3, — ß)
one sees that u is equal to n up to a first order horizontal contribution. Hence, we
obtain to first order from our expression for T in subsection 8.1:

T(n, n) p p(0)(l + ÔY), T(n, 3-) -a(pm +p(()))(v - B)Yé.

Indicating as before the traceless part of a tensor by a twiddle, we have

(tr K)2 - tr (K2) |(tr K)2 - tr (K2).

Equation (8.23) shows that K is of first order, and we find for the first order term

[(trK)2-tr(K2)r 12{^)2KgY.

Using also (8.29) we can write down the constraint equation (6.2)

6(à/a)2Kg + 2a~2(k2 - 3K)<3l 8^Gp(0)ô.

With (8.40) and using the zeroth order relation

4^Gp(0)(l + w) a~2[(à/a)2 - (à/a) + K] (8.44)

we can write this as

4^Gp(0)Ag 3(à/a)2Kg + a~2[k2 + 3((à/a)2 - (â/a))]iM.

Expressing finally the right hand side in terms of gauge-invariant quantities, one
finds

4;rGa2p(0)Ag -3(à/a)2M + k(à/a)®. (8.45)

In order to write down (6.3), we note that

(trK^-^i-KtrK),,-^
2k(à/a2)Kg Yi + la~l(k2 - 3K)ogYi.

Thus (6.3) reads

-8^Gp(0)(l + w)(v -B) 2k(à/a2)Kg + \a~\k2 - 3K)og

or, with (8.36) and (8.44)

- 4jrGa2p(0)(l + w)V k(à/a)Kg + [\k2 + (à/a)2 - (â/a)]og.

Expressing again the right hand side in terms of sd and _îâ leads to

4jrGa2p(0)(l + w)V k(à/a)M + [(à/a)2 - (à/a)}®. (8.46)
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With the two constraint equations (8.45) and (8.46) one can express <t>

algebraically in terms of V and Ag:

4jrGa2pm

k2-3K + 12jtG(1 + w)fl2p(l$%2_„xn.Ji, ...wo) (A« + 3(* + ")(à/a)k-lV). (8.47)

b) Dynamical equations. In order to work out the content of the dynamical
equation (6.4), it is convenient to start from the tracefree part of this equation.
With help of (6.7) we obtain

3,K LPK - Hess a + a[WÙc - 2K • K + K tr (K) - f]. (8.48)

Since K is of first order, LPK is of second order. If we use also RiCj, — k2&tYn,
(see Appendix B, equation (B.9)) we find immediately

8-TGa2p(0)n k2[-(A -(ka)-l(aog)) + ((à/a)k~log - »)],

or with (8.38) and (8.39)

- 8;rGa2A:-2p(0)n * + *P. (8.49)

This also enables us to express V algebraically in terms of matter variables.

8.4.2. Energy-momentum conservation. These 'conservation' laws are of
course a consequence of the field equation. In order to work them out we start
from the 3 + 1 split of V • T 0 carried out in Section 5.

To first order the quantities in (5.6) and (5.7) are

e p(0)(l + OF),

S (p<°) + p<°V di, v' a~\v - B)Y',

T <r2p(0)[(l + JtLY)y" + JTTY"]di Cg) df,

a=a(l+AY), ß=-BY'd,.

Inserting this in (5.6) and using the zeroth order relation

p<°> -3(à/fl)(p<0>+p<°>),

gives

(p(0> +p<0))3(ó/a)(Km + A) + p(0)<5 -pm3(à/a)(ó - jtl) 0.

This can be expressed in terms of gauge-invariant quantities. Making use also of
the unperturbed relation

w -3(c2 - w)(l + w)à/a, (8.50)

we find

Ag + 3(c2 - w)(à/a)Ag + (1 + w)kV + 3»v(fl/a)r 0. (8.51)
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Similarly, equation (5.7) gives after a short calculation

1 + w" s '

1 + wV 3 V k
V + (à/a)(l-3cl)V k(^ -3c2s^) + -^-kAg+^(T -\(l-^)Y\

(8.52)

If we substitute the algebraic expressions (8.47), (8.49) for <& and V in terms of
the matter variables Ag, V, n and T into the last two equations, we obtain
dynamical equations for Ag and V, with source terms determined by n and T.

8.4.3. Entropy production and heat flux. In the following discussion use is

made of Appendix B in [11], where basic aspects of general relativistic
thermodynamics are developed. Adopting the fitting procedure of Eckart for
small departures from equilibrium, one obtains for the energy-momentum tensor
(see equation (B.12) of [11]):

T"v (p+peq)U"Uv + peqgl'v + ÖTf'v, (8.53)

where peq is the pressure of the equilibrium state which is fitted to the actual
state, and òTpv is of first order and satisfies

ÔT^Uf.U^O.
We recall that U" is the four-velocity of particle transport, i.e., the particle
current Np is given by W nU*1.

On the other hand, the matter four-velocity u* is defined by (8.11) and T^
can also be written in the form given by (8.12):

Tflv=(p+p)ufluv + pq^ + Wlv, (8.54)

where we have set

r"v p(M"Mv + g"v) + n"v, nj 0. (8.55)

The tensor n"v is orthogonal to «", Ylpvuv 0. Defining ß" by

u"=U" + Q'1,

we can rewrite (8.54) in the following manner:

T»v (p + p)U"Uv + pg"v +U"qv+ Uvq" + n"v

(p +Peq)u»uv+Peqg»v+ t/v+ uvi"
+ [(p-peq)(U"Uv + gvp) + nn, (8.56)

where

9^ (p+p)ß". (8.57)

Since u2 U2 -1, we have to first order q ¦ U 0, q ¦ u 0. Comparison of
(8.56) with (B.16) of [11] shows that q is the heat flux. In addition, we obtain with
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(8.53) up to first order

ôr^ (p-pe,)(M^v + gH + n*v + (uV + "V)- (8.58)

From p =p(0)(l + xLY) and peq =p(0)(l + (c2Jw)ÔY) we find with (8.35)

p-pe<.=P<0)(^ + ^d)y p(°>rY. (8.59)

Hence,

ÔT»V t"* + u"q + uvq»,

with

t"v p<°>rY(u"uv + g"v) + n"v, r"X 0- (8-60)

Finally we use this expression in (B.29) of [11],

55, -T-2(T^ - ra„)9" + r"x0A/W
for the divergence of the entropy current. (T denotes the temperature.) Since Ttli
is in zeroth order proportional to uM, we have to first order Tß q* uflqIÀ Ó.

Furthermore, equation (8.42) shows that aß is also of first order. Thus to first
order

S^T-'e^. (8.61)

Now df.v -Kf,v, since in an orthonormal basis {e^} adapted to the slicing
{tm const} with u e0 we have

0,7 2[(e„ V„) + (e/f Vee0)] ï[<(e.) + to'iX(e,)] -^.
In such a basis (8.61) becomes with (8.22)

5g, -T-lKftli 34 r-V(9)rY. (8.62)

This demonstrates that the entropy production rate is proportional to T.

8.5 Gauge-invariant perturbation theory for collisionless particles

In this section we shall derive a gauge-invariant version of the perturbed
Liouville equation. For that we first have to find gauge invariant amplitudes
which describe the perturbation of the distribution function. For the sake of
simplicity, we specialize now to K 0. The scalar harmonics are then given by
Y(x) e'kx. This simplification can always be made in applications, since the
deviation of Q from 1 is very small in the regime where the deviations from
homogeneity and isotropy can be treated by linear perturbation theory.

8.5.1. Gauge-invariant perturbation amplitudes for the distribution
function. We split the perturbed distribution function, /, on the one-particle
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phase space Pm {(x, p) e TM | g(x)(p, p) —m2} into an unperturbed
contribution/<0) and a perturbation/(1) in the following manner:

/(/>%) =X\p^)) +/(1)(pM<)). (8-63)

where {e^} is the adapted orthonormal basis (2.11) and {e^} is the corresponding
basis for the unperturbed metric. Under a gauge transformation given by a

vector field £, / transforms into / =/ + Lnf, where TE, is the natural lift of § to
TM. Similarly to (8.63) we set

fip'êf.) =/(<V4<») +/(,,(p"-W0)), (8.64)

The subtraction of these two decompositions shows that the change óg/(1) of/(1)
under a gauge transformation is given by (ignoring higher order terms)

ô?/(,>(p^>)=/(p%)-/(p%)
(Ln-L,n)X>,)iP^>)

where

(nr=p^-èf,y^-v. (8.65)
dp

We write this result as follows:

ô,X L(n)X]) (8.66)

with

(rs)" n - (ny. (8.67)

In order to work this out, we must calculate ë., — eM for a gauge transformation
given by §. From the transformation properties of the lapse function and the shift
vector, equation (8.10), we find:

èo n X(d, - ß) e„ + (a - a)d, + ((ß' - j5')e}0)

e0 - [(I" + (d/a)£>«(,0) + (|; - ^')é?\
K ¦ }

For the horizontal basis vector fields we have the following transformation law:

ê, e, + (Lçe,)hor e, + [^eï0)f>r
e, + maXa^r ~ ^)"" (8.69)

e,-[(d/a)|°eJ0) + ^0>].
The second term on the right hand side of (8.69) is of first order. Therefore, it is

sufficient that the square bracket is horizontal with respect to the background
metric.

With the help of (8.68) and (8.69), equation (8.65) yields

(ny ((«/«)£»+ |>° ^5 +(f - ^')p0^+(à/a)^p'^ + ^iP'~-
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Furthermore, in a coordinate frame {d^} we have

d_

dp"'

This leads to

n=ç»df, + çw

(ny ^d„- ((à/a)çy - iv)^ - ((à/a^y - rV) f-r (8.70)

For a vector field of the form given in (8.8) we arrive at

(ny TYdt + LY'di-T ((a/a)Yp" + kYip') -^ + ((à/a)Yp' + Y'p») ^-].
(8.71)

Let us choose variables (t, x, v, y) on Piff?, where

v (a/mx)e\\>,V)m,

and y denotes the unit vector in the direction of p. Then /(0) is a function of v
alone: Since collisionless particles in a Friedman universe move on geodesies with
respect to the Friedman metric, their distribution function changes only by
redshifting the momenta and we have

/<">(,, p)=/«»(,0,(a/a0)p)

for an arbitrary reference time t0. Because of its isotropy, /(0) is thus a function of
v alone and we obtain

(d,fm)p, 2(à/a)v:^, (8.72)

where the variables which are kept constant are indicated by subscripts. Setting

q (a2/mx)p°=(v2 + a2)V2, (8.74)

equation (8.71) yields

L(m»fm r-^- [(à/a)vY - kqy'Yi]. (8.75)

For the sake of simplicity, we specialize now to K 0. The scalar harmonics are
then given by Y(x) e'kx. Let us now perform the harmonic analysis also for/(1).
For a specific mode Y we set

f" F(t,p)Y.
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Defining

p k-%Y, (8.76)

equations (8.66) and (8.75) lead finally to the following transformation law for F:

dfmF^F=f + -^~[(à/a)v + ikpq]T. (8.77)

If one compares (8.77) with the transformation properties of the geometrical
quantities given in (8.31), one finds that the first term in the bracket of (8.77)
transforms like v3l and the second term like iqpog. Thus, the combination

df(0)
& F- -J— [vm + iqpog] (8.78)

is gauge-invariant. Of course every linear combination of SF with gauge-invariant
quantities is again invariant, but (8.78) will turn out to be suitable for the
calculation of the gauge-invariant fluid variables in the next subsection.

8.5.2. Momentum integrals of SP. In an orthonormal frame, the invariant
volume element, jt(x) of the mass shell Pm(x) is as in special relativity:

p2
jt(x) —^dp dQ.

Using the definitions of v and q, we therefore obtain

v2
jz(x) T2x — dvdQ, (8.79)

1

where we have set

Tx mx/a. (8.80)

Since we are treating collisionless particles, they are not in thermodynamical
equilibrium, and thus Tx is not an equilibrium temperature. It is however related
to the decoupling temperature (see, e.g., Ref. [7]).

Equation (8.79) leads to

p<°) T&JT f/«Vc dv, (8.81)

p(o) I^zjfioKvVq)dv (882)

The calculation of the energy momentum tensor from / yields the following
equations for the gauge-invariant fluid variables defined in equations (8.40),
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(8.36), (8.34), and (8.35):

Ag=^lv2q&dvdQ, (8.83)
p j

iT4 C

V= (0) *(0) v3p&dvdQ, (8.84)

n

Pv '+P
X

2p
4

(0)
i(v4/q)(l-3p2)&dvdQ, (8.85)

r ^ f (vV^q-t^yq^dvda, (8.86)

where p is defined by (8.76).
Let us derive the first two of these equations. The energy momentum tensor

is given by the second moments of the distribution function:

TÌ T%f p"pvf(t, x, v, y)(v2/q) dv dQ.

Here the p^'s and pv's are considered as functions of (t, x, v, y). In first order we
find

T% -T*J qv2(fm + FY) dv dQ.

On the other hand we have by (8.15)

r°=-p(0>(l + <5Y),

and thus

p™ò T4x[qv2FdvdQ.

If we use this, the definition (8.78) and the isotropy of/(0), we obtain

Tx! qv2&dv dQ. p(0)ô + 0tT4J — (qv3)fm dv dQ. (8.87)

The integral on the right hand side of (8.87) is

Tx\ £ (qv3)fm dv dQ 3(p<°> +p(0>). (8.88)

Using finally the definition of Ag, (8.40), we obtain indeed (8.83).
Next we calculate

Tl=YT4xjfYjV3dvdQ. (8.89)
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In flat space we have to first order for a general mode (see Section 8.1)

k-'kJTj= (p(0) +p(0))(v - B)Yjk-lk' -/(p*0» +p(,l))(t> - B)Y, (8.90)

so that by the definition of V, equation (8.36),

VY i(pm +p(0)y1Xk'T° - ogY.

Inserting (8.89) here gives

V -og + i(pm +p(0))-'rl[ v3pFdvdQ

and thus, with (8.78), we obtain (8.84). Equations (8.85) and (8.86) are derived
similarly.

8.5.3. Liouville's equation. Liouville's equation provides the equation of
motion for SF which we derive now. Using equation (4.5) of Section 4 we can
write the Liouville equation in the form

Xgf 0, (8.91)

with
o o

*g=^a, + P-^ß
a a

co;(p -^ ßy + (p")2(ln a)" + a~\ßf - c>v] j-,
dp'

(8.92)

Here the momentum components are those with respect to the tetrad {e0 n, e,}
adapted to the slicing {t const.}. Let us consider, as before, / as a function of
the variables (t, x, v, y). Since

v (a/mx)p T^p,
we have

(D.-(D.+^I-
where the subscript p, v indicates which variable is kept constant while evaluating
the r-derivative. Using in addition

P Txvy, p° Txq,

we can write (8.91) in the form

l(3t + (à/a)v3v)f + (vy-^fì)f
a \ a I

- Tx[io)(vy -fyyv + (q)2(a*'/a) + a~l(ßf ~ cf)qvyJ] j-,f 0. (8.93)

To find the background and the first order contribution to (8.93) we use the
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decomposition

/=/<°> + FY

and make use of the background quantities

ß(0) 0, co}0)' 0, (8.94)
or(0) a, (X))= (à/a)ô). (8.95)

Taking into account the homogeneity and isotropy of/((,):

3f(0)_0 Tl =VI-ZL -viT-Xdit _U'
dp'

Y 3p~ylx dv'
we obtain the background contribution to (8.93),

a./(0) 0. (8.96)

Hence,/<0) is a function of v alone as we already reasoned in subsection 8.5.3.
To find the first order contribution we use (8.7) and

c)=(à/a)ô'l + (HLYO) + HTY'l)

as well as (8.94) and (8.95). Equation (8.93) then yields the following first order
equation:

dF
(q/a)(d,F + (à/a)v dvF)Y + ivkpa~lFY - (à/a2)qvTxxy'—; Y

dp

~[AYqv(à/a2) + ia~^AYq2kp + a~lBYkp2vq - AYqv(à/a2)
dfm

+ uXHlYOì, + HTY,j)yyvq] X- 0.

After some rearrangements this leads to

v • dfm
d,F + ikp-F= [iAkpq + Bkp2v +HL + (X p2)HT]J-—. (8.97)

q dv

Now we use

HL + \HT gi,

B-XHT -og,
and add

dfm
-ip[d,(qog) + k(v2/q)®]X-

on both sides. With the help of (8.78) we then find
f(<») r rAv dfl"> T a2 1

dt® + ikp -& ikp -j— qA - k~lqôg - — (à/a)og - (v2/q)<3i
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Inserting q2 — v2 a2 in the third term of the square bracket, and making use of
(8.38) and (8.39) gives finally

3t9 + ikp-SF ikp * (0)

q dv

v2 1
qxp 4,1 (8.98)

q J

This gauge-invariant perturbation equation, together with the field equations
(8.47) and (8.49) and the momentum integrals (8.83), (8.84) and (8.85), form a
closed system of ordinary differential equations which we have solved numerically
for hot and cold dark matter, adding also photons and massless neutrinos to the
matter content. A discussion of the numerical results is presented in [7].

8.5.4. The nonrelativistic limit. At this point we derive an integral equation for
Ag in the nonrelativistic limit. Let us introduce the quantity

A(tx,t2,v)=\2(v/q)dt, (8.99)
J't

which is the comoving distance travelled by a particle of momentum t; in the
time interval tx to t2. With this notation (8.98) has the following integral
representation:

df(0) r f9(t, v, p) -X- [ikp] (qW - (v2/q)d>) exp (-ikpA(f, t, v)) dt'

+ 9(t*, v, p)exp(-ikpA(t*, t, v)\. (8.100)

9(t*, v, p) is the initial value.
Let us proceed now to the nonrelativistic limit for which

q~a»v, (8.101)

and therefore,

A(U, t, v)~v\ a~l=:vs. (8.102)

We then obtain

dX r
9(s, v, p) 9(0, v, p)e"sky + ik ¦ vv~l -1— a2^-*-*-''' ds'. (8.103)

ClV Jq

In the nonrelativistic approximation (p(0)n«p(0)Ag, kt»l), (8.47) and (8.49)
give

2k2 "*¦
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Recalling that p(0)a3 is constant, leads to

9(s, v, p) 9(0, v, p)e~iskv

a/(0)
-ik 4^Gp(O)(0)a(0)3 f aAgk-2e-'^-s,) ds'. (8.104)

Jo3\

After multiplication by q and integration over d3v we obtain

1T.4

with

\ Ag a(s) \ 9(o, p, v)e-'kvsd3v
x J

+ a(s)4jrGp(0)(0)a3(0)[ a(s')Ag(s')<p(k(s - s'))(s-s')ds', (8.105)
Jo

tp(x) i f(0\v)e-'vx d3v. (8.106)

For the left hand side of (8.105) we used (8.83). On the right hand side we
applied (8.101), and in the second term we integrated by parts. With the help of
(8.80), we finally bring (8.105) into the form

A,= -^^jno,P,v)e-'k-d3v

+ 4jT(m2x/mpl)2\ a(s')Ag(s')cp(k(s-s'))(s-s')ds'. (8.107)
Jo

This integral equation coincides with Gilbert's equation (see [20], equations (32)
and (33)).

Appendices

A. Connection and curvature forms

In this Appendix we calculate the connection and curvature forms in the
orthonormal basis introduced in Section 2, equation (2.11).

A.l. Connection forms. From the first structure equation,

d0"+<A0v O,

and the definition of the second fundamental form:

Kj -n,;j, (A.l)
where n denotes the normal field of the slicing, one finds immediately the Gauss
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formulas (remember n e()):

^(e;) toUe;), (A.2)

a>°(e,) -/C,y. (A.3)

We define the coefficients c) by

a,*'' cj*''. (A.4)

Then we can calculate the following quantities (details are given below):

to?(e0) or-1«,,, (A.5)

to)(e0) -ar-'^ß) + ^ (fi,- - ß'u - c) + c,), (A.6)

Kij ^(ßiU + ßn-CA)-c>i), (A.7)

where the vertical bar | denotes covariant derivation with respect to g. The last

equation implies

K ^[Lpg-3,g], (A.8)

Using the general relation

3,(detg) tr(3,g)detg,

we find from (A.8)

d, vol (g) (div ß - a tr K) vol (g). (A.9)

The derivation of (A.5), (A.6) and (A.7) proceeds as follows. First we note that

de" d(adt) &a Adt= a-,,0' a dt a~xav0' a 0°.

From the first structure equation and (A.3) we conclude

ie,4„ dff -ijeK A 0° + (O) A 6')

-(tfB + a>i(*o)).

The left hand side of this equation is

iKieiidd' ieiead(%' + ß'dt)
U,ieo(d&' + dtA 3fi' + dß' a dt)

o--'-e;(/p(co; a *') + a,*' - dß')

or-'[co;(ß) - K(ej)ßk - dß'(e;) + 3,W(e})]

u--'[coj(ß)-/3;y + c}].

The symmetric and antisymmetric contribution of the last identity yield the
formulas (A.7) and (A.6) for K,j and to)(e.>), respectively.
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A.2. The curvature forms. From the second structure equation,

Qt dtot + ft»jf a (ot,

and equations (A.2) to (A.7) one finds immediately

Q)(ek, e,) Q)(ek, e,) + KlkKn - K',Kjk (Gauss), (A. 10)

Ofte*. e,) Kjk\, - _fy* (Mainardi). (A.11)

We need also the other components of Qj. The second structure equation gives
with (A.3) and (A.5)

Q0 -d(Kijd') + d(a-1au6°) + to', a (-K,jff + or"1*,,©0).

A straightforward calculation leads to

Q0 a~laUl(ff a 0°) - dK) a ff + Kfrto, a ff - K',ff a 0°) + to'jK) a ff,

which yields (A.11) and the following components of Q'():

Qli(e;, e0) *-'*|î + dK'j(e0) - K'sto)(e0) + (K2)) - to'(en)KSj. (A. 12)

Now we can calculate the Ricci tensor, Rßa Q$(ea, ea),

Roo -Aa + a~l(dt tr (K) - Lp tr (K)) + tr K2 (A.13)

and (A.11) gives

/?o.=(trK)„--%. (A.14)

For the spatial components

Ry ta?(e0, e;) + Qt(ek, e;).

(A.12)and(A.10)leadto

Rtl R,y + tr (K)Kij - a-xa\ij - a-x(dlKij - LpAT,y) + Kisto)(e0) + Kfstoï(e0).

(A.15)

With help of (A.6), (A.7) and (A.8) one can bring (A.15) into the form

Rie (g) Rie (g) + tr (K)K - 2K2 - a~\d,K - LPK) - a~l Hess (or). (A.16)

Using (A.13) and (A.15) we find

Goo 2(^00 + E/ Ra)

è[R + (tr (K))2 - tr (K2)]. (A. 17)

B. The Ricci tensor of the spatial slices of a perturbed Friedman universe

To make use of (A.16) we need the Ricci tensor Ric(g) of the {t const.}
slices for the perturbed Friedman universe. This is the Ricci tensor of the induced
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metric

g a2[(l + 2HLY) ô» + e2HfYij]r' ® r', (B.l)
where the {t'} denote orthonormal 1-forms of the metric ytj. We set

Ric(g) (R«,) + ÔR//)T'®T>,

where (generalizing to n spatial dimensions)

Rf K(n-l)ôij.
By Palatini's identity (see for example [11] p. 217)

ÔRij(g™ + ôg) Rôgfa - ôgkk\ij + ôg%k - A dg,]. (B.2)

The indices are raised and lowered with respect to the background metric g<0). To
calculate (B.2) for a perturbation of the form (B.l) we make use of equations
(8.4), (8.5) and (8.6) of Section 8. Furthermore we have to apply the following
identity which is derived like the equations (8.6)

Yyjm=(K(n-l) + ^k2)Yil-in~l)(" + 1)(nK-k2)Yôij. (B.3)

One then finds

ÔRic HL\2r^-k2Yôil + (2-n)k2Y^

+ Hfl2^~- (k2 - nK)Yôij + (—^k2 + 2(n - 1)k)Yl}> f 09 t.
(BA)

We want to write Rie (g) with respect to our adapted basis {¦&'} which is
orthonormal with respect to the perturbed metric. The transformation matrix is

given by

r'
-a [(1 - HL)V - HfYfi']. (B.5)

A short calculation leads to

Rie (g) a-2^K(n - 1) ôq + (hl + ì //r)

x ^2 ^—— (k2 - nK)Y bij + (2 - n).-c2Y,)lfl' <g> .V.

Setting

0t HL + HT/n, (B.6)

we find the following perturbation of the Ricci curvature with respect to our
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perturbed orthonormal frame:

ô Rie (g) a~2\2- (k2 - nK)Y ó,y + (2 - n)k% SW'egHV. (B.7)

From (B.8) we can extract the trace term and the traceless contribution:

ÔR a-22(n-l)(k2-nK)3ÏY, (B.8)
ô Rk a"2(2 - n)k29tYy*' <8> *. (B.9)
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