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On the decomposition of relativistic quantum
field theories into pure phases

By Wulf Driessler1) and Stephen J. Summers2)

Fachbereich Physik, Universität Osnabrück, D-4500 Osnabrück, Federal
Republic of Germany

(17. V 1985)

Abstract. We give two new, independent, sufficient conditions that individually insure that the
extremal decomposition of a Wightman state on the polynomial algebra (equivalently, the Borchers
algebra) of a relativistic quantum field is actually a decomposition into pure phases, i.e. the clustering
property is satisfied in each extremal state occurring in the decomposition. Moreover, the
corresponding representation also decomposes into a direct integral of irreducible representations
with unique vacua.

I. Introduction

For more than twenty years [1] integral decompositions of representations
and states on the polynomial algebra 2P(Ud) of a relativistic quantum field cp(x)
satisfying the Wightman axioms have been studied. The primary aim from the

point of view of physics has been to decompose a given quantum theory into its

component pure phases. It is known [2] that if ro is a vacuum state on ^(Ud),
then there exists a decomposition ro J" (Dr dv(Ç) of ro into extremal, vacuum
states roe on 3P(Ud).

Here extremal means that both the strong and weak commutants of 3P(Ud) in
the corresponding representation consist of multiples of the identity (for details,
see Section 2). The representation of &(Md) associated with ro also decomposes
into the direct integral of the representations associated with the roç occurring in
the decomposition of ro. However, it has been shown [2, 3] that, as opposed to
the situation in the bounded algebraic formulation of relativistic quantum theory
[4,5], the extremal states cor are not necessarily pure phases, i.e. the cluster
decomposition property [6,7] may not hold in each ro£ appearing in the
decomposition of ro.

Abstract necessary and sufficient conditions have been given [8] under which
the elements roç of the decomposition of ro do indeed fulfill the cluster
decomposition property. However, these conditions do not seem to be readily
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verifiable in concrete cases. Until now, there appear to be two known sets of
usable sufficient conditions under which the extremal decomposition must yield
only pure phases. The first one [1, 3] requires, stated for a scalar, Hermitian field,
that each symmetric field operator cp(f) be essentially self-adjoint on the standard
domain Dx and the spectra resolutions of the self-adjoint closures cp(f) \ Dx and
cp(g) [ Dx commute if the supports of/ and g are spacelike to one another. The
second one [9,10] demands that the Schwinger functions obtained by analytically
continuing the Wightman functions of {ro, <p(x)} to the purely imaginary time
points are the moments of a Euclidean-invariant probability measure that satisfies
a certain positivity property (this approach excludes Fermi fields). For both of
these sets of sufficient conditions there are examples of nontrivial quantum field
models in which they hold.

In this paper we present two new, independent, sufficient conditions, one of
which clearly weakens the assumptions made by Borchers [1,3]; the second
condition holds in many known quantum field models and is expected to obtain in
all models with a positive mass gap. The first condition requires that there exists
at least one 'intrinsically local' field operator cp(fs) [11], i.e. a field operator
whose closure <p(fs) I Dx (which need not be selfadjoint) is 'local' with respect to
its own Poincaré transforms - see Section 2 for an exact definition. The second
condition assumes that all operators cp(f), with f e SP(Rd) having a Fourier
transform with compact support, satisfy a generalized H-bound, i.e. for each such
test function / there exists a strictly positive function Ff on [0, °°) such that
II <P (0^(^011 <0O> where H is the generator of the time translations for the field
cp(x). In both cases we shall show that a von Neumann algebra M can be
constructed to which some closed extension of every field operator cp(f) is
affiliated ([12] -see Section 2), and that the central decomposition of M yields a

direct integral decomposition of the representation of SP(Md) associated to any
vacuum state ro into irreducible representations with unique vacua and satisfying
the rest of the Wightman axioms. Further results that may have independent
interest are proven along the way.

For the sake of simplicity of presentation, we shall consider only scalar,
Hermitian quantum fields, but all the results can be straightforwardly extended
for any relativistic quantum field with finitely many components satisfying the
axioms of [7]. We shall also assume the fields to be tempered distributions, but
here again the results are valid for larger classes of generalized functions, e.g. for
those considered by Jaffe [13]. All results holds for space-time dimension d 2, 3

or 4.

In Section 2 further background and the main results are given and briefly
discussed. Section 3 presents the proofs in the case of fields satisfying generalized
//-bounds, and Section 4 gives the necessary details for fields with a suitable
intrinsically local operator cp(fs).

II. Main results

In this section we shall introduce notation and state the main results of the

paper, postponing most proofs to the following sections. cp(x) will denote a
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scalar, Hermitian relativistic quantum field satisfying the usual axioms [7] with the
possible exception of the uniqueness of the vacuum. Thus there exists a separable
Hilbert space W, in which a strongly continuous, unitary representation U(2P\) of
(the universal covering group of) the Poincaré group &\ satisfying the spectrum
condition acts. If P0 is the projection in 3€ onto the subspace of all vectors
invariant under the translation subgroup of U(3Pl), it is assumed there exists a

vector QeP0W such that D0=^0([Rd)Q is dense in W, where @0(Ud) is the
* -algebra of all polynomials of operators {cp(f) \ f e £f(Rd)} including the identity
/ on X. It follows easily from the axioms of [7] that there exists, for any neN and

any / e 5^([Rd"), an operator cp{f) symbolically defined by

cp{f) J ddXx ¦ ¦ • ddxj(xx, xn)cp(xx) ¦ ¦ ¦ cp(xn) (on D0).

The polynomial algebra of such operators is well-defined and denoted by @(Ud),
and D1 ^>(IRrf)Q is a dense, invariant domain of definition for all elements of
5P(Ud). Other subalgebras of 2P(Ud) we shall have need of are the following:
^\oMd) (resp. 36c(Rd)) is the polynomial algebra of operators {cp(f) \fe 2)(Ud)}
(resp. {cp(f)\fe°l{(Ud)}, where %(Ud) {/ \f e 2)(Ud)} with / the Fourier
transform of/).

It will be assumed that the decomposition theory [14] of von Neumann
algebras is familiar to the reader. A von Neumann algebra sé in a separable
Hilbert space X is decomposed with respect to a maximally Abelian algebra 2£ in
sé', the commutant of sé, to yield a standard Borel measure space (5, v) and
measurable families (£—>.?<?(£)) of Hilbert spaces and (t,^>sé(t,)) of von
Neumann algebras such that

?e(Ç)dv(Ç) and sé=\ sd(£) dv(Ç). (2.1)
s Js

For v-almost all £, sé(Ç) is irreducible in %€(£,). It is also possible to use Choquet
theory to decompose any state ro on si into pure states {cox} on sé, so that the
associated GNS representations {nx} of sé are irreducible. However, unless ro is a
normal state on sé, (2.1) will not, in general, hold for this decomposition.

Similarly, given 2P(Ud) (in W) and the state ro on $>([Rd) determined by
(Q, • Q), it is possible to consider the decomposition of either the state or the
representation of S?(IRd) in W. The former has been carried out for a general
quantum field theory in [15] using Choquet theory and the nuclear spectral
theorem. The decomposition of the representation, which includes the former as

a special case and carries more information, was studied in [2], where, due to the
fact that ^(IRd) is an algebra of unbounded operators, it was found necessary in
general to extend the representation in a certain sense and to decompose this
extension. The extension was necessitated by the fact that the weak commutant
(<P(Ud))'w (see (2.2)) of SP(Ud), which is the analog to sé', is in general not an
algebra, and a decomposition with respect to a maximally Abelian algebra in
(SP(IRd))^. will not necessarily result in a decomposition into irreducible
representations, i.e. representations in which the weak commutant is trivial.
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However, whether one decomposes the state or the representation, it can
happen [2] that the extremal states in the decomposition do not satisfy the cluster
decomposition property, i.e. in the associated irreducible representations the
subspace of Poincaré-invariant vectors has more than one dimension. As
previously mentioned, necessary and sufficient conditions that assure that the
resulting extremal states do cluster have been given in [8]. These conditions are
difficult to verify directly in concrete models. Two sets of sufficient conditions
have been isolated [1, 3, 9,10] that are useful in certain models.

We shall be occupied with the consequences for the decomposition theory of
a relativistic quantum field that follow from two new, independent conditions on
the field. Under either of these conditions the extension of the representation of
^([Rd) performed in [2] will not be necessary, and the resulting extremal states in
the decomposition will satisfy clustering, i.e. the extremal decomposition of the
representation results in a decomposition into pure phases of the theory. First we
define what it will mean to say that the field cp(x) satisfies a generalized //-bound
(H is the generator of the time translation subgroup of U(SPi)).

Definition 2.1. A quantum field cp(x) will be said to satisfy a generalized
//-bound if for each / e 3^(Ud) there exists a monotone decreasing function Fy on
[0,oo), with Ff(x)>0 for all x e [0, oo), such that Ff(H)^<^D(cp(f)~) (where
cp(f)~ is the closure of cp(f) taken on Dx) and \\cp(f)~Ff(H)\\ <oo.

Any quantum field with a positive mass gap is expected to satisfy a

generalized //-bound, and this expectation has been verified in a large number of
concrete field models [16,17,18].

The second condition is a special case of a concept that was introduced in
[11]. If X is a closed operator and X= U \X\ is its polar decomposition, the von
Neumann algebra a(X) generated by X is that generated by U and the spectral
projections of \X\. If sé is a von Neumann algebra and X is a closed operator, X
is affiliated with sd (in symbols, Xrjsé) in the sense of [12] if for every unitary
Uesé', the commutant of sé, UXU~1 X. a(X) is, in fact, the smallest von
Neumann algebra to which X is affiliated.

Definition 2.2. If cp(x) is a quantum field, the operator cp(fs)(fs e Sf(Md)) will
be said to be intrinsically local and locally associated with the bounded set
Os c Ud if Ds @0s(Ud)Q is dense in X, where 0>Qs(-Rd) is the polynomial algebra
of the operators {U(X)cp(fs)U(X)~1 \Xe X)> and if tne von Neumann algebra
a(cp(fs) lDs) — as generated by the closure of cp(fs) \Ds satisfies: U(X)asU(X)~1 c
a's wherever €sX is spacelike relative to 6S, X e SP\.

Of course, if the field satisfies the assumptions made in [1] (see Introduction),

then every field operator cp(f) with / e SP(Ud) having e.g. strictly
nonvanishing Fourier transform is intrinsically local. A simple example of a Bose
field that is not known to conform to the hypotheses of [1] but for which all cp(f)
are intrinsically local, / e £f(Rd) as above, is cp(f) :cpo : (f) for any odd n > 3,
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where cp0(x) is the free scalar field (for even n > 4 one must simply restrict ffl to
the even particle subspace of Fock space; then such operators are intrinsically
local in this subspace).

Before stating the main result, we must introduce further notation. If 0* is a

*-subalgebra of ^([Rd), the weak commutant SP^ of & is defined to be:

% - {A e &(%) | (AO, XW) (X*<P, A*W), VJe^,$,¥e DJ. (2.2)

SS(^tf) is the set of all bounded, linear operators on X. The strong commutant Çfs

of SP is given by

9*. - {A e «(3(f) | ADy ç (Ä) and [A, X]<D 0, VX e 0>, 0 e DJ.

X (or X~) will always signify the closure of the operator X \ Dy. And X* will
always mean (X [Dx)*. Note that if A e &'„ then AD(X) s D(X) and [A, X] 0

on D(X) for any XeSP. Of course, 3^ c 3^. For further, general properties of
such sets of operators we refer the reader to [19, 2].

In the following, it will be important to know that if sé is a von Neumann
algebra contained in 0%, then for each X e Sf there exists a closed extension X of
X \Dy (not necessarily equal to X) such that Xr\sé'. Indeed, X is the closure of
séDx of the operator defined by X4.0 AX<&, <& e Dt, A e sé. Finally, we remark
that, in the following, sets of vectors with overbars signify the norm closures of
the given sets.

Theorem 2.3. Let cp(x) be a scalar, Hermitian quantum field satisfying the

axioms of [7], possibly excepting the uniqueness of the vacuum. Then if either (1)
cp(x) satisfies a generalized H-bound or (2) there exists an fs e 3s(Ud) with
fs(p) =f 0, Vp e Ud, such that <p(fs) is intrinsically local (and locally associated with
Os 3 supp (fs)), then there exists a von Neumann algebra M such that

(i) sé'=%(sé) M\Asé';
(ii) s£ &{Rd)'w;
(iii) M'Q p0% and U(X) si;
(iv) under the central decomposition of sé [14] the Wightman functions of

cp(x) decompose into a direct integral of Wightman functions, i.e. there
exists a standard Borel measure space (S, v) and measurable families of
Hilbert spaces £—» $f(£) and von Neumann algebras Ç—>¦ sé(t) such that

for any n e N, {f,}?=1<= Sf(Ud),

a (ft <p(f,))a) l Wçifx, ...,fn) dv(Ç),

and {W^(xx, ¦ ¦ ¦, xn)}n&M satisfies all Wightman axioms [7] including
clustering for all £ e TVg5 with v(S\N) 0; moreover

' f m)dv(0. sé=\ sé(Odv(Ç),
Js JsJs Js

sé(Ç) %(%€(%)) v-almost everywhere, and for all £eiV, 3if(£) is the
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Hilbert space obtained by the reconstruction theorem of [7] from
{Wç(xv xn)}neN, with Q(£) the (up to a factor) unique vacuum
vector in #(£) and Q J"® Q(Ç) dv(£);

(v) a// conclusions of Theorem 3.3 o/ [2] hold with ^(W), Dx) (our
notation) (sé, 2) (their notation);

(vi) for any f e Sf(Ud) for which \\cp(f)~g(H)\\ <°°, the estimate

\\cp(f)~(Og(H(0\\<OD holds for v-almost all Ç, w/zere H ff H-
(C)dv(Ç).

Remarks. 1) What is actually shown in the following proof is that if there
exists a von Neumann algebra ^ satisfying (i)-(iii), then (iv)-(vi) hold. It is

proven in the subsequent sections that (1) or (2) implies the existence of sé

satisfying (i)-(iii).
2) Clearly, condition (2) weakens the assumptions made in [1]. On the other

hand, the hypotheses of [9,10] would seem to exclude application to Fermi fields,
while, we reemphasize, the methods of this paper are applicable to any quantum
field with finitely many components.

3) For reasons of space we do not list the conclusions of Theorem 3.3 of [2],
which concern continuity properties of the decomposition of the representation
and can be, in any case, read off the following proof.

4) The assertion (vi) is an extension of a result in [20].
5) There is an abundance of test functions fs e Sè(U.d) satisfying fs(p) =£ 0 for

all p e Ud, as is easily verified [11].

Proof. Under the assumption (1), the existence of si satisfying (i)—(iii)
follows from Prop. 3.6 and 3.10. Under the assumption (2) these results are given
by Prop. 4.1 and 4.2.

Turning to (iv), let (S, v) be the standard Borel space and £—»^(t) and

X> si(Ç) be the measurable families of Hilbert spaces and von Neumann
algebras arising from the central decomposition of sé [14]. Then

ar=f m)dv(0, sé=\ sé(Ç)dvtf),
Js Js

and by (i) and (iii), sé(Ç) »(#(£.)) and dim ((P0$f)(£)) 1, for v-almost all £.

Since Uiß'X) a si, one can use [21] to conclude that there exists a measurable
family £—» U(Sf\)(t,) of strongly continuous, unitary representations of the
(covering group of the) Poincaré group satisfying the spectral condition such that
U(X) Sf U(9>l)(Ç) dv(t) and such that (P03if)(Ç) P0(£)2ff(£) for v-almost
all £. Thus the vacuum in v- almost all phases $?(£) is unique (up to a factor). Of
course, with Q J® Q(£) dv(£) one has Q(Ç) e P0(£)2î?(£) and £/(Â)(Ç)Q(Ç)
Q(Ç), VA e Sf\, for v-almost all £ (independent of A).

By (ii), for any Xe Sf(Ud) there exists a closed extension X that is affiliated
to M. From [22, 23] it is known that this extension also decomposes under the
central decomposition of sé into densely defined, closed operators X= $fX(Ç)
dv(£) for which D(X) 3 «D [f <!>(£) dv(Ç) is equivalent to <&(£) eD(X(£))
v-almost everywhere and fs ||X(£)0(£)||2</v(£) <c°. These assertions hold, in
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particular, if X=cp(f), for any feS(Ud). By Theorem 6.3 in [24], if
{<P(/.)~}n£ti is a finite set of such decomposable closed operators, then the
closure of UfLy <p(fX on its natural domain of definition (which contains Dy) is

also decomposable, and for v-almost all £, (ïlfli <p(/.)T(£) (W=i <P(/.)~(£))~>
where the bar signifies the closure of the operator on the natural domain. Hence,

(a (ft <p(f.))n) (o. (ft cpifx) a)

js (q(£), (ft cpUr) (£)Q(£)) dv(0

| (q(£), (ft cpifXtt)) Q(£)) dv(£).
-'s \ V=l

Since O e D(cp(f)~) implies <&(£) e D((p(/)~(£)) for v-almost all £, this equals

1 Q(£),(ft<P«-r(£))fi(£))dv(£).

5^(IRrf) and Sf\ are separable, and it is possible to pick a countable, dense, linear
subset & c^W) and a countable, dense subgroup Sf c <3>\ so that the induced
action of Sf on y(Ud) maps 5^ into itself. Then there exists a set N c S with
v(5W) 0 such that for each ÇeN, (YlfLx <p(/)~(£))Q(£) is multilinear on
V, VN e N, and such that

u(X)(o(n <p(f.)~(Z))a(Z) (n ?>(/U)~ (£))û(£)> VA e 9, N e N.

(2.3)

(fx is the image of / under the induced action of A e Sf\ on s(IRd).) From [25] or
[26, Section 1.4.4] one may conclude that there exists a set NyC-N with
v(5W1) 0 such that for all £ e Nx the mapping

Tr- (ft cp(fd)Q^ (ft <p(/D~(£))q(£), « e IVI, (2.4)

is nuclear as a map from Dv viewed as a nuclear vector space with the standard
topology (see [1]), into $f(£), and there exists for each n e f^l a norm || • ||y„
continuous in the topology on y(Udn) such that

mi (fl cp(fX(o)m) <C(£)||/1(8)---<8>/nm„,C(£)<oc, (2.5)

for all {f,)1ml c y. Hence, by (2.3) and (2.5), the strong continuity of U(&l)(Ç)
and the continuity of the induced action of Sf\ on tf(Md),

Wrifx, ¦ ¦ ,/J-(Q(£), m cp(fd~(0 0(C)), £eM,
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can be extended uniquely to a Poincaré-invariant, tempered distribution on
y(Ud"), for any n e N. The remaining axioms of hermiticity, local commutativity
and positive definiteness of {Wi(x1, ¦ ¦, xn)}neN can be shown similarly, at the
possible cost of throwing out a set of v-measure zero; this is left to the reader.
The clustering property of the Wightman functions Wz (jCj, x„), neN, for
v-almost all £ is implied by the uniqueness of the vacuum in X(t) and the other
Wightman axioms [6, 7].

In light of (2.4) and (2.5) the assertions made in Theorem 3.3 of [2] hold with
(SP(Ud), Dx, T,-) (our notation) (sé, 2, Ex) (their notation), as is easily verified.

Finally, since the group U(&X) is contained in si, H must be affiliated to sé

and is, therefore, decomposable into positive, selfadjoint operators //(£) [23] that
are the generators of the time translation subgroup of U(Sf\)(il) [21]. For any

f e y(Ud) such that ||<p(/)-g(Ff)|| <°°, one has, calling once again upon Theorem
6.3 in [24],

cp(f)-g(H)cp <p(f)~g(H)Q I (cp(f)~g(H)<i>)tt) dv(£)
Js

f <p(/)~(£)g(//)(£)*(£) dv(£). VO e X.
Js

But g(//)(£) =g(//(£)) for v-almost all £ [21]. Therefore, ||<p(f)~(£)g(//(£))||
must be finite for v-almost all £, since \\cp(f) g(H)\\ is equal to the L°°(S, dv)-
norm of ||(<p(/)~g(//))(£)||. D

III. Fields satisfying generalized //-bounds

Throughout this section we shall assume that cp(x) is a scalar, Hermitian
quantum field satisfying the axioms of [7], with the possible exception of the
uniqueness of the vacuum, and a generalized //-bound in the sense of Def. 2.1.
We first remark that if cp(x) satisfies such a bound, then for any G e 2(U),

\\cp(f)-G(H)\\«», Vfe%(Ud). (3.1)

This is clear since with / e X(Ud) and Ff as in Def. 2.1, \\Ff(H)-lG(H)\\ < oo by
the spectral calculus theorem. Moreover, it is known that (3.1) implies that there
exists a Schwartz space norm || • \\yG such that

||(p(/)-G(//)||<||/||y,G yfe^(Ud). (3.2)

For a proof of this, see the Appendix. A trivial consequence of the //-bound (3.2)
is that P0Xc D(cp(f)~) and cp(f)~ \P0X is bounded for any/ e 9>(Ud). In fact, P0

can be replaced in these assertions by any spectral projection Er_^ a] of H with
a < œ. Henceforth, a vector O e X such that E(_œy a] 0 O for some a < oo will be
said to have bounded energy support.

Lemma 3.1. // cp(x) satisfies a generalized H-bound, then for any Xe
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9e(Ud), D(X-)^P0(9>o(Md)Q) and X~ rP0(W)Q) is bounded. Thus, P0X<=
D(X~).

Proof. Let Ze ®c(Ud), resp. Ye%(Ud), be a monomial of degree k, resp.
m, in the field. The general case follows easily from this one. To begin, one notes
that P0YQ s-limn^Gn(H)YQ, with G„(0) 1, Gn e 2(U), G„>0, and

supp (Gn) c [0, n-1], for all neN. For any « e IM, Gn(H)YQ e {cp{g}Q \ge
Sr(Udm)} c Dy, so that G„(ff)yOeD(Z). Since X Uf=1cp(fi) with {/}f=1c
3if(IRd) and the energy support of Gn(H)YQ is contained in [0, n_1], for any fixed
JVeN there exist functions {/^}f=1c S(1R) with /;>0, such that for any
/e{l, ,k},

3(#)(n vVMH^GhWYQ (ft <pa))GN(//)YQ.

In fact, one chooses Fy(x) 1 for x e [0, TV-1], F2(x) 1 for x e [—rix, TV-1 + rjj
where [—t/i, t/i] is the smallest symmetric interval containing supp (/J, and so
forth. One has then XGn(H)YQ AxGn(H)YQ, V«>TV, where Ax Uf=1

(cp(fi)~Fi(H)) e ®(X). This entails at once that P0YQ e D(X~) and X-P0YQ
AXP0YQ. D

Given a field cp(x) that satisfies a generalized //-bound, we define the
* -algebra sé0 to be that generated by the bounded operators

{cp(f)-F(H), G(H)\feX(Ud), f,Ge2(U)}. (3.3)

We shall say that a monomial A e sé0 in the generators (3.3) is of order n if it
contains n field operators, irrespective of the other factors in the product. sé0 has
been defined so that sé sé'ó, the von Neumann algebra generated by sé0,

contains all bounded functions of //; therefore P0 e sé. Moreover, the energy
support of A O is bounded for any A e séQ, $ef.

Lemma 3.2. // cp(x) satisfies a generalized H-bound, then sé0Q X and
SéyyDy Ç Dy.

Proof. For every monomial X U?=l cpif,), {/}?=! <= X(Ud), one has XQ
AXQ, with Ax n?=1 ((p(fi)Fi(H)) and {Ft}?=i c ®W chosen as in the proof of
Lemma 3.1. But as 5Pc(Ûd)Ù is dense in X, the first assertion of the lemma
follows at once. The second claim is clear since F(H)Dy ç Dx for any F e

2(U). D

In the next lemma we show that we can replace the test functions / e X(Ud)
in (3.3) by test functions fe2(Ud) and still obtain the same von Neumann
algebra.

Lemma 3.3. // cp(x) satisfies a generalized H-bound, then

sé m^{cp(f)-F(H), G(H) |/e 2(Rd), F, G e 2(U)}".
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Proof. Since X(Ud) is dense in if(Ud), given any/e2>([Rd) there exists a

sequence {/„}„eNc X(Ud) such that {/„}„eN converges to / in the topology of
Sf(Ud). By (3.2), for any F e S(R) and O e D1;

IKKfJ - <p(f))F(//)0|| ||(p(f„ -/)F(//)0|| < ||/„ -/|U,F ||0||,

so that cp(fn)~F(H) converges in norm to cp(f)~F(H). It follows that any
generator of SM can be approximated in the norm operator topology by operators
from (3.3), entailing 38 ç sé. sé çr 38 can be shown by the same argument using
the fact that 3s(Ud) is dense in <f(Ud). D

Let D m §>c(Ud)P0X, where Sfc(Md) {*" | Ze 0>c([Rrf)}. By Lemma 3.1 this
set of vectors is well-defined. Since every vector O e D has bounded energy
support, (3.2) entails that O e D(cp(f)~) for every fe S>p(Ud). Moreover, arguing
as in Lemmas 3.1 and 3.3, it is easy to see that if {fn}neN c if(Ud) converges to
/e y(Md) in the topology of y(Md), then cp(JX converges strongly to cp(f)~ on
D. From [3, Theorem 1] we now know that for any X e SPloc(Ud), P0XQ eD(Y~)
for all Y e Sfloc(Ud) (indeed, it is easy to see that (ZY)-PoZQ Z~Y-PoXQ, VZ,
Y, Z e SPloc(Ud)). Thus, for every such Y the operator P0Y~P0 can be defined in
P0X. Theorem 2 in [3] informs us that the map ^(W) 3 Y-* P0Y~P0 maps
Sf{oc(Ud) into an Abelian algebra in PQX. We show that if the quantum field
satisfies a generalized //-bound, then also P0SPc(Ud)P0 is an Abelian algebra.

Lemma 3.4. // cp(x) satisfies a generalized H-bound, then (P0&c(Md)P0)" is a

maximally Abelian algebra on P0X.

Proof. Since P0^c(Rd)F0c ®(PQX) and P0^c(IRd)^ is dense in P0X, it
remains only to show that P0SPc(Ud)P0 is Abelian. It suffices to consider two
monomials Z nf=i cp(g,) and Y UT=x <P(/.) in ^c(Ud). For each g, and f, pick a

sequence {g^k)}keN and {/}°},eN in 3(Ud) converging to gt and/ in the topology of
Sf(Ud). If (kx, ...,kn)e Nn, (ly, ...,lm)eNm and <D,¥e P0®loc(Ud)Q, then

Po{U.cp(gikl))) ^{Ylcpifj1»)) V

=((ft cp(f^))\, p0(n <p(gW))v
by [3, Theorem 2]. By using the remarks made in the paragraph preceding this
lemma, one can take the limit fcj—>°o and obtain

n <p(g?xp, 9>(gî)-p0(n <potj v

=((n «pfe,^)) Po(n «pc/p))**, ^tr^),



Vol. 59, 1986 Decomposition of relativistic quantum field theories into pure phases 341

employing the simple fact that cp(g)* \D <p(g*)~ ID, Vg e 5^(IRd), where g* is

the complex conjugate of g. This process can be continued, yielding

^o(ft <P<Jgt)-)*, (ft cpifi)-)^) ((ft Vif-))**, P0(ft <p(g,))V).

Since PoZ-p0 is bounded for every Ze 3?c(IRd) and P0^loc([Rd)Q is dense in Pq^,
the proof of the lemma is completed. D

We note that ii cp(x) satisfies a generalized //-bound, then/-* cp(f)~ defines
a linear map from y(Ud) into the set of linear operators defined on D such that

/^(W, <p(/)~0) is a tempered distribution for all We X, OeD (use 3.2)).
Thus, (^, (IT?=1 <p(/.)~)0), W e SC, O e D, {/-}?=1 c S^R"), is continuous in the
topology induced on X(Ud) by y(Ud) in each variable / e X(Ud) singly. In
particular, it is separately continuous in each variable in the usual topology on
X(Ud) (which is simply the analog to that on 2(Ud)). Since X(Ud) is nuclear
for all d and X(Ud) <g> X(UX) X(Ud+1), the nuclear theorem entails that
(^, (117=1 cp(fi)-)<&) defines a unique functional T^ e X'(Udn). It is easy to see

that, in fact,

TwXg} (V, cp{g}-^),\/geX(Ud"), W6f,$eö. (3.4)

We shall need the following simple lemma.

Lemma 3.5. // cp(x) satisfies a generalized H-bound, then for any F e 3)(U)
and any O e P0X, F(H)cp{g}-<£> cp{h}-<P for any g e X(Udn), where

h(px- ¦¦¦>Pn) ^(Ë Pyg(Pi- ¦¦¦> Pro-

Proof. Given (3.4) and the obvious fact that U(a)cp{g}-<& <p{ga}~0,
where ga(xx,..., xn) g(xx — a,..., xn — a), the proof follows that of Lemma 49

on page 224 of [27]. D

Proposition 3.6. // cp(x) satisfies a generalized H-bound, then sé' is Abelian
and WÏÏ P0X.

Proof. First it is asserted that for any Z e &c(Md) and A e sé,

(P0X-P0W, P0AP0O) {P0A*PJV, P0Z*P0O), VO, W e X.

It suffices to consider a monomial A of order n: A G(H)(Yl"=1 q>(fi)~F;(H)) e
s&, ifi}?=i <=X(Ud). By repeated use of Lemma 3.5, there exists a geX(Udn)
such that Ax cp{g}~x for any % e P0X. Thus, PqAPq^ P0cp{g}~P0ci'- Since the
linear hull of test functions of the form If?mlf,(x,), {f}"=x <= X(Ud), is dense in
X(Udn) in the usual topology, one may use (3.4) and Lemma 3.4 to conclude

(PoX-PoV, P0<P{g}-P0O) (P0<p{g}*P0V, P0Z*P0O).

The assertion then follows easily since q>{g}* cp{g*}~ on P0X, Vg e X(Udn),
where g*(jc1; ...,#„) is the complex conjugate of g(xn, ,xt).
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Therefore, (Po0>c(Ud)Po)"çz (P0séP0)', implying P0^P0ç= (P0^c(tRd)P0)'=
(P0^>C([R'')P0)", since (PQ&c(nd)P0)" is maximally Abelian on P0X. Hence P0siP0 is

maximally Abelian in P0X, by Lemma 3.2. Since Posé'P0 (P0séP0)' and the
central support of P0 in sé is the identity (this is a trivial consequence of Lemma
3.2 and [14, Corollaire 1.1.1]), sé' is isomorphic to P0sd'P0 [14, Prop. 1.2.2], and
hence Abelian. Moreover, si'Q P0séQ is dense in P0X (Lemma 3.2). D

We recall a well-known result about the weak commutant of Sf(Ud), stated in
a form suited to our purposes.

Lemma 3.7. For any SPcz Sf(Ud) such that U(a)SaU(a)-1 ç 3? for all aeUd
and such that {Z~0 | Z e 3s, O e P0X} is dense in X, one has Sf'w a U(U4)', i.e. the

operators in S% are translation-invariant.

Proof. A simple proof using only the spectrum condition can be inferred
from [4]. D

We may now prove the assertions made in Section 2 about the connection
between the von Neumann algebra si and the polynomial algebras of the field
cp(x).

Proposition 3.8. // cp(x) satisfies a generalized H-bound, then (Sfc(^d))'s,
(S"yoz(Ud))'s and (Sf(Ud))'s are contained in si'.

Proof. By the previous lemma, all three algebras commute with all
translations, therefore they commute with all bounded functions of H. It follows easily
that ($>cnd))'s=>si'. Similarly, using Lemma 3.3, (^JUd)X S &¦ Since
(Sf(Ud))'s c (Sfc(^d))'s, the proposition is proven. D

Proposition 3.9. // cp(x) satisfies a generalized H-bound, then sé' c (Sfc(}Ad)'s.

Proof. Let Z, Y e 9>c(Md) be monomials and A'e sé'. Then A'XYQ
A'AxyQ, with Axyesi constructed as in the proof of Lemma 3.1. Thus,
A'XYQ =AXYA'Q. But since P0 e sé, one has A'Q e P0X. Therefore, it is easy to
see that A^A'Q XYA'Q by using results established in the proof of Lemma
3.1. Of course, by the same argument, A'YQ YA'Q, so that A'YQeD(X~)
and [A',X~] 0 on &c(Ud)Q. However, since 9>c(Ud)Q is a core for Z", if
OeD(Z") there exists a sequence {<&n}neNc-zSPc(Ud)Q such that 0„^-s>0 and

Z-O^Z-O. Then A'O^A'O, and since Z"A'On AZO„ for any neN,
one must have A'O e D(X~) and Z"A'0 A'Z"0. D

Thus, if cp(x) satisfies a generalized //-bound, (3^([Rd))j is a von Neumann
algebra and is equal to sé'.

Proposition 3.10. // cp(x) satisfies a generalized H-bound, then sé'
(9>(Ud))'w. Furthermore, U(Sf\)czsi.
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Proof. Let B' e (0»(Rd))'w. Then B' is translation-invariant, and since the
generators (3.3) of sé leave Dy invariant, it follows that for any A e si, (.ß'O,
AW) (A*0, B'*W) for all O, WeD^ Since B' and A are bounded, one
concludes (Sf(Ud))'w çsd'.

On the other hand, A' e sé' commutes strongly and thus weakly with SPc(Rd)

(Prop. 3.9). But any operator in Sf(Ud) (on DJ is a strong limit of operators in
SPc(Ud), using the now-obvious argument, so that sé' ç (Sf(Ud^.

Finally, by Theorem 3 in [1] all vectors in P0X are £/(3P].)-invariant. Since

U(X)(Sf(Ud))'w U(X)~l (S^IR")); for all A e Sf\, and since Q is separating for
sé' (use Lemma 3.2), Prop. 3.6 entails that U(X)A'U(Xyi A' for any A' e si'
andAeS^. D

IV. Fields with intrinsically local operators

Let / e 3>(Ud) have a Fourier transform that vanishes nowhere. We shall
assume that cp(fs) is an intrinsically local operator in the sense of Def. 2.2. If
WR {x eUd \ \x°\ <x1}, where x° is the time coordinate, define

M(WR) - {a(cp(JX \DS) | supp (JX ^WR,Xe »XY

and

si {a(cp(f^)\Ds)\XePÌY,
using notation established in Section 2. Furthermore, if W= {WRk \ X e Sf\) (for
d 2, the transformation x —» —x is included in defining W) is the set of wedges
and X is the set of double cones (interiors of intersections of some forward light
cone and some backward light cone), we define

^(Wr,x) - U(X)sé(WR)U(X)-\ X e Sf\,

sé(Û)^ n{si(W)\OcWeW}, ÛeX,
s4(Ü')-{s4(W)\W3WczO'}", ÛeX;

then {sd(ü)}üeWUXUX, defines a Poincaré-covariant net of local von Neumann
algebras that satisfies the special condition of duality. That is to say, sé(6)
sé(û')' for any Ü e W U X U X' and if {V(t)}leR is the Abelian subgroup of
U(Säl) representing the Lorentz velocity transformations in the 0-1 direction,
then the dense sets sé(WR)Q c D(V(in)) and sé(WR)Q a D(V(-ìji)) satisfy

JV(ijt)AQ=A*Q, VAes£(WR), (4.1)

JV(-ijt)BQ B*Q, VBesi(WR), (4.2)

with the antiunitary involution /= U(jtlt 0) 0O, with 0O the TCP-operator for
the field cp(x) and U(jtx> 0) the rotation by angle n around the 1-axis.

Furthermore,

si(WR)' sé(W£) Jsé(WR)J. (4.3)
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See [11] for further details and results. In addition, it is known [28, 29] that

JV(ijt)XQ Z*Q, VZ e Sf0(WR), (4.4)

JV(-in)YQ Y*Q, VY e %(W£), (4.5)

where for Oc Ud, %(€) is the polynomial algebra of operators {cp(f) \fe Sf(Ud),
supp(f)cC}. In the following, Sf0s(G) will denote the polynomial algebra of
operators {cp(fs>J \XeSf\, supp (fsJ) c €}.

The following proposition collects some further results that have been proven
in some of our other papers.

Proposition 4.1. Given the assumptions and definitions stated above, the

following are true:

(i) Q is cyclic for sé in X;
(ii) sT_ Z(sé) séC\sé' Z(sé(W)) sé(W) n sé(W)', VW e W;
(iii) sé'Q P0X;
(iv) U(0>l)czs4.

Proof. (ï) is shown in [11] and is a straightforward consequence of the
requirement that fs(p) =f0 for any p e Rd. (ii), (iii) and U(Ud) a sé follow from
Prop. 3.1 of [5]. U(L-i)cLzsi is entailed by the special condition of duality and

Prop. 5.3 of [5]. D

Finally, we must show the following to be true.

Proposition 4.2. Given the assumptions and definitions stated above, si'
(W)X,-

Proof. It will first be shown that si' ç (Sf(Ud))'w. By definition of sl,
cpifsXv-^, for all A e Sf\. Therefore, for any A e Sf\

(cp(fs^,A'W) <A'*0, cp(fZx)V), VA'e si', O, «Pei),
But since the linear hull of {fsa \ a e Ud} is dense in £f(Ud) [11], it follows easily
that for any/e^(Rd)

(tp(f)0,A'^) (A'*0, cptfyv), VA'e si', O, ^eDv (4.6)

Since Dx is invariant under 8P0(Ud), iteration of equation (4.6) yields A' e

(3^0(IRd));. Of course, (%(Ud))'w ($>(Ud))'w, completing the proof of the
required containment.

It remains to show that (3^(IRd))^c si'. Some preparation is necessary. By
definition and [12],

si(W)' çz ({<?<£,) | A e n, supp (fX e W})'s, VW e W

(note that cp(f) \ D1 cp(f) \Ds, V/ e SP(Ud) [11]).
Thus, for any A e sd(WR) si(WR)', B e (Sf0s(W£,)'w, and H"-i ?(/i) e
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(ab*, (ft <p(/jWWbo, <p(fJ-A*(fÌ <pa-)V)

(cpifxYB®, A*(f\ 9(f,))v) (Bcpifx)**, A*(ft V(/Î))1P),

VO, »PeDi

(because ß e (9o.(W'R)yw implies that BZ* =X*B on D1; for any X e ^(W'r)).
This process may be continued to yield AB e (Sf0s(WR))'w. Similarly, BA e

(@0sÇWR))'w. Moreover, since Sfos(W'R)Q. is dense in X and V(t)Sf0s(WR)V(t)-1
%s(W'R), Vf e IR, Lemma 13(c) of [28] implies that (^(W'^yja çD(V(in)) and

V(in)BQ JB*Q for any Be^JWX where J and V(in) are as in
(4.1)-(4.5). Since AV (t)B*V (t)'1 e (Sf0s(W'R))'w for all teU, Aesé(WR) and

B e (^osiWn))^, one may use Lemma 14 of [28] to conclude that

[A,JBJ]Q 0, VAesé(WR), B e (Sf0s(W'R))'w. (4.7)

Let A=AyA2 e sé(WR). Then iteration of (4.7) yields [Av JBJ]A2Q 0. Since Q

is cyclic for si(WR), this implies that J(&<x,{W'R)yvJçM(WR)'. Using (4.3), one
must conclude that (9>os(W'R))'wçsé(WR). In fact, since sé(WR) ç (SP0s(W'R))'w,

they are equal. The same argument yields (Sfos{WR))'w A(W'R).
But (^(R^E (3^0*0); for any Wef. Thus, (9>(nd))'wi= sé(WR) n

^(VV^) -stf(WR) n ^(WÄ)' si', by Proposition 4.1 (ii). D

Remark. Although Bisognano and Wichmann assume the uniqueness of the

vacuum in [28, 29], all of their results excepting the factorialty of the wedge

algebras still hold when one drops this assumption.
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Appendix

In this appendix we present a useful result on bounded-operator-valued
generalized functions, along with a consequence for quantum fields satisfying a

generalized //-bound that finds application in the main text. The authors learned
of a special case of the former from E. H. Wichmann [30] and wish to thank Prof.
Wichmann for the permission to publish a version of it here.

Theorem A.l (Wichmann). Let /—>A(/) be a linear mapping of a countably
normed, linear topological space cF into Sk(X) such that the mapping
/—» (O, Aijycy) is in 9' for all O e M, u/ e Jf, where M and Jf are dense subsets
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of X. Then the mapping f'-»¦ A(f) is continuous relative to the norm topology on
Sft(X). Furthermore, there exists a norm \ ¦ \ continuous in the topology of 9 such

that\\A(f)\\^\f\,Vfe9.

Proof. Since A(f) is bounded and 9' is weakly sequentially complete [31,
Section 7], i.e. if {Fn(f)}neN is Cauchy for each/ e 9 and {F„}neN c 9' then there
exists a unique / e 9' such that lim„_>0O Fn (f) F(/)V/ e 9, one may conclude

that/^(0,A(/)W) is in 9' for any O, W e X. Hence, (A(/)0, A(g)W) is

continuous in each variable/, g, separately, and thus jointly [31, Section 7]. This
entails that if {/„}„eN <= 9 converges to zero, then A(/„)0 converges strongly to
zero, VO e X.

From this it is possible to conclude that for any O e X there exist a constant
C(O) and a norm | • |-j, continuous in the topology on 9 such that ||A(f)0|| <
C(0)|/|oV/e 9. In fact, assume the contrary. Then there exists a sequence
ifnineN^ & such that ||A(/jO|| >n|/„|„, where {| • \„}neN is a set of seminorms
determining the topology on/ indexed in nondecreasing order. Let g„ fn(n |/„ |) 1.

Then {g„}„efSsi converges to zero in 9, but ||A(g„)0|| > IV« e IU This contradicts
what was shown above. One may, henceforth, take | • I* | • |„(<i>) for some
n(O) e fU Since the sequence {| • |„}neN is nondecreasing, there exists a &(0) e

such that ||A(/)0|| <fc(0) \f\km, Vf e 9.
For any n e N and/ e 9, let Vn(f) {O e X| ||A(/)0|| <n \f\n}. Since A(f) e

Sß(X), the mapping O—»A(/)0 is norm-continuous; so Vn(f) is norm-closed. Let
Vn= n{Vn(f)\fe9}. Vn is also norm-closed. But X {JneNVn; hence by the
Baire Category Theorem at least one Vn, say VN, has a nonempty interior.
Therefore, there exist a O0e X and a p >0 such that ||A(/)0|| ^N\f\N for all

/ e 9 and all O e X such that ||0 - O0|| < p. Thus, for all W e X with ||W|| < p,
||A(/)W||<2TV|/|ArV/eSf. It follows easily that ||A(/)0|| ^2Np~r |/U||0||V/e
9. U

Corollary A.2. Let cp(x) be an operator-valued tempered distribution satisfying

the domain and continuity assumptions of [7] and let F e 5^(IR) be such that
\\cp(f)-F(H)\\ < oo for allfe V, where Visa dense, linear subset of ST(Ud). Then
there exists a norm \ ¦ \ continuous in the topology on Sf(Ud) such that
\\cp(f)-F(H)\\^\f\,Vfey(Ud).

Proof. Since F(H)DycDy, /-* (O, cp(f)-F(H)W) (O, cp(f)F(H)V) is in
Sf'(Md) for all O, W e Dv Apply Theorem A.l with 9 Y°, where V° is V with
the topology induced by Sf(Ud). Since the same countable set of seminorms
determines the topologies on Y° and Sf(Ud), there exists a norm | • | continuous
in the topology on £f(Ud) such that \\cp(f)-F(H)\\ < |/|, VfeY. Let fe £P(Ud)
and {fn}neN c V converge to / in the topology of !¥(Ud). Then the sequence
{cp(f„)~F(H)}neN is norm-Cauchy and converges to an AeSli(X). However,
{cp(fXF(H)*}neN {y(fn)F(H)<P}„eN converges strongly to cp(f)F(H)<5>, VO e
Dy. Thus, A must coincide with cp(f)F(H) on Dx. If O e X and {0„}„eNcD1
converges strongly to O, then \\cp(f)F(H)(*n -Om)|| ||A(0„ -Om)j| < ||A||
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||On-Oj|. This implies that F(//)0 e D(cp(f)-) and \\cp(f)-F(H)\\ < |/|, Vf e

Sf(Ud). D
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