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Resonances defined by modified dilations

By H. L. Cycon')

Technische Universitat Berlin, Fachbereich Mathematik, 1000 Berlin 12, BRD
(26. II. 1985)

Abstract. We construct a method generalizing the usual complex scaling method of Aguilar,
Balslev and Combes to describe resonances of Schrodinger operators. The method is based on a
modified dilation in the momentum space and allows to treat multicenter potentials and potentials with
compact support. We give also some assertions on the locations of resonances.

1. Introduction

The study of resonances in Schrodinger operator theory has been an object of
growing interest in the last 10 years. There are several mathematical concepts but
there is no general theory which can describe all physical phenomena considered
as resonances.

One very powerful method is the complex scaling which was introduced by
Aguilar, Balslev and Combes [1, 4]. It was extended in many directions (see [7]
for a survey).

This method, while very fruitful, works only for the restricted class of dilation
analytic potentials which are essentially functions having as radial part the
restriction of an analytic function to the positive real axis.

This class clearly excludes potentials with compact support and potentials
with multicenter singularities (multicenter Coulomb potentials for example) for
which one expects resonances to exist. There are several methods trying to
overcome these restrictions (see [2, 3, 15] for example). We mention especially a
recent paper of Sigal [14].

We propose here a method which has some similarities with that of Sigal but
which is simpler and has therefore, we believe, a wider range of applications. It is
a further development of ideas discussed in [9] which go back to Mourre [12], see
also [8]. As the usual complex scaling, our method is based essentially on a
transformation (a modified dilation) ¢, of the underlying (momentum) space R"
depending on a real parameter ®. This induces a family of unitary maps U, in
L*[R") which give rise to family H(0) of operators unitary equivalent to the
considered Schrodinger operator H= H,+ V.

In contrast to usual complex scaling and also to Sigal’s method we do not
need a group structure of @+— U, which gives a considerable larger freedom for
the choice of ¢,. If chosen suitably ® — ¢, can be continued (component-wise)
analytically into a complex domain. The complex discrete eigenvalues of the
associated ‘deformed’ Hamiltonian H(®) (also suitable continued) are then called
resonances of H.

) Supported by the Deutsche Forschungsgemeinschaft.



970 H. L. Cycon H P A.

We discuss in this paper mainly an explicit choice of ¢, which has, if
continued, bounded imaginary part. This is the technical reason why we can
consider potentials with compact support or translated singularities.

Moreover this explicit choice of ¢, has the advantage that one can calculate
the essential spectrum of the deformed Hamiltonian explicitely. In the case we
discuss here it is a (slightly deformed) lower branch of a parabola. The explicit
knowledge of H(6) allows also to make some assertions as to the location of the
resonances. We note, however, that the method is not restricted to this special
choice of ¢y Any local distortion of the essential spectrum can be obtained by a
suitable choice of ¢, The paper is organized as follows.

In Section 2 we give a general theorem which allows to define resonances by
general deformations of the Hamiltonian. We then turn to a concrete deformation
and discuss some of its properties. Furthermore we introduce a class of potentials
which can be treated by this method, and give some examples.

In Section 3 we prove some estimates on the resolvent of the deformed
Hamiltonian which imply that resonances do not occur in a certain region near the
reals axis. These results are in accordance to one-dimensional results of Nussen-
zveig [13].

We use throughout the paper the notations #:= L*R") and #,:={¢ ¢
¥ |3D*¢ € ¥, |a| <2}, for the Sobolev space.

2. The definition of resonances

We begin with a theorem which describes the general situation of complex
scaling. This is an extension of an idea of Combes [5].

Theorem 1. Let {U,} 0€I a family of unitary mappings, I being an open
interval in R. Let H be a self-adjoint operator in the Hilbert space # and denote
H(8):= UHU,"'.

Assume that there is a complex neighbourhood O of I and a dense set A < ¥
such that 6 — Ugyr, Uy ', for yre A has analytic continuations and that H(6) has
an analytic continuation of type (A) (which we also denote by H(8)) into O,

Assume furthermore that for 6 € O\I o, (H(6)) is a one-dimensional manifold
in C' :={zeC|Re z=0, Im z =0}. Denote by S, the union of connected compo-
nents of C' \ o.,(H(0)) having an open intersection with R*. Then

(i) forany 6 O\I; ¢,y A z— (b, (H—z) ') has a meromorphic continu-
ation from C**:={zeC|Re z=0, Im z >0} through the positive real axis into S,,
which is given by

fa(z):=(Ugd, (H(8)— z) 'Ug), eS8,

(1) this continuation is unique in the following sense. Let 0,, 0, O\ 1, 0, # 6,
then fo(z) = fo.(z) for all z€ Sy N S..

Remark. 1(ii) implies that the poles of fy(z) (which are of finite order) are
independent of 6 as long as z stays away from o, (H(8)).

2. Since (H(6)—z) ' is analytic in S, except of discrete eigenvalues of H(6)
(see [10, p. 176]), finite order poles of f, can only occur at discrete eigenvalues of
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H(0). If in addition {Ugy/yy€ A} is dense in ¥, discrete eigenvalues give rise to
arbitrary values of |fy(z)| if ¢, ¢ are suitably chosen.

This motivates the definition

Definition. We call the discrete non-real eigenvalues of H(6) in S, the
resonances of H.

Proof (of Theorem 1). Let 6 0; ¢,y A and coasider fy(z) as defined
above. Assume first that zeC"". As long as 6l U, is unitary and
f(z):= (¢, (H—z) ') coincides with fy(z). By analyticity in 6 this is still true for
O\ I But since z— (H(8)—z) ' is meromorphic in z € S,, f,(:) is obviously a
meromorphic continuation of f(-) into S,. The uniqueness of fy(-) is an obvious
consequence of the uniqueness theorem for analytic functions on connected sets
in C, since it is unique for zeC"'. 0O

The simplest example for Theorem 1 is the usual complex scaling (see [1] or
[4]) for Schrodinger operators. In this case we have H=H,+ V in #:= L*[R")
where V is a dilation analytic potential (see [18] for definition). A is the set of
analytic vectors in ¥, i.e. the vectors of which Uyd(x):=e"??(e’x), 6 €R has an
analytic continuation in 6 into a strip 0 in C around the real axis. Then

Toss (H(0)) = e "R*

and Sy =conv hull {R", 0. (H(8))}\ 0. (H(6)).

Theorem 1 covers also all other cases where resonances are defined by any
kind of complex scaling (see [7, Chapter 8]). But in contrast to these constructions
no group property of U, for # eR is needed here.

We will now introduce a special family of ‘deformations’ leading to resonance
theory for a large class of potentials. It has some similarities with Sigals [14]
construction but we need considerably less structure here.

Let 6 eR. Consider the map (in momentum space) ¢, :R" —R"

§— ¢o(§):= &~ 6h(E)

where

hig)=§

and

gD
€]

1€l

€)= co|  x(s) ds
0
with x e C*, x=0, x(0)=1, x(s)=0 for s =s,, s,>0 suitably and

c(,::“’s‘]x(s)ds]].

This ¢, induces a unitary map in L*R").
Uell’(é:)::[Ie(f)]]ml!f(‘be('f)), EeR", wELZ(R")
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where [,(§€):=det[Dd,y(£)] is the Jacobian of ¢, Note that

19(5) =det [(1 - Gg('f))l - Ogl_f;_) (‘5.‘5,)]
for g(£) =|£] ' g(|£]) and where (& &) denotes the matrix
gx ’ §| 61 ’ 62

§2‘§1 fz'gz

Note also that g(¢) and g'(€) - |£| are bounded uniformly in £ e R". Thus
Io(€) =1+ 0P.(0)

where P,(6) is a polynomial of n—1-th order in 8 with coefficients bounded
uniformly in £ eR". This implies that

I,(§)>0 for any éeR"

and therefore that U, is a well-defined unitary operator in L*R") as long as
6 € I = (_9(), 6()), 6(;> O Suitably.

Remark. Note that ¢, is no flow in R" (there is no group property in 8).
Thus the family of {U,}, 6 € I has not group structure.

Now consider the dense set
A:={yeL*R" | JeCyR")}

where = denotes the inverse Fouriertransformation. Note that ¢ €A can be
analytically continued into C" by the Paley-Wiener theorem. Therefore for € A
Usp and U, 'Y can easily extended into 6 € O where

@9(,3:{2 = I l2|590}.

Before we prove the analyticity of these extensions we give some useful properties
of the map ¢,. We denote by |-| the usual norm in R" and C" respectively, i.e.

d-(3 &) for e

and |z|=(|Re z|?+|Im z|»)"?, for zeC".

Lemma 2. Let 6 € 0y, and ¢, as above. Then there exist constants ¢,, ¢;>0
such that
(i) ¢, |§|51¢0(§)|5C2 €], EeR™
(i) ¢, [&7— & =|de(£) — o) =2 |E— & &), E€R™
(iii) Image @o(&,) — Image do(€;) S Ay, &, £, €R™ where
Ag:={zeC"||Im z|=min (¢ |Re z|, ¢ |Im 8])}

for suitable ¢, ¢ > 0.
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Proof. (i) follows by inspection, i.e. since

| (€)= |£(1—0g(&))|
we have
lbo (O =1&] (1 +10] |g(£)])

and

o (€)= [€] (1—|6] |g(£)])

which gives (i) for |8| small enough since g(£) is uniformly bounded.
(i) Note that

|¢e(§1)_ bo(é2)— (€, — §2)| = |6] |h(€1) - h(§2)1

Since |h(&)| is uniformly bounded in £ e R" and has-a finite derivative, there is a
¢ >0 such that

|bo(€1) — do(£2) — (€1 — &) =10| c |€, - &,

(iii) Since h(-) has a bounded derivative we have for a suitable c,

|h(€)—h(&)|=c,|€—&l+o |€-&| for |&,—&|—0.

Furthermore |h(£)| = c,.
Thus for 80,

Po(£1) — da(€2) = &1 — &+ (Re 8)(h(€,) — h(&)) —i(Im 6)(h (&) — h(£)
and for any z € Image ¢, — Image ¢, we have
|Im z|=¢ |Re z| for a suitable ¢ >0
and
|Im z| = c, |Im 6|.
This implies (iii)). O
We remark that it is obvious that for £ eR" the map from Oy, into C"
0+ ¢y(&) is analytic

(in the sense that each component is analytic). This has a consequence that the
unitary operators U, and U, ' for 8 € I:= (-6, 6,) have analytic continuations O
on A as we show in the following

Lemma 3. Let ¢ A and U,, U," defined as above for 8 € I. Then there is a
6, >0 such that

(i) Ugyr and Uy'¢ have analytic continuations into O :={z €C||z[|=6,}

(i) Ug(A) is dense in ¥ for 0 € Oy,

Proof. (i) We prove (i) only for Us,.

For U,' the proof is similar.
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Step 1. We first show that Uy is locally (in ) bounded. Then for £ eR",
using integration by parts and that |Im ¢,(¢)|=|60| - ¢ for suitable ¢ >0 we get

\Ue‘!f(g)l = |I:)/2(§)l j |eix¢"(£)¢‘(x)l dx

eR('\ﬂI

=Ch—————,
Y1 +]EPN

and suitable Cy, >0; where R := diam (supp ¢). Thus ||Ug¢|| is bounded for € in a
compact set.

for any NeN

Step 2. We show that 6+ (¢, Ugy) is analytic for all ¢ € A and 6 contained
in bounded subsets of U, . Note that the map (¢, 8)—> (&)U p(£) is continuous in
£eR" and analytic in 8 € 0, . Now consider

mm::j AEFEUAE), for ke,
1&l=k

then F,(6) is analytic in 6 by Fubini and Cauchy’s integral formula. Since F,(0)
converges uniformly on compact subsets of 0, to F(0):=(d, Ugy), as k -, F(6)

is locally analytic. Step 1 and Step 2 now imply that Ug is analytic in 8 € 0, (see
[11, p. 365)).
(11) Consider the bounded operator J in #, defined by:

JP)E):i=exp(§), €EeR",  yYe¥d, DU):=%

where * denotes the convolution, and define for 6 € 0, the operator V,:= UyoJ.
We show that V, is bounded and analytic in #. Let ¢y€ # then

Veui(€) = j dxe ™p (&, x)i(x)

where
p(xs g) L= eiah(g}'xIél'z(g)enxz

and "~ is the inverse Fouriertransformation. Thus V, 1s a pseudoditferential
operator which is bounded by the theorem of Calderon and Vaillancourt (see
Taylor [17, p. 347]), since the symbol p has bounded derivations in x and &
Additionally one can show similar as in (i) above that V, is bounded analytic in
O,

Now consider the weighted Hilbert space

Hi:={geL’|e“*y(§)eL?
and denote the restriction of V,

This is obviously also an analytic family of bounded operators from %, into .
Thus V, and also V7 is cont_inuous in 6 in the _generalized sense (see [11, p. 366
and p. 206]), furthermore V73 converges to Vi (for 6—0) in the generalized
sense. Note that V= J. Smce J: % — ¥, has a bounded inverse this is also true
for V% and 6 in a suitable nelghbourhood 0;,.. for 6,>0 suitably [11, Theorem
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2.23, p. 206]. Thus V%, 6 € 03, is injective and therefore we know that V, has a
dense range in #. Since J(A)= A < ¥, and since V,:#,— # is bounded, we
have

Vo(A)=UyoJ(A) = Uy(A)

is dense in for 6 € O;,. Now choose 6,:=min {6, 6,). O

The next lemma shows why the above choice of ¢4 is useful for Schrodinger
operators. We first consider the ‘free’ Schrodinger operator in momentum space
and calculate its spectrum.

Lemma 4. Let H,= ¢° be the representation of the Laplacian in momentum
space and @€ I. Then Hy(0):= UyH,U,"' has a continuation which is analytic of
type (A) into 8 € Oy (which we denote also by H(6)). This continuation has in
momentum space the representation

Ho(0)= £+ 07g>(1&) - 20 |¢] g(|€]), £eR", 0 € 0y, (1)
and

0 (Hy(8)) = 0 (Ho(0)) ={z €C| z = £+ 878 (&) — 20 |£] g (I£]), £eR"}

Proof. Let 6l and ¢ € A. Then for ¢ eR".

H,(0)y(&) = UGH()U;lll’(‘E)
= [det (Dey(£))]"*(dg(£))*[det (Db (g (£)))] (g '(dg(£)))
= (¢6(§))2
= £2+67g%(1€) — 20 |¢] g(|€).

This expression has an obvious analytic continuation of type (A) in 6 € 0,,. Since

this is a multiplication operator in L*(R") the assertion on o (H(6)) follows by the
spectral mapping theorem. [J

Remark. If 8 =iB, >0 then o (H,(8)) is a line C*~ which starts linearly at 0
with some angle (since g(s)=s for small s) and ends up to be the lower part of a
parabola (since g(s)=1 for s =s,).

We introduce now a class of perturbations which leave the essential spectrum
invariant.

Definition. We call a symmetric operator V ¢-analytic if

(1) V is Hy-compact

(ii) The operator family V(8):= U,VU,"', 6el:=(—6,,0,) has an analytic
type (A) continuation into a neighbourhood Oy, of I in C as a family of bounded
operators from #., to .

Theorem 5. Assume that V is ¢-analytic and consider the Schriodinger
operator H := H,+ V. Then

(i) H(0):= UHU,"', 6el:=(—0,,0, has an analytic continuation as a
family of type (A) into 0 :=0,, N0, (which we also denote by H(8)).

(i) Let 6 € O then o, (H(8))=o(H,(9)).
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Proof. Since both, Hy(0) and V(6) are analytic families of type (A) with
D(Hy(6))= #.,< D(V(8)) for 6 €O, (i) is obvious. Since f(0):= V(0)(H,(8)+ 1) '
1s compact for 6 € I and an analytic bounded operator-valued function in 8 € O, it

is compact for all 6 €O (see [18, p. 126]). Thus V(8) is H,(68)-compact for 8 O
and (ii) follows from a theorem of Sigal [15]. O

Corollary 6. Let V be ¢-analytic, 8 =iB, B >0 and H(0) defined as above.
Then o,,(H(0)) is a concave (parabola-shaped) line in C° and the discrete

eigenvalues of H(0) in S, = conv hull {R*U o, (H(0)}\ 0.(H(6)) (which we call
resonances of H) are independent of 0 as long as they stay away from o.,(H(8)).
They coincide with the finite order poles of the continuation of (¢, (H—2z) '¢) for
suitable ¢, Y € A.

Proof. The Statement on o, (H(0)) follows from Lemma 4 and Theorem 5.
Clearly U, and H fulfill the conditions of Theorem 1. Thus the singularities of (¢,
(H—z) ') do not depend on 6. Furthermore, since {Ug | € A}, 8 € O is dense

by Lemma 2(ii). Thus poles of (¢, (H—2z) ') occur at and only at discrete
eigenvalues of H(0) in S,. [J

We give now a class of examples of ¢-analytic potentials.

Lemma 7 (Sigal’s class [14]). Let V be a real-valued H,-compact multiplica-

tion operator in L*(R"), such that is Fouriertransformation V exists and has analytic
continuation into

A:={zeC"|Im z|=c,|Re z| (1 + ¢, |Re z|) *}
for ¢y, c;>0 suitably and 0 <a <1, such that

IV(Z)IS|W(Re z)|, zeA
where W is a suitable real-valued function with We L'(R")+ L"(R") for r<
(nfn—=2) if n>2 and r=x for n=2. Then V is ¢-analytic.

Proof. We have only to show that U,VU,"' has bounded analytic continua-
tion as operator from #,, to #:= L*[R"). We work in momentum space. Denote
V(0):= UFVF 'U,'. F:=Fourier transform. Then for €A and
Y:=(1/1+ &>, 0el, EcR™

V(0P (&) = U V*(Uy ' $)(£)
= Uej V(& — o (ENIYXE)Y(E) dE

= j 13%(8) V(e (£) — do(ENIYA(E)W(E) dE

By Lemma 2(iii) and the assumptions V(0)¢(&) is analytic in 6 in a suitable
neighbourhood of 8 pointwise for £ e R" and by similar arguments as in Lemma 3
we can conclude that (¢, V(6)¢) is locally analytic for all ¢ € A. So we are left to
show that V(8)¢ is locally bounded (see [11, p. 365]). Denote h(£):=(1+|&%) "
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Since

IV(B)h - (&)= [dé [132(6)| | V(e (&) — ()| I3 |E| |R(E)] w(E)

=< cj d& |W(E— &) |h(&)| w(é)
=c |W[*|h|-|¢[ (&),  0€0,,
thus by Young’s and Holder’s inequalities
IV(6)(Hy+ 1) "l <[[WI, 1]l w2

fors>n/2andr<n/n-2ifn>2orr<wif n<2.If We L' we can set s = and
r=1. Thus V(6)(H,+ 1) ' is bounded for all 8 € Oy . This together with the local
weak analyticity above implies that 86— Vy(H,+1) ' is bounded analytic
operator-valued. [

Remark. If Ve CY([R"), N>n i.e. V is N-times continuous differentiable with
compact support then V() is a family of operators bounded uniformly in 6 €0, a
fact which eases the arguments in Lemma 7 above considerably.

To see this we use integrations by parts

| V(e (&) — de(€))| =
= Cn(|do (&) — 6 (8)) NeReR"™ |DVV|.,. for ¢ EeR"

j e —ix{(cb, (£)—cb,(£)) V(x) dx

where R :=diam (supp V), Cx >0 suitably
co 1= sup |[Im (g(&) — By (£))]

and
DiYz= Y. PV
l|=N
Since by Lemma 2(ii)
|bo(£) — e (&) "= |E— &

we have
[V(do(€) = o)) = cn(é—E) N =: W(E-§)

where We L'(R") for N> n. Thus by Young’s inequality for any ¢ € L*(R")
V@)l =Wl < W], ¢, i.e.

V(6) is a bounded operator with ||V(0)||=|W|,.

Example 1 (Multi-center Coulomb potentials). Let n#1, R,eR", j=
1,...,k and
k
V(x):= Y |x—R|™, xeR"
=1

j=
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Then we have

\7(5) _ zk: e—iE-RI\‘/‘_ (&)

=1
for V.(x):=1/|x|. Thus (see [10, p. 187] for example)
V(&) =col&]"™, ¢,>0 suitably, ¢£eR"
This has an obvious analytic continuation into C"\ {0} given by

n 1-n/2
\A/‘_.(z)::(zl,...,zn)—»(z zf‘) .

=1

Thus

k n (1-n)/2
\V(Z)ISC()(Z e“mZHR’q)(Z |Re Zl|2)
' 1=1

i=1
=c g™ for zeA,&>0 suitably

where
A:={zeC"||Im z|=min{c, |Re z|, c5}}; ¢, c2> 0 suitably.

The last estimate above holds since |[Im z| is bounded and Re z = & Thus if we set
W(g):=¢clgl'

WeL'R")+ L*R"), for 1<r<n/n—2 and fulfills the conditions of Lemma 7.
(See also [14, Lemma 2.2].)

Example 2. Let m=2, Ve L™(R") with compact support. Then V() can be
continued to a function which is analytic everywhere in C" and

|V(z)|=eR™='R"|V|.=: W
for ze A, where
A:={zeC"||Im z|=min{c, |Re z|, c5}}

for ¢,, ¢,>0 suitably and R :=diam(supp V). This means that V is in the class
discussed in Lemma 7.

Remark. The above example contains in particular ‘double barrier’ potentials
which is the typical case for so-called shape resonances to occur (see [6] for
example).

3. On the location of resonances

We will prove now some estimates on the ‘deformed’ resolvent of the
Schrédinger operator. They will imply that resonances do not occur in a certain
region near the real axis. Note that the imaginary part of the resonance can be
physically interpreted as the inverse of the life time of the resonance state of the
quantum mechanical system, described by the Schrodinger operator in question.
First we give an estimate for the spectrum of the free Hamiltonian.
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Lemma 8. Let 6 =iB8, 0<p3 <6, Hy0)=HyiB) defined as above and let
z=A—in, A=0, n=0 and denote by

Sig := conv. hull {R", o (H(iB))}.
Then there exist B,€ (0, B) and A,>0 such that

I(Ho(iB)—2) M|=c, A 712 (2)
for z=A—ineS, N{zeC|A>A,}

(¢, >0 suitably) where S;g is defined analogously.

Proof. Note that g(s)=1 for s =s,. Now choose A >2s,. By the representa-
tion (1) given in Lemma 4 we have for z € Sz, By € (0, (1/~/2)B) and suitable &> 0

ICH(iB) —z) 'l = sup |(¢*— BZg*(|€) — 2B |¢| g1€D —2) |

gem

=ésup |(£2-B*-2iB |¢|-A—in) |
EelR"

=¢ sup [(£2=B*=A)+(2B |¢|—m)*] 172

=ésup [(£2-B>—1)*+ (2B [£]-2B,VA + B3] .

EeR"
To estimate the term

F(&X):=[(£2 - B>~ X)*+(2B || +2BVA + B3] 12
we consider two cases.

1. Case. Let £2—B%—A=—3(A+B?) then |&|=(1/V2)VA+ B2 and we can
estimate

F(&,A\)=(V2BYA + B2-2BVA + B2) !

1

for ¢,:=3(1/V2)B—B,) ' >0.

2. Case. Let £2—B%?—A=—-3(A+B%<0. Then |[£2—B*—A|=3(A+B?) and
F(&,A)=2(A+B?) '=2A""'. Therefore we have

F(& A)<min{c,A V2, 2x27"}

SC]/\'*llz

for A large enough which proves (2). [

Now we use this estimate to show an assertion on the location of resonances
for a special class of ¢-analytic potentials.

Theorem 9. Let 6 =iB, B (0, 6,). Let V H}*~compact and assume that V()
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has a H)*-bounded analytic continuation from (—8,, 6,) into 0. Let
H(@B):=HyiB)+ V(iB) and Sg

defined as above. Then for any B, (0, 1/¥28) there is a A,> 0 such that H has no
resonances in the set

8 Sis,N{zeC |Re z= A}

Remark. Note that V’s fulfilling the conditions of Theorem 9 are ¢-analytic

since H)/*>-compact are also H,-compact.

Proof (of Theorem 9). Let B, B, as above and z = A — in € S;g. Then we have
by the resolvent equation

(H(iB)—z) '=(Hy(iB)—z) '[1- VUB)(H(iB)—z) "I " (3)

The first factor on the RHS above is clearly analytic in z € S;z by the definition of
Sis- We will show that the second factor has a bounded inverse for z in the
desired region. By a similar estimate as in Lemma 8 we can see that

(Hy+ 1)”2(H(,(iB)—Z)~1 (4)

is a family of operators uniformly bounded in z € S5 if Re z =A > A, for suitable
Ay>0.

Considering the representation of (4) in momentum space we see that
(&2 =D& - B g (€D - 2iB |¢] g(|€) —2) ' =0

as Rez=A—>x, z€8,, pointwise for every £R". Since the operator (4) is
bounded it follows by Lebesgue’s dominated convergence theorem that

(Ho+ 1)”2(H0(l‘3)“ 2)71 —(0) as Rez=A—o>x

in the strong sense uniformly for z € S5 . Furthermore, since V(i8) is (H,+ 1)"*-
compact we have that

“V(iB)(HU(lB) - Z)MIH
=[|VUB)(Hy+ 1) *(Hy+ D' (Hy(iB)—z) =0 as Rez—wx

as long as z € Sy,
Therefore, for any Boe((),(l/\/i)ﬁ) we can choose a Ay>A,=5,>0 such
that

IVGB)H(iB)—2z) |=8o<1, (8, suitably)

for ze S, N{zeC|Rez= Ao} =:S. This implies that both factors in the RHS of

(3) have no singularities in S and this means that there are no resonances in this
region. [

Remark. (1) Note that the ‘borderline’ for the distance of the resonances to
the real axis (if Re z is large enough) is the lower branch of the parabola
O, (H(iBy)). This picture is in accordance with a one-dimensional result of
Nussenzveig [13, p. 219, ff].

(2) If we assume that Ve CNY(R") as in the remark after Lemma 7 we get
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some more detailed estimates since

[V(@iB)l|=c,eRR" DNV
and

[(Ho(iB)—z) =cod 2
we get

IVGB)(H,(B)—2) <1
if and only if
(c;e®“R"|[DVV|.)>*<A =Re z. (5)

Thus the region where the resonances can occur grows at most like the L.H.S. of
(5) above.
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