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Theory of the resonant Raman scattering by
two phonons in germanium and silicon

By Manuel Cardona and Philip B. Allen,1) Max-Planck-Institut
für Festkörperforschung, Heisenbergstrasse 1, 7000 Stuttgart 80,
Federal Republic of Germany

(30. VIII. 1984)

In honor of Emanuel Mooser's 60th birthday

Abstract. Resonant Raman scattering by two phonons has been observed near the E,', and E,
gaps of Si (3.4eV) and near the E, and E-+A, gaps of Ge (2.1 and 2.3eV). We present here
microscopic calculations of the resonance Raman spectra including their scattering efficiencies
normalized to that for one phonon scattering. These calculations are based on the bond charge model for
the lattice dynamics and the electron-phonon interaction obtained from a local pseudopotential band
structure. For simplicity the calculations have been limited to the E0 and E,', gaps of Ge and the E'a

gap of Si. The results obtained show considerable agreement with the experimental data. The results
of the calculations are recast in the form of average electron-two-phonon deformation potentials.

I. Introduction

The advent of high power cw ion lasers made possible the measurement of
two phonon Raman spectra of semiconductors in the visible and near uv, a region
in which most of these materials are opaque [1]. In the cases of germanium [2]
and silicon [3] a striking correspondence was found between the structure in the
two-phonon spectra and critical points in the density of two-phonon overtones
[4], especially for the T, scattering configuration [2, 3].

Further developments in the field of ion lasers and of cw tunable dye lasers
enable the measurement of the resonance in the two-phonon spectra for laser
frequencies in the neighborhood of critical points (i.e., van Hove singularities) in
the electronic interband transition energies. For Ge the spin-orbit-split Ey and
Ey + A, critical points, which fall in the convenient 2.0-2.4 eV region (see Fig. 1),
were investigated [5]. The lowest direct gap was not accessible to the lasers
available at that time. For silicon the E,, Ej + A, resonance, which is nearly
degenerate with E/, (see Fig. 1), was investigated [6]. In this case the spin-orbit
splitting is small (A,=0.03eV): the resulting complex of 3 critical points is
henceforth referred to as Ex. The E, critical points of Si take place for co —

3.4 eV.
An approximate analysis of the observed resonances gave information about

the electron-two phonon interaction mechanisms. The results were described in
terms of renormalized electron two-phonon deformation potentials D,, D25<, and

') Permanent address: Dept. of Physics, SUNY, Stony Brook, N.Y. 11794, U.S.A.
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Figure 1

Band structure of germanium showing the E0, E0 + A0, E,, E, + A,, and E(', critical points. The
X4 —» X, transitions contribute to the E2 structure. From M. Cardona, Modulation Spectroscopy
(Academic Press, New York, 1969), p. 66.

D12, for the three irreducible scattering configurations. These renormalized
parameters, which in some cases turn out to be rather large [7], contain the
intrinsic electron-two-phonon matrix element and the effect of the electron-one-
phonon interaction taken in second order perturbation theory. The resonance
enhancement observed for the two-phonon spectra was usually similar to that of
the first-order spectrum [6] with the exception of a stronger resonance observed
for two optical phonons with wave vector q —0. In this case the renormalization
just described may (in principle) fail.

Here we present microscopic calculations of the two-phonon Raman spectra
of Ge and Si in the strongly resonant regime of laser frequency coL — gjr, where a>K

is taken to be the E0 gap of Ge and Si (spin-orbit splitting neglected) and the E0
gap of Ge. The three irreducible components of these spectra (r,, r2V, T12) are
calculated. The scattering efficiencies are given relative to that for one-phonon
scattering. The results show clearly the stronger resonance observed experimentally

for two optical phonons with q 0. Comparison with experimental data is

not straightforward since these data were obtained near gaps which were easily
accessible to experiment but do not coincide with the gaps at k 0, easily
accessible to theory. Nevertheless a striking correlation between the shapes of
the measured and calculated spectra is found. Also, the observed scattering
efficiencies agree with the calculations, provided they are normalized to that for
one-phonon scattering. Apparently this normalization process removes strength
factors which are common to both first and second-order scattering mechanisms.
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II. Theory

Most of the available calculations of second-order Raman spectra are based
on bond polarizability models (see Ref. 8 for Ge and Si). These models cannot
account for details of electronic resonance effects. We present here the results of
calculations based on Weber's bond charge model for the lattice dynamics [4] and
the microscopic pseudopotential model for the electron-phonon interactions used
in Ref. 9 to calculate the temperature dependence of the band structure. The
calculations are restricted to the E0 and EÓ gaps of Ge and the E0 gap of Si (see

Fig. 1). This restriction to k 0 gaps cuts down on computer time since the
calculation can be restricted to the reduced Brillouin zone (1/48 of the full zone).
Extension to the experimentally popular Ey gaps (Fig. 1) would increase the
required time by about a factor of 6. The electron-phonon interaction is calculated

on the basis of the empirical pseudopotential band structure model of
Bergstresser and Cohen [10] which does not include spin-orbit interaction. This
represents no restriction for Si where spin-orbit splittings cannot be resolved. In the
case of Ge the spin-orbit splittings can be reliably introduced "by hand" after
performing the numerical calculation. Our calculations are confined to T=0K.
Although most of the experiments were performed for T — 300 K, a generalization
to higher temperatures involves first of all a trivial multiplication of the spectra
calculated at T 0 by the temperature dependent Bose-Einstein factor:

\ + n(coR) for first-order Stokes scattering,

[l + n(tüR1)][l + n(a>R2)] for second-order Stokes scattering,

n(w) [exp(hco/kBT)-l]-1. (1)

There is also a small mixed Stokes-antistokes term which can usually be
neglected. At finite temperature the gaps must also be broadened and usually down
shifted with respect to those for T 0 [9,11,12]. We should mention that it is not
clear whether the same renormalization, as occurs in the dielectric function [13],
applies also to the gaps observed in resonant Raman scattering [5]. In any case
these renormalizations are small and should not affect the comparison of our
calculations with experiment provided one stays in both cases close to the peak in
the resonance.

Our calculations also assume that all phonon frequencies are smaller than the
Lorentzian broadenings of the electronic critical points which at room temperature

amount to 50meV for the E, gap of Ge [12] and 80meV for that of Si. In
fact, for the purpose of eliminating noise due to the finite mesh size of our
Brillouin zone integrations, a Lorentzian broadening of 100 meV was used in all
our calculations.

The Feynman diagrams which are responsible for first and second order
scattering in a model involving uncorrected electrons [15] are shown in Fig. 2.
The renormalization of the electron two-phonon vertex of Fig. 2c and d is
described in Fig. 2f. It corresponds to the intrinsic electron-two phonon interaction

plus the electron-one-phonon interaction taken to second order. It can be
easily seen that the term in Fig. 2e is negligible close to resonance. We should
mention that the electron-phonon parts of diagrams c and d also give the electron
self-energy if one phonon is emitted and the other absorbed [9]. Hence most of
the theory in Ref. 9 can be easily taken over for the calculation of the second
order Raman scattering (see also equation (2.243) of Ref. 1). One must simply
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Figure 2
(a) and (b) represent first-order Raman processes; (c) and (d) are the second-order processes important
near resonance where (e) is negligible (because less resonant); (f) shows the effective electron-two
phonon vertex; (g) shows the self energy which gives the temperature renormalization of the bands
and which is closely related to the / /' electron-two phonon vertex.

multiply the diagrams responsible for the temperature dependence of electronic
states by the electron-photon interaction vertices and square before summing over
the Brillouin zone. Since the effect of these vertices at resonance is basically the
same for diagrams (a, b) as for (c, d), they disappear when taking the ratio of
second to first order scattering efficiencies.

The efficiency (i.e., scattering probably per unit path length, per unit
scattered frequency wR and unit solid angle il) for either first or second order
scattering is given by (see (2.55) of Ref. 1):

d2SM (<QSYTM a a a a n,di-idcoR~\c) L-^e^e^e^e^ (Z)

where <us is the scattered frequency, c the speed of light in vacuum, and the unit
vectors êLS represent the polarization of the laser and scattered beam. The tensor
^L"ßYs represents the fluctuations of the polarizability which correspond to the
scattering channel under consideration, and n indicates the number of phonons
involved in the process. The tensors /j^g can be expressed as a function of the
first order Raman tensors a^g as:

C^XalXySvü^-a.o,) (3)
i

aiX Z ^(kw'ccOtôccA-^^^O-Ô^.A^dickc')] (4)
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where Ajn(s, s') represents the matrix element for electron scattering from \s)

to |s') by an optic phonon of branch j
a;,)(S,s')=<s|h<ip)ü)|s')

ê(Qj, k) is the phonon polarization vector on the «th atom in the unit cell, N is
the number of unit cells, and V is the pseudopotential. The "differential
susceptibilities" x' are given by:

e2h2
xUkvv'cc')= ra(kt>c)r|(kt/c')

m

ra(kuc) (ku \pjkc)l(ekc - eVv)(hw - e,,,. + e^). (6)

They are related to the usual susceptibility x by

—— Y.x'(kvvcc).
dco kvc

Likewise Ii2ç\y& can be written as:

/X. 21 a™(Qjj')ai2i(QiJ')ô(coR - coQl - coQr) (8)
Qu'

with j representing the six phonon branches and Q the wavevector of one of the
phonons involved in the process. The Raman tensor a^ becomes:

aL2e(Q. //") I x'ß(1ivv'cc')[Scc,A^i.(}kv, kv') - SwA$r(kc, kc')], (9)
kvv'cc'

where Aq-,.(s, s') is the effective electron-two phonon matrix element for scattering
from \s) to \s) by two phonons (Q/, —Q/')

A$r(s, s') (s\ H%(Qj, -Qy') \s'). (10)

From the rigid pseudopotential model we get the explicit formula

Agr(kn, kn') I (—-—^ Y\(Q/, K)e*v(Qj', k)
KK, UM wQjwQj7

[,Q.(T<tataT_, <kw|3V/3RtL(K)|k + Qw)<k + Qm|aV/aJgy.(>c')|kw,>
*- ekn — ek+Qm —

}. (11)

Ekn Ek+Qm "^Ql

(kn) dV/dR^x) |km)<km| d/dRv(K') \kn')

In equation (11) we have used translational invariance to transform the matrix
element of the second order electron-phonon interaction into the second term in
curly brackets (see Ref. 9). Equations (3-11) give a prescription to calculate the
first and second order Raman scattering which becomes manageable in the
neighborhood of a resonance at k 0. The only independent component of a(J-\ is
aj-y' since the Raman phonon has r25. symmetry. For ai2r\ we must calculate three
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independent components, namely:

a?xè: (12)
1

2V3'ar.2~ ^ n va** flyy.>-

Near the fc 0 gaps the difficult fc integration involved in equations (4) and (9)
can be avoided ffone assumes that the matrix elements A'"' of these equations are
independent of fc, an assumption which is justified since the main contribution to
am comes from fc =0 because of the singularity of x at resonance.

We shall work out the first order answer at an E„ gap. The Yx conduction
band is singly degenerate and cannot couple to the r2?- Raman phonon
(A|u(0c, 0c) 0). The r25- valence band is triply degenerate and is spanned by
states of the symmetry type:

ID |yz>

|2) |zx> (13)

|3) |xy).

In this basis, we have

/0 1 0\
Ai'XOi., Ou') Aml 1 0 0

\0 0 0/

where the j z phonon is polarized in the z direction. Following a convention
established by Lawaetz [16], the coupling matrix element in diamond structure is

A(,) s/3 d0(u/a) u (h/4MNü>0iy>2, (14)

where a is the lattice constant, u is the atomic displacement amplitude, and d0,
the optic phonon deformation potential, as calculated from equation (5) has the
values (34.9 eV, 38.2 eV) in (Si, Ge). According to equation (4) the only element
of x needed is x'xy(k, 1, 2, c, c) which by symmetry is the same as Xxx(k, 1, 1, c, c).
Thus we can exploit equation (7) and find for equation (4) at co — E„

-»m\ (dA ^d«( h Y2 MOa-{E")=\d^)-—\4l^J ¦ (15)

When spin-orbit effects are introduced, this result evolves into equation (2.195)
of Ref. 1. For an EÓ gap the r[S conduction band state now interacts with the
Raman phonon. This simply results in d0 being replaced by d0-d15, where dls is
the optic deformation potential for ri5 valence band states, which we find to be
(—16.5 eV, -18.4eV) for (Si, Ge). Our values of d0 and dlf, agree closely with
those of Blacha et al. [17].

Our procedure for calculating ai2-\ is to avoid the k sum in equation (9) in a
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manner similar to that of equation (15):

«S^TT I ra0(vv'cc')[ô„.A%.,(Ov,Ov')-Ôm,A®i.(Oc,Oc')] (16)
aco vv,cc,

raß(vv'cc') dA:<0v\ pa IOcXOc'1 p0 |0u'>/I<0u| px |0c>|2, (17)

where dvc is the degeneracy.

III. Results

We calculate using equations (3-11, 15-17) the ratios

r(2) rs ,<2)
1 1111 T ZIU22

Rr,(wR) 3K(1)12

Rr2>R) r-7ïi (18)
I"l2l

Ri2(^r):
r(2) _ r(2)i 1111 -»ll 22

6 la (1)12

as a function of the Raman shift coR at the E0 and E,', gap of Ge and at the E0 gap
of Si. In taking these ratios near resonance, the divergences in the energy
denominators of x' (equation (6)) disappear. Consequently, the result becomes
nearly independent of laser frequency except for the first energy denominator in
equation (11) which vanishes for O 0. Hence a strong enhancement is expected
for scattering by overtones of the Raman phonon.

In evaluating the matrix elements of the electron-phonon interaction for
arbitrary Q we need the pseudopotential form factors V(Q) for all Q's. However,
only the V(Q)'s for Q equal to a reciprocal lattice vector are known accurately
from fits to empirical band structure data [10]. Hence we interpolate these V(Q)'s
for values of a/(2ir)Q between y/3 and VÏ2"; for a/(2Tr)Q > VTT we set V(Q) 0

(see Fig. 1 of Ref. 9). A difficulty arises with the extrapolation for a/(2<n-)Q< VÎ3.

We use two possible choices given in Fig. 1 of Ref. 9. One of them is based on the
form factor V(0) -5EF(EF Fermi energy of an electron gas of equivalent
valence electron density) which holds for a metallic system. The other is based on
the assumption V(0) 0.

In order to check the effect of V(0) on the second order Raman spectra we
have performed calculations for the E0 gap of Si with the two values of V(0)
given above. The results for V(0) 0 are shown in Fig. 3 and those for V(0)
-|EF in Fig. 4. The calculated T, and r2V spectra are nearly the same. Differences
appear for the T12 spectra which in any case are rather weak. Because of this
weakness no experimental data are available for this component of the second
order scattering, a fact which prevents us from deciding, in an empirical way,
which pseudopotential is more appropriate.
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Figure 3
The upper three panels show the calculated T., r25-, ri2 Raman spectra for Si with the laser photon
resonant with the E'() (r25. ->T15) gap. The intensity is normalized to the integrated first order
intensity. The electron-phonon coupling is derived from an interpolated local pseudopotential with
V(0) — 0. The lower two panels give the density of overtone slates (J j') and the total Iwu phonon
density of states (all /, /').

Table I shows the total integrated second order scattering efficiencies as a

ratio to the integrated first-order efficiencies. The first two rows show that the
different extrapolations of the pseudopotential affect the absolute value of the
Raman efficiency at a level of 10-20% (which is much greater than the observed
1-2% influence on the calculations of Ref. 9 on the temperature renormalization
of the gap). This enhanced sensitivity arises from the fact that second order matrix
elements (s\ ff^Q,-, -Q,¦) \s') are squared before summing over Q in the Raman
case, but not squared for the T-dependence.

For the purpose of assigning the calculated structure in ia0-,5(<oR) to van
Hove singularities, we show in Figs. 3 and 4 the calculated densities of two-
phonon states. Also shown is the measured T, component [6] after reduction to
T 0 (dashed line). These measurements correspond to a., =3.41 eV, a photon
energy which lies very close to the E(', gap (E{\ 3.4 eV for Si). We should bear in
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Similar to Fig. 3 except the pseudopotential interpolation uses V(0) -2EF/3.

mind, however, that the E,', gap is nearly degenerate^with the E, gap in Si [10]
and that the latter, because of the larger volume of fc-space it spans, must yield
the main contribution to the resonant scattering. Nevertheless, the correspondence

between the experiment and the calculation is quite good, in particular
concerning the ratio of 2TO to 2TA scattering. The main discrepancy concerns

Table I
Integrated second-order Raman efficiencies as a fraction of the integrated first order intensity at the
same resonance (T 0). The first two rows show the effect of different extrapolations of the
pseudopotential.

r„|a|2 r25, W r12,|b|2

Si V(0) 0 0.082 0.0054 0.00094

E'0 gap V(0) -§£F 0.091 0.0070 0.00097

Ge

-2F1EF

Eó gap 0.051 0.0079 0.00054

V(0) - E0 gap 0.022 0.0056 0.00062
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ilar to Fig. 4 except Ge. and the E0 (T25. -» r2.) gap. V(0) -2Ep/3 is used both here and in Fig. 6.

the calculated TA + TO peak which seems to be somewhat stronger than the
experimental one [3, 6]. In particular, the experiments reproduce the enhancement

in the scattering by overtones of the T25. optical phonons predicted by the
theory.

Figures 5 and 6 show the resonant spectra calculated for the E() and the E0
critical points of Ge for V(0) -lEF. They also display the resonant enhancement
of the 2TO(r25) scattering. The experimental data shown in these figures (dashed
line) correspond to the Ey gap (2.2 eV) which in Ge lies between E0 (0.8 eV) and
Eq (3.1 eV). They also show the resonant enhancement of the 2TO(r25) phonons.

It is desirable to exploit resonant second order Raman scattering to learn
experimentally the electron-two phonon coupling strengths. Such work has been
reviewed in Ref. 1, especially Table 2.11, with which we now compare our results.
A second-order deformation potential D is defined as follows:

<s| H^Qj, -Qf) |s') |DM.(Q/yo(^)(^),
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where Uqj is the atomic displacement amplitude given in equation (44). The factor
4/3 is a convention which originated in Ref. 7. Consider again the E0 gap, and the
T, component of the second-order Raman efficiency, which involves the trace of
a(2p (equation 12). Because of the single degeneracy of the r2. conduction band
state, the trace of raf} (equation (17) is 38vo,8cc,, and

lÇa^(E0) ^[lDTO(Q//')-Dcc(Q/;')](^)(^). (19)

Let us consider the total I\ Raman intensity in a particular spectral region (e.g.,
for the "2TO" region between o)1 110meV and aj2=130meV in Si).
Normalized to the first order intensity, this is (from Eq. (18))

"{Art(ojy,co2)= I dcoRRri(ci>R). (20)
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Using equations (18), (8), (15), (19) we get
o t, -i •ui<<uoJ+<uoi <u,3r T2

A^«2)=Tiiiïxxi I bm(Qjn-D«(d ^^27 MNco„a d0 Q,r L „ J o>0j «jQj

8 / h \ coq q>0 D?/2
^It^ 5) "p—jl"» (21)
27 \M<taO(,a / wA o)B do

where D\/2 is the mean square value of Y.v Dvv - D.( for phonon pairs (O), -Q/')
in the spectral range w, to <u2, and np is

^ «»-«»oj+wOj.o»,

"p=T7 I nOU'), (22)
™ On'

where f(Qjj') is 0 for phonon pairs with small values of £0 Dvv - Dcc and 1 for
others. Since we observe both experimentally and theoretically that the T, Raman
intensities resemble the overtone density of states (i.e., combinations /'#/ seem
to be weak) we take / ô,r. Thus for the "2TO" band, n„ -2. In equation (21),
coA and o.B are the mean energies of the phonons co0i and co0i in the band. The
parameter \D2 has a factor of \ in its definition because the factor 2 in equation
(8) was omitted in the experimental analysis summarized in Ref. 1, and we wish to
remain consistent with past usage. For the TA + TO band np 2 is also taken in
order to remain consistent with Ref. 1.

For EÓ gaps the analysis is similar and we use equation (21) with dc) replaced
by da-dl5 to define a parameter D2 for E'0 gaps. For the T25 channel a similar
analysis can be done. The corresponding deformation potentials D25. are defined
in a way similar to d0, since they have the same symmetry properties (see
equation (2.241) of Ref. 1). We find for the function Ar^.((»y, w2) of a given
spectral band:

Ar„(ajy,o)2):
8 I h \ q>u to,,

3 \Mco0a2/ o)A o)B

3D^s./4

\.viiü0u / o»A coB ddl

3D|y/4 -J- °Z
'

2DvUv2(Qjj')2. (23)
™ Qf/'

We have listed in Table II the values of A (eq (20)) for several pairs of
phonons from the calculations of Figs. 3-6. From these values of A we obtain the
deformation potentials D listed in Table III. We have also listed in this table the
experimental values of D obtained by an analogous procedure for similar gaps of

Table II
Ratios of second to first order scattering integrated over groups of phonons. A, (see equation (20))
for Si and Ge near the E„ and E,', gaps, in units of 10 3.

F F'

2TA 2TO TA + TO 2TA 2TO TA + TO

r, X r, r2, r, r» r, r2v r, r2y r, iV
Si 2.0 0.6 78 3.3 4 1.2

Ge ii 0.3 17 4.4 1.4 0.8 0.8 0.3 45 5.3 3 1.0
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Table III
Calculated and experimental values of second order electron-phonon deformation potentials D, and

D25.. Experimental data are from Table 2.11 of Ref. 1. The D25 for E, gaps have been obtained by
dividing D\„ by -JW (see equation (2.200a) of Ref. 1).

E„ E;, E,

2TA 2TO 2TA 2TO TA + TO 2TA 2TO TA + TO

r, r25 r, r25 r, r2. r, r„. r, r2. r, r2s r, r25 r, r...

Si,

cale. 150 20 2800 160 360 50

Si.

exp. so 1220 250

Ge.
cale. 100 14 1200 170 125 20 3000 280 49(1 80

Ge.

G\p 170 2534 350

GaP 675 1670

GaAs 170 2600 450 2070 100

ZnS 1600 2470

ZnSe 545 510

ZnTe 575 100

other tetrahedral semiconductors. Comparison of theoretical with experimental
D's is not straightforward since no equivalent gaps have been measured and
calculated for the same material. Nevertheless one expects Dt(2TO) for the E0

gap of Ge (theoretical) and GaAs or GaP (experimental) to be similar, a fact
which is confirmed in Table III. Also, Di(2TA) calculated for Ge is nearly the
same as that measured for GaAs. One may also expect the Dy for the E0, E'a

(theory), and Ey (experimental) in Ge and Si to be similar, a conjecture which is

also confirmed in Table III. On this basis we consider the agreement between the
theoretical and experimental data of Table III to be satisfactory. The failure to
observe scattering by 2TA phonons in T25. configuration is explained by the small
calculated values of the corresponding D2V(2TA). It is hoped that this work will
stimulate measurements of second order Raman scattering near the E0 gap of Ge
and also the more time-consuming calculations near the E, gaps near which
experimental data for Ge and Si are available.
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