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On finite volume corrections to the equation
of state of a free Bose gas

By M. van den Berg, Dublin Institute for Advanced Studies,
10 Burlington Road, Dublin 4, Ireland

(6. VI. 1983; rev. 16. VII. 1983)

Abstract. We calculate and discuss the asymptotic behaviour of the finite volume correction term
to the equation of state of a free Bose gas in the bulk limit.

1. Introduction

In studying a phase-transition one is faced with an apparent dilemma: the
phase-transition manifests itself in a mathematically clean fashion as a singularity
in a thermodynamic function only in the thermodynamic limit, in which the
volume as well as the number of particles is infinite. On the other hand, any
practical detection of a phase-transition makes use of a sample consisting of a
finite number of molecules in a finite volume. The standard reply to such an
objection to the use of the thermodynamic limit is that this procedure yields the
first term in an asymptotic expansion of the thermodynamic functions. There is no
doubt that this is true in general; nevertheless it might prove troublesome to
demonstrate this in any particular case. The calculation of the correction term
would become important in a critical examination of experimental data near a
critical point.

For example: is the observed singularity in the specific heat (the so called
À-singularity) [1-3] in liquid helium due to a weak external gravitation field?

In this paper we will examine the finite volume corrections to the equation of
state for a free Bose gas. So we will neglect interaction between the particles.
However, we have shown elsewhere [4] that the behaviour of the free gas
pressure controls the phase-transition in the mean-field model. We expect this
also to be true in the interacting gas.

In studying the finite volume correction to the equation of state for a free
Bose gas previous workers [5, 6] have studied the grand canonical pressure at
fixed chemical potential; this approach runs into difficulties near the critical
density. It is necessary to study it at fixed mean density. We now formulate the
problem and state the results.

Consider a free boson gas in a d -dimensional convex region B in euclidean
space with volume V(B) and surface area S(B). For the single particle hamiltonian

HiB) we take —A/2 with Dirichlet boundary conditions on the boundary dB
of B. The equation of state is given in the implicit form: The grand canonical
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pressure pBip) is given by

Pb(p) tìL î ^^trace(e^2), (1)
V(B)n=1 n

where ziB; p) is the unique positive solution of

P 777^ 1 (z(B; P))" trace (e" A'2); (2)
y(BJn=i

p is the mean particle density in the grand canonical ensemble. In the
thermodynamic limit in which we keep p fixed and in which we take for B a sequence B(
(Bi<--B2c:B3 • •) such that S(B,)/V(B,)->0 one can prove [9] that

iCip))"
nPBlKP) PVP)= L, '

where

lim pB[ip) pip)= Ya —p.—Tlä, (3)
'^00 n i n(2-7m)

«p) {f P!Pc (4)
P^P

and £ is the unique solution in [0,1] of

(5)K nf1(27rn)d'2-

We will only consider cases where the critical density pc is finite (d 3,4,...):
£ 1

' (27TH)d
<* 3, 4,.... (6)

Clearly the right hand side of (3) is the first term of an asymptotic expansion of
Pb,(p). 1° order to find the second term we have to solve equation (2) for z(Bt; p)
and substitute the value into (1). In previous papers [9-11] we have shown that
there exist different subsequences Bt which lead to different asymptotic behaviour
of z(B{;p) (for p>pc). That is the reason that the condensate has different
structures for different subsequences (that was overlooked by previous workers
[7, 8]). We pick out one particular subsequence. Let B( be the dilation of a convex
region B1 with unit volume:

Bi |xGBd:|GB1|, (7)

so that in particular

Sl=S(Bl) ld~lS(B1), (8)

V, V(B,) ld, (9)

Elk Ek(Bl) r2Ek(B1), (10)

where E1(B1)<£2(B1)<E3(B,)<- • • are the eigenvalues of -A/2 with Dirichlet
boundary conditions on 8B1. We will also assume that the curvature at each point
of dB1 is bounded from above by 1/Rt (R^O). It is convenient to introduce a
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scaled fugacity:

Cl(p) e'B'z(Bl;p),

so that (1) and (2) can be rewritten as follows:

P.(p) Pb,(p)=4 î ^-n t exp[-n(El-E[)l

and

P 7d Ë (fi(p))n Ë exp[-n(Elk-E\)l
1 n=l k=l

Our main result is contained in the following

Theorem 1. For I —» °°:

Pi(p)~

(ID

(12)

(13)

P(p) +
S1(2tt)1/2

41

I (f(p))» • n(1-d)/2
n l S (£(p))" • (27rn)-(d+ D/2

p(p)-^r I

E (£(p))n • n
n l

1

n „(2-d)/2 n=l

2. „fi (27rn)(d+1)/2 '

p<pc, (14)

P^Pc, (15)

and

Theorem 2. The occupation density of the ground state p,(l) is asymptotically
given by (I —*¦ °°)

r i £(p)

All)-ï-'l-û(p)'

!d l-f(p)'
Sr log I

-Uri '

P<Pc (16)

p pc, d 3 (17)

O oc

J7 I (2^n)(1-dW2, p Pc, d^4 (18)

^P-Pc, P>Pc. <*S=3. (19)

It is clear that Theorem 2 contains the asymptotic behaviour of £((p). The
asymptotic behaviour of £((p) for p > pc was proved in [12] in the case where Bj is
a star-shaped region with unit volume. Before we prove these theorems we would
like to mention that one can extract from [9] a bound on pB (p) which holds for all
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possible convex regions B:

|pB(p)-p(p)l

S(B) V(B)
C3(p)vW)logm)

SiB)
Cdip)

V(B)!

(20)

(21)

for positive functions c3ip), c4ip)... (which are bounded for finite p).

2. The asymptotic behaviour of the ground state density
and the pressure

In order to prove the Theorems 1 and 2 we need some sharp estimates on

Z(t) trace (e,A/2)= £ e~'E\ f>0.
k l

These will be given in the following lemmas.

Lemma 1. For any region B with a regular boundary

zwa(^- <>0-

For the proof we refer to [13].

Lemma 2. For convex regions B

(22)

(23)

\Zit)- ViB)
(2irt)'d/2

id>2 ¦ SiB)
2 ¦ (27rt)'(d-l)/2 ' f>0. (24)

For the proof we refer to [14] or [15].

Lemma 3. For convex regions B with a boundary dB such that at each point of
BB the curvature is bounded from above by 1/R(B) (.R(B)>0) one has

Zit)-
SiB)V(B)

(27rt)dl2 4 ¦ (277f)w~1)/2

t ¦ SiB) ((d-l)log(l+^^)+7r1/2-d(d3/2 + |)]. (25)
2 • (27rt)d/2 • taR(B)

Lemma 3 was proved in [15].

Lemma 4. For B, convex, RiB^>0 and Bt the dilation of Bx we have
(I-^oo)

Si log i
1il(e^-1)-1-

Pc
4irl -+o (Ì) (26)

Pc-|Ë(2W1-d)/2+o(1^) (27)

Proof. Let [P] be the greatest integer equal or less than I2. By Lemma 3, (6),
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(8), (9) and (10) we get
1 oo -1 [l2] »

i t=i ' t l k l
n2] Sr

¦ft- I (2™r-I4(.(2mriWn=[l2]+l
[I2]

.f
.I^...-(1+to,(1+?LÄ))

|£(2™V"»-o(!^-'), <is4.

We obtain an upperbound by Lemmas 1, 3 and (6), (8), (9) and (10):
1 =» -. [I2] oc ociZ^-ir^iZ Z^ + i —l

k l '
I!2]

i=u=i n=[i2]+i (2-n-n)

[l2] C~ ^1 .„Ift "S X (2-)—+ I ^n—(l + log(l+^i)).Si
41 n l n l ' Rl

Si log i

4tt! -+o(t). d 3

Pc-||i(2W1-dW2 + o(1^), d 4.

Proo/ o/ Theorem 2. For pSpc we use inequality (12) of [9]:

;f.(p)^l, P^pc.
Thus

rd Z ^(p)(eEt-Ei-^,(p)r1-rd I (c^-ir1
k=2 k=l

;rd(eEi-ir1+rd Z {(e^i-l)-1-^-!)"1}
k=2

¦rd(E[)-l+rd Z eEi(eE!-l)(eEi-cEi)-1 ¦ (e^-l)"1
eE™-l

;rd+2(Ei)-i+rd ^_^. z y d

riEirHr
e--eEi fcf2 (eEt-iy

(eEi-l)(eE2-l)

;rd+2(El)-l + eE^.gì--El
(eE^-eEi) „^

1

ne nE}/2

(?Ei)'1 + eE

pl cl »2_d/2 t-i-t-2- El I TT n 1

¦l/P E2 " (Ei) 1

V nl-d/2e-nE,V(2(2)
1

d 3

l-d+2cElyl CEIIV
E2 • E1 l_^n n _. „-E\/(2t-)\
E\-E\ I

Tog(l-e-Eî/(2l2)), d^4.

(28)

(29)

(30)

(31)
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We have used the inequality ex — 1 =£xex and Lemma 1. The combination of (31),
Lemma 4 and (13) proves (17), (18) and (19) of Theorem 2. Line (16) follows
simply from the convergence of £((p)-H> £(p) (see [9] or [12] for the proof).

Without proof we state a result (sharper than (16)) for p<pc:

ttip)~tip) + tÌp)Sl'{2Af2( t (Cip))" ¦ n(1-d)/2) • Z (C(p))n ¦ n«-™)"1.

(32)

We see that there are two essential features in the proof of Theorem 2: the scaling
of the eigenvalues (relation (10)) and the non-degeneracy of the ground state.
From this it follows already that the occupation density of the second level pj(2)
becomes small:

"ra-F^^W<?C^-0('M)- <33)

This is of course not true for general subsequences Bl (see [9]).

Proof of Theorem 1. We start with an estimate:

1 V (&(P))" V -nEiP.(p)-7d L—— Le nE>
1 n=l H k=l

1 | ^^(Ei-E.)^^^'
1 lr 1 nn=lk=l

(34)4îî tô(p))v-"(E;-Ei)^^.
1 n=lk=l

Consider p^pc: We use (30) and Lemma 1 to obtain:

I n=l H k=l
1 [I2] i =c oc ->

*pZ^Z«-^+ Z -
*

„,, (35)
I n=lnk=1 n=[i2]+i n • (2ith)

and

1

n l H (ta=i I „___! n fc 1

4l;Z^4Z(2™r. (36)
1

n l H k l ' n l
Furthermore we obtain (as in Lemma 4):

i n2] i oc 11 y I y e-nE._ y 1

l'n-inér n^ln-(2nn)d'2 2In=1d Z;Z<^~z ..oL^2-^Zi(2^r^^-s1.
(37)

The combination of (34)-(37) proves Theorem 1 for p 2= pc. One proves Theorem
1 for p<pc using (32), (34) and the Lemmas 2 and 3.
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Estimate (34) illustrates that Theorem 1 states an asymptotic expansion of
Piip) for large I at fixed mean density p. Hence, for I fixed one can always find a
large mean density p, for which the expansion is a bad approximation to Pi(p).
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